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Using remarkably simple experimental techniques it is possible to gently break a metallic contact
and thus form conducting nanowires. During the last stages of the pulling a neck-shaped wire
connects the two electrodes, the diameter of which is reduced to single atom upon further stretching.
For some metals it is even possible to form a chain of individual atoms in this fashion. Although
the atomic structure of contacts can be quite complicated, as soon as the weakest point is reduced
to just a single atom the complexity is removed. The properties of the contact are then dominantly
determined by the nature of this atom. This has allowed for quantitative comparison of theory and
experiment for many properties, and atomic contacts have proven to form a rich test-bed for concepts
from mesoscopic physics. Properties investigated include multiple Andreev reflection, shot noise,
conductance quantization, conductance fluctuations, and dynamical Coulomb blockade. In addition,
pronounced quantum effects show up in the mechanical properties of the contacts, as seen in the
force and cohesion energy of the nanowires. We review this research, which has been performed
mainly during the past decade, and we discuss the results in the context of related developments.
Preprint, to be published in Physics Reports (2003).
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3I. INTRODUCTION
The electrical and mechanical properties of a piece of
any metal are not different, whether its size is millimeters
or kilometers. However, as soon as its size approaches the
atomic scale all common knowledge about material prop-
erties becomes invalid. The familiar Ohm’s Law, from
which we learn that the resistance of a conductor scales
proportional to its length, breaks down. The reason is
that the distance an electron travels between two scat-
tering events is typically much larger than the atomic
size. The electrons traverse an atomic-sized conductor
ballistically, and the resistance becomes independent of
its length. In fact, the character of the resistance changes
conceptually and it will be necessary to invoke the wave
nature of the electrons in the conductor for a proper de-
scription. The energy scales involved are so large than
quantum effects are visible at room temperature. The
chemical nature of the metallic element starts to play an
essential role. As a consequence, while in the macro-
scopic world gold is a better conductor than lead by
an order of magnitude, for conduction through a single
atom, lead beats gold by a factor of three. The mechani-
cal properties are quite unusual: plastic deformation in a
macroscopic metal occurs via dislocation motion. On the
other hand, atomic-sized metal wires flow in response to
applied stresses via structural rearrangements and their
yield strength is one or two orders of magnitude larger
than for bulk materials. Not just the electronic properties
are to be described in terms of electron waves, but also
understanding metallic cohesion of nanometer-size wires
requires taking electron waves into account that extend
over the entire conductor.
The experimental investigation of these phenomena
requires tools for manipulation and characterization of
structures at the atomic and molecular scale. In labora-
tories worldwide there is rapid progress in this area. The
field is known as nanophysics, or nanoscience, where the
prefix ‘nano’ refers to the size scale of nanometers. By
its very nature, the boundaries of the field of physics of
very small objects with the field of chemistry are fading.
Indeed, in parallel, chemists are striving to make ever-
larger molecules and metal cluster compounds that start
to have bulk material properties. From a third direction,
biology has developed to the point where we are able to
scrutinize the function and properties of the individual
molecular building blocks of living organisms.
An important tool that has stimulated these develop-
ments is the Scanning Tunneling Microscope (STM), de-
veloped by Gerd Binnig and Heinrich Rohrer, for which
they were awarded the Nobel prize in 1986. Over the past
two decades the STM has inspired many related scanning
probe microscopy tools, which measure a great variety of
properties with atomic resolution [1]. By far the most
important probe is the Atomic Force Microscope (AFM),
which allows the study of poorly conducting surfaces and
has been used for the study of such problems as the forces
required for unfolding an individual protein molecule [2].
The latter example also illustrates an important aspect
of these tools: apart from imaging atoms at the surface
of a solid, it is possible to manipulate individual atoms
and molecules. Very appealing examples of the possi-
bility to position atoms at pre-designed positions on a
surface have been given by Don Eigler and his coworkers
[3].
A second ingredient, which has greatly contributed to
the rapid developments in nanophysics, is the wide body
of knowledge obtained in the field of mesoscopic physics
[4]. Mesoscopic physics studies effects of quantum co-
herence in the properties of conductors that are large
on the scale of atoms but small compared to everyday
(macroscopic) dimensions. One of the concepts devel-
oped in mesoscopic physics which is directly applicable
at the atomic scale is the notion that electrical conduc-
tance is equivalent to the transmission probability for
incoming waves. This idea, which goes back to Rolf Lan-
dauer [5], forms one of the central themes of this review,
where we discuss conductance in the quantum regime.
This applies to atomic-sized metallic contacts and wires,
as well as to molecules. A much studied example of the
latter is conductance through carbon nanotubes [6], long
cylindrical molecules of exclusively carbon atoms with
a diameter of order of 1 nm. Even applications to bio-
logical problems have appeared, where the techniques of
mesoscopic physics and nanophysics have been exploited
to study the conductance of individual DNA molecules
[7, 8, 9]. There is, however, a characteristic distinction
between mesoscopic physics and nanophysics. While the
former field concentrates on ‘universal’ features relating
to the wave character of the electrons, to the quantiza-
tion of charge in units of the electron charge, and the like,
at the nanometer scale the composition and properties of
the materials play an important role. In nanophysics the
phenomena observed are often non-generic and the rich
variety of chemistry enters.
The attention to mesoscopic physics, and more re-
cently to nanophysics, is strongly encouraged by the on-
going miniaturization in the microelectronics industry.
At the time of this writing the smallest size of compo-
nents on a mass-fabricated integrated circuit amounts to
only 110nm. It is expected that this trend towards fur-
ther miniaturization continues for at least another decade
and will then reach the level of 30 nm, which corresponds
to only ∼100 atoms in a row. Nanophysics takes these
developments to the ultimate size limit: the size of atoms
and molecules. One should not be over-optimistic about
the chances of this research leading to large-scale fabri-
cation in the foreseeable future of atomically engineered
circuits replacing present day silicon technology. Many
barriers would have to be taken, including problems of
long-term stability at room temperature and the time re-
quired for fabrication and design of giga-component cir-
cuits. Smaller scale applications may be expected from
intrinsically stable structures such as carbon nanotubes.
However, the research is most important for understand-
ing what modified properties may be met upon further
4size reduction, and searching for new principles to be ex-
ploited.
Finally, a third field of research with intimate connec-
tions to the work described in this review is related to
materials science, where the fundamentals of adhesion,
friction and wear are being rebuilt upon the mechani-
cal properties of materials at the atomic scale [10, 11].
This involves, among many other aspects, large-scale
computer simulations of atomistic models under applied
stress, which allows the macroscopic material properties
to be traced to microscopic processes.
A. The scope of this review
Having sketched the outlines of the field of
nanophysics, which forms the natural habitat for our
work, we will now limit the scope of what will be dis-
cussed in this review. We will discuss the electrical and
mechanical properties of atomic sized metallic conduc-
tors. The central theme is the question as to what deter-
mines the electrical conductance of a single atom. The
answer involves concepts from mesoscopic physics and
chemistry, and suggests a new way of thinking about con-
ductance in general. In metals the Fermi wavelength is
comparable to the size of the atom, which immediately
implies that a full quantum mechanical description is re-
quired. The consequences of this picture for other trans-
port properties will be explored, including those with the
leads in the superconducting state, thermal transport,
non-linear conductance and noise. It will be shown that
the quantum mechanics giving rise to the conductance
cannot be separated from the question of the mechani-
cal cohesion of the contact, which naturally leads us to
discuss problems of forces and mechanical stability.
Before we present a logical discussion of the concepts
and results it is useful to give a brief account of the his-
tory of the developments. This is a most delicate task,
since we have all been heavily involved in this work, which
will make the account unavoidably personally colored.
The following may be the least scientific part of this pa-
per, but may be of interest to some as our personal per-
spective of the events.
1. A brief history of the field
The developments of three fields come together around
1990. To start with, briefly after the invention of the
STM in 1986 Gimzewski and Mo¨ller [12] were the first
to employ an STM to study the conductance in atomic-
sized contacts and the forces were measured using an
AFM by Du¨rig et al. [13]. They observed a transition
between contact and vacuum tunneling at a resistance of
about 20 kΩ and the adhesion forces when approaching
contact from the tunneling regime. Second, shortly after-
wards, in 1988, the quantization of conductance was dis-
covered in two-dimensional electron gas devices [14, 15].
The theory describing this new quantum phenomenon
has provided the conceptual framework for discussing
transport for contacts that have a width comparable to
the Fermi wavelength. Although the connection between
these two developments was made in a few theoretical pa-
pers [16, 17, 18, 19, 20, 21] it took a few years before new
experiments on the conductance of atomic-sized contacts
appeared. As a third ingredient, the mechanical prop-
erties of atomic-sized metallic contacts were discussed
in two seminal papers which appeared in 1990 [22, 23].
Here it was shown, using molecular dynamics computer
simulations of the contact between an atomically sharp
metallic STM tip and a flat surface, that upon stretching
the contact is expected to go through successive stages
of elastic deformation and sudden rearrangements of the
atomic structure.
These three developments led up to a surge of activity
in the beginning of the nineties. In 1992 in Leiden [24]
a new techniques was introduced by Muller et al. dedi-
cated to the study of atomic sized junctions, baptized the
Mechanically Controllable Break Junction (MCBJ) tech-
nique, based on an earlier design by Moreland and Ekin
[25]. First results were shown for Nb and Pt contacts [26],
with steps in the conductance and supercurrent. The for-
mer have a magnitude of order of the conductance quan-
tum, G0 = 2e
2/h, and the connection with quantization
of the conductance was discussed. However, the authors
argued that the steps should be explained by the atomic
structural rearrangement mechanisms of Landman et al.
[22] and Sutton and Pethica [23]. This was clearly il-
lustrated in a calculation by Todorov and Sutton [27],
which combines molecular dynamics for calculation of the
atomic structure and a tight binding calculation of the
electronic structure at each step in the evolution of the
structure to evaluate the conductance. This subtle inter-
play between atomic structure and quantization of the
conductance would fire a lively debate for a few years to
come. This debate started with the appearance, at about
the same time, of experimental results for atomic sized
contacts obtained using various methods by four different
groups [28, 29, 30, 31].
The experiments involve a recording of the conduc-
tance of atomic-sized contacts while the contacts are
stretched to the point of breaking. The conductance is
seen to decrease in a stepwise fashion, with steps of or-
der of the quantum unit of conductance. Each curve has
a different appearance due to the many possible atomic
configurations that the contact may assume. By far not
all plateaus in the conductance curves could be unam-
biguously identified with an integer multiple of the con-
ductance quantum, nG0. In an attempt at an objective
analysis of the data, histograms of conductance values
were introduced, constructed from a large number of in-
dividual conductance curves [32, 33, 34]. These demon-
strated, for gold and sodium, that the conductance has
a certain preference for multiples of G0, after correction
for a phenomenological ‘series resistance’. When it was
shown that similar results can be obtained under ambi-
5ent conditions by simply touching two bulk gold wires [35]
many more results were published on a wide variety of
metals under various conditions. However, a straightfor-
ward interpretation of the conductance behavior in terms
of free-electron waves inside smooth contact walls giving
rise to quantization of the conductance continued to be
challenged. The dynamical behavior of the conductance
steps suggested strongly that the allowed diameters of
the contact are restricted by atomic size constraints [36].
Also, the free electron model could not account for the
differences in results for different materials. Convincing
proof for the atomic rearrangements at the conductance
steps was finally presented in a paper by Rubio et al.
in 1996 [37], where they combine conductance and force
measurements to show that jumps in the conductance are
associated with distinct jumps in the force.
As a parallel development there was an increasing in-
terest in the structure of the current-voltage (I-V) char-
acteristics for quantum point contacts between supercon-
ducting leads. I-V curves for contacts between supercon-
ductors show rich structure in the region of voltages be-
low 2∆/e, where ∆ is the superconducting gap energy.
The basis for the interpretation had been given by Klap-
wijk, Blonder and Tinkham in 1982 [38] in terms of mul-
tiple Andreev reflection. However, this description did
not take the full phase coherence between the scattering
events into account. The first full quantum description
of current-voltage curves was given by Arnold [39]. In-
dependently, three groups applied these concepts to con-
tacts with a single conductance channel [40, 41, 42, 43].
A quantitative experimental confirmation of this descrip-
tion was obtained using niobium atomic-sized vacuum
tunnel junctions [44].
This led to a breakthrough in the understanding of
conductance at the atomic scale. In 1997 Scheer et al.
[45] published a study of the current-voltage relation in
superconducting single-atom contacts. They discovered
that the I-V curves did not fit the predicted shape for
a single conductance channel [40, 41, 42, 43], although
the conductance was close to one conductance unit, G0.
Instead, a good fit was obtained when allowing for sev-
eral independent conductance channels, with transmis-
sion probabilities τn < 1. For a single-atom contact
of aluminum three channels turned out to be sufficient
to describe the data. The interpretation of the results
by Scheer et al. was provided by an analysis of a tight
binding model of atomic size geometries by Cuevas et
al. [46]. This picture agrees with earlier first principles
calculations [16, 47], where the conductance is discussed
in terms of ‘resonances’ in the local density of states.
The picture by Cuevas et al. has the advantage that it
can be understood on the basis of a very simple concept:
the number of conductance channels is determined by
the number of valence orbitals of the atom. This view
was confirmed experimentally by a subsequent system-
atic study for various superconductors [48].
Within this picture it is still possible to apply free-
electron like models of conductance, provided we restrict
FIG. 1: A lithographically fabricated MCBJ device for gold.
The image has been taken with a scanning electron micro-
scope. The contact at the narrowest part is formed in a thin
20 nm gold layer. The gold layer is in intimate contact with a
thick 400 nm aluminum layer. The bridge is freely suspended
above the substrate, and only anchored to the substrate at
the wider regions left and right. When bending the substrate
the wire breaks at the narrowest part, and a single gold atom
contact can be adjusted by relaxing the bending force. The
close proximity of the thick aluminum layer to the contact
induces superconducting properties into the atomic sized con-
tact. The horizontal scale bar is ∼1 µm. Courtesy E. Scheer
[48].
ourselves primarily to monovalent metals. When one
evaluates the total energy of the occupied states within
a constriction1, using an independent electron model one
finds that the energy has distinct minima for certain
cross-sections of the constriction [49, 50, 51]. The en-
ergy minima are associated with the position of the bot-
tom of the subbands for each of the quantum modes.
This suggests that the cohesion force of the constric-
tion is at least partly determined by the delocalized elec-
tronic quantum modes. Experimental evidence for this
quantum-mode-based picture of the cohesive force was
obtained for sodium point contacts, which show enhance
mechanical stability at ‘magic radii’ as a result of the
quantum mode structure in the density of states [52].
Another discovery of unusual mechanical behavior was
found for gold contacts, which were shown to allow
stretching into conducting chains of individual atoms.
This was inferred from the response of the conductance
upon stretching of the contacts [53], and was directly ob-
served in a room temperature experiment of an STM con-
1 The words ‘contact’ and ‘constriction’ are used throughout this
paper as equivalent in describing a fine wire-shaped connection
between two bulk electrodes, with usually a smooth change in
cross-section.
6structed at the focal point of a high-resolution transmis-
sion electron microscope (HRTEM) [54]. It was suggested
that the exceptional stability of these chains may derive
from the quantum-mode based mechanism mentioned
above [55]. The atomic chains form one-dimensional con-
ductors, with a conductance very close to 1G0. This
connects the research to the active research on one-
dimensional conductors, with notably the carbon nan-
otubes as the prime system of interest [6]. A chain of
atoms, consisting of two non-metallic Xe atoms, has been
constructed by STM manipulation by Yazdani et al. [56],
and this may point the way to future studies using ulti-
mate atomic-scale control over the construction of the
conductors.
B. Outline of this review
Although the field is still rapidly evolving, a number of
new discoveries, concepts and insights have been estab-
lished and deserve to be clearly presented in a compre-
hensive review. This should provide an introduction of
the concepts for those interested in entering the field, and
a reference source and guide into the literature for those
already active. A few reviews on the subject with a more
limited scope have been published recently [57, 58, 59]
and one conference proceedings was dedicated to conduc-
tance in nanowires [60]. In the following we will attempt
to give a systematic presentation of the theoretical con-
cepts and experimental results, and try to be as nearly
complete in discussion of the relevant literature on this
subject as practically possible.
We start in Sect. II by introducing the experimental
techniques for studying atomic-sized metallic conductors.
Some examples of results obtained by the techniques will
be shown, and these will be used to point out the in-
teresting aspects that require explanation. The theoret-
ical basis for conductance at the atomic scale will be
explained in detail in Sect. III. As pointed out above,
superconductivity has played an essential role in the dis-
cussion on quantum point contacts. Therefore, before we
introduce the experimental results, in Sect. IV the vari-
ous theoretical approaches are reviewed to calculate the
current-voltage characteristics for quantum point con-
tacts between superconductors. Then we turn to ex-
periment and begin the discussion with the linear con-
ductance. The behavior of the conductance of the con-
tacts is described as a function of the stretching of the
contact. The conductance steps and plateaus, and the
conductance histograms are presented. Results for the
various experimental techniques, for a range of metallic
elements, and the interpretation of the data are critically
evaluated. The last conductance plateau before breaking
of the contact is usually interpreted as the last-atom con-
tact, and the evidence for this interpretation is presented.
Although it will become clear that electrical transport
and mechanical properties of the contacts are intimately
related, we choose to present the experimental results for
the mechanical properties separately in Sect. VI. The
relation between the two aspects is discussed in next sec-
tion. For the interpretation of the experimental results
computer simulations have been indispensable, and this
forms the subject of Sect. VII. Molecular dynamics sim-
ulations are introduced and the results for the evolution
of the structure of atomic-scale contacts are presented.
Various approaches to calculate the conductance are dis-
cussed, with an emphasis on free-electron gas calculations
and t he effects of the conductance modes on the cohe-
sive force in these models. The valence-orbitals basis of
the conductance modes follows from a discussion of tight-
binding models and the results of these are compared to
ab initio, density functional calculations.
Sect. VIII presents the experimental evidence for the
valence-orbitals interpretation of the conductance modes.
Analyzing the superconducting subgap structure forms
the central technique, but additional evidence is obtained
from shot noise experiments, and from de strain depen-
dence of the conductance. The next two sections discuss
special electrical properties of metallic quantum point
contacts, including conductance fluctuations, inelastic
scattering of the conduction electrons, and the Joseph-
son current for contacts between superconducting leads.
Sect. XI presents the evidence for the spontaneous forma-
tion of chains of single atoms, notably for gold contacts,
and the relevant model calculations for this problem. A
second unusual mechanical effect is discussed in Sect. XII,
which presents the evidence for shell structure in alkali
nanowires. We end our review with a few summary re-
marks and an outlook on further research and unsolved
problems.
There are two features that make the subject discussed
here particularly attractive. The first is the fact that by
reducing the cross section of the conductors to a sin-
gle atom one eliminates a lot of the complexity of solid
state physics, which makes the problem amenable to di-
rect and quantitative comparison with theory. This is a
field of solid state physics where theory and experiment
meet: all can be very well characterized and theory fits
extremely well. A second attractive aspect lies in the
fact that many experiments can be performed with sim-
ple means. Although many advanced and complex mea-
surements have been performed, some aspects are simple
enough that they can be performed in class-room exper-
iments by undergraduate students. A description of a
class-room experiment can be found in Ref. [61].
II. FABRICATION OF METALLIC POINT
CONTACTS
A wide variety of tools have been employed during the
last decade to study the mechanical and transport prop-
erties of atomic-sized contacts, and many of these are
extremely simple. Before we start a description of the
main techniques it is important to stress the great differ-
ence between room temperature and helium temperature
7experiments. At low temperatures atomic-sized contacts
can be held stable for any desired length of time, allowing
detailed investigation of the conductance properties. The
low-temperature environment at the same time prevents
adsorption of contaminating gasses on the metal surface.
At room temperature, on the other hand, the thermal
diffusion of the atoms prevents long-term stability of a
contact of single atom, and ultra-high vacuum (UHV)
conditions are required for a clean metal junction. How-
ever, using fast scan techniques for the study of the noble
metals, in particular gold, a lot of information has been
obtained by very simple means.
A. Early developments: spear-anvil and related
techniques
Many years before the rise of nanofabrication, ballistic
metallic point contacts were widely studied, and many
beautiful experiments have been performed [62, 63]. The
principle was discovered by Yanson [64] and later devel-
oped by his group and by Jansen et al. [65]. The tech-
nique has been worked out with various refinements for a
range of applications, but essentially it consists of bring-
ing a needle of a metal gently into contact with a metal
surface. This is known as the spear-anvil technique. Usu-
ally, some type of differential-screw mechanism is used
to manually adjust the contact. With this technique sta-
ble contacts are typically formed having resistances in
the range from ∼0.1 to ∼10 Ω, which corresponds (see
Sect. III C) to contact diameters between d ≃ 10 and
100 nm. The elastic and inelastic mean free path of the
charge carriers can be much longer than this length d,
when working with clean metals at low temperatures,
and the ballistic nature of the transport in such con-
tacts has been convincingly demonstrated in many ex-
periments. The main application of the technique has
been to study the electron-phonon interaction in metals.
Here, one makes use of the fact that the (small but finite)
probability for back-scattering through the contact is en-
hanced as soon as the electrons acquire sufficient energy
from the electric potential difference over the contact that
they are able to excite the main phonon modes of the ma-
terial. The differential resistance, dV/dI, of the contact
is seen to increase at the characteristic phonon energies
of the material. A spectrum of the energy-dependent
electron-phonon scattering can be directly obtained by
measuring the second derivative of the voltage with cur-
rent, d2V/dI2, as a function of the applied bias volt-
age. An example is given in Fig. 2. Peaks in the spectra
are typically observed between 10 and 30 mV, and are
generally in excellent agreement with spectral informa-
tion from other experiments, and with calculated spec-
tra. The application of electron-phonon spectroscopy in
atomic-sized contacts will be discussed in Sect. IXC1.
The ballistic character of the transport has been ex-
ploited in even more ingenious experiments such as the
focusing of the electron trajectories onto a second point
FIG. 2: An example of an electron-phonon spectrum mea-
sured for a gold point contact by taking the second derivative
of the voltage with respect to the current. The long-dashed
curve represents the phonon density of states obtained from
inelastic neutron scattering. Courtesy A.G.M. Jansen, [65].
contact by the application of a perpendicular magnetic
field [66] and the injection of ballistic electrons onto a
normal metal-superconductor interface for a direct ob-
servation of Andreev reflection [67].
Contacts of the spear-anvil type are not suitable for
the study of the quantum regime, which requires contact
diameters comparable to the Fermi wavelength, i.e. con-
tacts of the size of atoms. For smaller contacts (higher
resistances) the above-described technique is not suffi-
ciently stable for measurement. What is more important,
most of the experiments in the quantum regime need
some means fine control over the contact size. These re-
quirements can be met using the scanning tunneling mi-
croscope (STM) or the mechanically controllable break
junction technique (MCBJ).
B. The use of scanning tunneling microscopes
The scanning tunneling microscope (STM) 2 is a ver-
satile tool that allows studying the topography and elec-
tronic properties of a metal or semiconductor surface
with atomic resolution, and it is also ideal for studying
atomic-sized contacts. In its normal topographic mode a
sharp needle (the tip) is scanned over the sample to be
studied without making contact. The tip-sample sepa-
ration is maintained constant by controlling the current
that flows between them due to the tunneling effect when
applying a constant bias voltage. The control signal gives
a topographic image of the sample surface. It is possible
to achieve atomic resolution because of the exponential
dependence of the tunneling current on the tip-sample
2 For an overview of STM see e.g. Ref. [1].
8separation: only the foremost atom of the tip will see
the sample. Typical operating currents are of the order
of nanoamperes and the tip-sample separation is just a
few angstroms. Evidently, the sample must be conduct-
ing. Essential for the operation of the STM is the control
of the relative position of the tip and sample with sub-
nanometer accuracy, which is possible using piezoelectric
ceramics. Conventionally the lateral scan directions are
termed x- and y-directions and the vertical direction is
the z-direction.
The distance between tip and sample is so small that
accidental contact between them is quite possible in nor-
mal STM work, and should usually be avoided. However,
it soon became evident that the STM tip could be used
to modify the sample on a nanometer scale. The first
report of the formation and study of a metallic contact
of atomic dimensions with STM is that of Gimzewski
and Mo¨ller [12]. In contrast to previous works that were
more aimed at surface modifications [68, 69], the surface
was gently touched and the transition from the tunnel-
ing regime to metallic contact was observed as an abrupt
jump in the conductance. From the magnitude of the
resistance at the jump (∼ 10 kΩ) using the semi-classical
Sharvin formula (see Sect. III C), the contact diameter
was estimated to be 0.15 nm, which suggested that the
contact should consist of one or two atoms.
Different groups have performed STM experiments
on the conductance of atomic-sized contacts in differ-
ent experimental conditions: at cryogenic temperatures
[28, 70, 71, 72]; at room temperature under ambient con-
ditions [29, 73, 74, 75], and UHV [31, 34, 76].
The presence of adsorbates, contamination, and oxides
on the contacting surfaces can prevent the formation of
small metallic contacts, and also produce spurious exper-
imental results. This problem can be avoided, in princi-
ple, by performing the experiments in UHV with in situ
cleaning procedures for both tip and sample [12]. How-
ever, it is also possible to fabricate clean metallic contacts
in non-UHV conditions. After conventional cleaning of
tip and sample prior to mounting in the STM, the con-
tacting surfaces of tip and sample are cleaned in situ by
repeatedly crashing the tip on the spot of the sample
where the contact is to be formed (see Fig. 3). This pro-
cedure pushes the adsorbates aside making metal-metal
contact possible. The tip and sample are bonded (that
is, cold welded) and as the tip is retracted and contact
is broken fresh surfaces are exposed. Evidence of this
welding in clean contacts is the observation of a pro-
trusion at the spot where the contact was formed [12].
This cleaning procedure works particularly well at low
temperatures where the surfaces can stay clean for long
periods of time since all reactive gasses are frozen. This
is adequate if the contact to be studied is homogeneous,
since otherwise there will be transfer of material from one
electrode to the other. On the other hand, this wetting
behavior of the sample metal (e.g. Ni or Au) onto a hard
metal (W or PtIr) tip has also been exploited for the
study of homogeneous contacts, assuming full coverage
approach first contact indentation
elongation monoatomic contact rupture
FIG. 3: Cartoon representation of contact fabrication using
an STM.
of the tip by the sample material [31].
In an STM experiment on metallic contacts, the bias
voltage is kept fixed (at a low value, say 10 mV) and the
current is recorded as the tip-sample distance is varied
by ramping the z-piezovoltage. The results are typically
presented as a plot of the conductance (or current) ver-
sus z-piezovoltage (or time). Fig. 4 shows a typical STM
conductance curve for a clean Au contact at low tempera-
tures. Before contact the current depends exponentially
on the distance with an apparent tunneling barrier of
the order of the work function of the material. Such a
high value of the apparent tunneling barrier is a signature
of a clean contact, since adsorbates lower the tunneling
barrier dramatically [12] (with the exception of the in-
ert helium gas, see Sect. II C 3 below). Metallic contact
takes place as an abrupt jump in the conductance, or the
current. After this jump the conductance increases in
a stepwise manner as the size of the contact increases.
Reversing the motion of the tip shows that these steps
are hysteretic. In the case of Au, as we will see, the con-
ductance of the first plateau is quite well defined with a
value of approximately 2e2/h and corresponds to a one-
atom contact. For other metals the conductance curves
will look somewhat different, depending on the electronic
structure of the metal. It is important to note that the z-
piezovoltage in STM experiments is not directly related
to the size of the contact: as the contact is submitted
to strain its atomic configuration changes in a stepwise
manner, as will be discussed in detail in Sect. V.
For studying nanocontacts a standard STM can be
used, but it must be taken into account that currents
to be measured are about 2–3 orders of magnitude larger
than in usual STM operation. Mechanical stability of
the STM setup is an important factor. Careful design
makes possible to achieve noise vibration amplitudes of
the order of a few picometers at low temperatures.
Direct observation of metallic nanocontacts is possible
using high-resolution transmission electron microscopy
(HRTEM). Several groups have constructed an STM with
the tip apex at the focal point of a HRTEM. Kizuka and
co-workers have observed the atomic contact formation
processes in gold using a piezo-driven specimen holder
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FIG. 4: Conductance curves of a gold nanocontact at low
temperature (4.2 K) using a stable STM. Two complete con-
secutive cycles of approach-retraction are shown. The lower
and higher curves correspond to approach and retraction, re-
spectively.
[77, 78, 79], Fig. 5, and Takayanagi and co-workers have
studied the structure of gold nanowires [80], and atomic
wires [54]. The conditions for the experiments are (ultra-
)high vacuum and ambient temperature and a time res-
olution of 1/60 s for the video frame images.
C. The mechanically controllable break junction
technique
In 1985 Moreland and Ekin [25] introduced “break”
junctions for the study of the tunneling characteristics for
superconductors. They used a thin wire of the supercon-
ductor mounted on top of a glass bending beam. An elec-
tromagnetic actuator controlled the force on the bending
FIG. 5: Schematic representation of the sample holder allow-
ing piezo control of the tip-sample distance in the very limited
space available in a HRTEM. Reprinted with permission from
[77]. c©1997 American Physical Society.
beam. Several extensions and modifications to this con-
cept have been introduced later, initially by Muller et al.
[24, 26], who introduced the name Mechanically Control-
lable Break Junction (MCBJ). The technique has proven
to be very fruitful for the study of atomic-sized metallic
contacts.
1. Description of the MCBJ technique
The principle of the technique is illustrated in Fig. 6.
The figure shows a schematic top and side view of the
mounting of a MCBJ, where the metal to be studied has
the form of a notched wire, typically 0.1mm in diameter,
which is fixed onto an insulated elastic substrate with
two drops of epoxy adhesive (Stycast 2850FT and cur-
ing agent 24LV) very close to either side of the notch.
The notch is manually cut into the center of a piece of
wire of the metal to be studied. For most metals, except
the hardest, it is possible to roll the wire under the tip
of a surgical knife in order to obtain a diameter at the
notch of about one third of the original wire diameter.
A photograph of a mounted wire is shown in Fig. 7. The
distance between the drops of epoxy adhesive can be re-
duced to only about 0.1mm by having the epoxy cure
at ambient conditions for about 3 hours before apply-
ing it. This prevents that the small drops deposited at
some distance from the notch flow together. The epoxy
is still malleable, and under a microscope the drops can
be gradually pushed towards the center.
The substrate is mounted in a three-point bending con-
figuration between the top of a stacked piezo-element and
two fixed counter supports. This set-up is mounted inside
a vacuum can and cooled down to liquid helium temper-
atures. Then the substrate is bent by moving the piezo-
element forward using a mechanical gear arrangement.
The bending causes the top surface of the substrate to
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FIG. 6: Schematic top and side view of the mounting of a
MCBJ, with the notched wire (1), two fixed counter supports
(2), bending beam (3), drops of epoxy adhesive (4) and the
stacked piezo element (5).
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FIG. 7: Top view of a MCBJ seen under an optical micro-
scope. The substrate is 4.5mm wide and the sample wire is a
0.1mm diameter gold wire. The inset shows an enlargement
of the wire with the notch between the two drops of epoxy. On
each side of the notch two wires make contact to the sample
wire using silver paint.
expand and the wire to break at the notch. By breaking
the metal, two clean fracture surfaces are exposed, which
remain clean due to the cryo-pumping action of the low-
temperature vacuum can. The fracture surfaces can be
brought back into contact by relaxing the force on the
elastic substrate, where the piezoelectric element is used
for fine control. The roughness of the fracture surfaces
usually results in a first contact at one point.
In addition to a clean surface, a second advantage of
the method is the stability of the two electrodes with
respect to each other. From the noise in the current in the
tunneling regime one obtains an estimate of the vibration
amplitude of the vacuum distance, which is typically less
than 10−4 nm. The stability results from the reduction
of the mechanical loop which connects one contact side
to the other, from centimeters, in the case of an STM
scanner, to ∼ 0.1 mm in the MCBJ.
The most common choice for the bending beam is
a plate of phosphorous bronze, about 0.5–1mm thick,
20mm long and 3-5mm wide. The top surface is usually
insulated by covering it with a thin polymer foil (Kap-
ton) using regular epoxy. The advantage over brittle ma-
terials, such as glass as was used in the experiments my
Moreland and Ekin [25], is that one avoids the risk of
fracture of the bending beam. For brittle materials the
maximum strain before breaking is usually about 1% .
The principle of the MCBJ lies in the concentration of
the strain in the entire length of the unglued section u
(Fig. 6) of the top surface of the bending beam onto the
notch of the wire. Since metals tend to deform plasti-
cally this strain concentration is often still not sufficient
to break the wire, unless the notch is cut very deep. Since
the cutting of a deep notch without separating the wire
ends is not always very practical, one mostly chooses a
metallic bending beam such as phosphor bronze. The
rate of success for this arrangement is very good (of or-
der 90%), but one often needs to bend the substrate be-
yond the elastic limit in order to obtain a break in the
wire. This poses no serious problems, except that the
displacement ratio rd, i.e. the ratio between the distance
over which the two wire ends are displaced with respect
to each other and the extension of the piezo-element, is
reduced and not very predictable.
For the ideal case of homogenous strain in the bending
beam the displacement ratio can be expressed as
rd =
3uh
L2
,
where u and L are the unglued section and the distance
between the two counter supports, respectively, as in-
dicated in Fig. 6, and h is the thickness of the bending
beam. For the dimensions indicated above for a typi-
cal MCBJ device we obtain rd ≃ 10−3. In practice, the
plastic deformation of the bending beam may result in a
reduction of the displacement ratio by about an order of
magnitude. For experiments where it is necessary to have
a calibrated displacement scale, a calibration is required
for each new sample and the procedure is described in
Sect. II C 3. For optimal stability of the atomic-sized
junctions it is favorable to have a small displacement ra-
tio, since the external vibrations that couple in through
the sample mounting mechanism, are also reduced by this
ratio.
Although it cannot be excluded that contacts are
formed at multiple locations on the fracture surfaces, ex-
periments usually give no evidence of multiple contacts.
As will be explained in more detail in Sect. VI, from the
mechanical response of the contacts one can deduce that
upon stretching the shape of the contact evolves plas-
tically to form a connecting neck between the two wire
ends. The neck gradually thins down and usually breaks
at the level of a single atom.
In the first experiments using the MCBJ for a study
of conductance in atomic-sized metallic contacts [24, 26],
distinct steps were observed in the conductance of Pt and
Nb contacts. Figure 8 shows two examples of recordings
of the conductance as a function of the voltage Vp on
the piezo-element, which is a measure of the displace-
ment of the two wire ends with respect to each other. In
the experiment, when coming from the tunneling regime,
a contact is formed by moving the electrodes together.
The contact is then slowly increased while recording the
conductance. The scans as given in Fig. 8 are recorded
in about 20 minutes each. The conductance is observed
to increase in a step-wise fashion, which is different each
time a new contact is made. Although the steps are of
order of the conductance quantum, the authors caution
against a direct interpretation in terms of conductance
quantization. This point will be discussed in more detail
in Sect. V.
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FIG. 8: Two examples of traces of the conductance, G , mea-
sured on Pt contacts using the MCBJ technique at a tem-
perature of 1.2K. The electrodes are pushed together by de-
creasing Vp. An estimate for the corresponding displacement
is 10V∼0.1 nm. Reprinted with permission from [26]. Copy-
right 1992 American Physical Society.
2. Microfabrication of MCBJ devices
The principle of the break junction technique can be
refined by employing microfabrication techniques to de-
fine the metal bridge. The advantage is a further im-
proved immunity to external vibrations and the possi-
bility to design the electronic and electromagnetic envi-
ronment of the junction. Fig. 9 shows a lithographically
fabricated MCBJ device on a silicon substrate, as devel-
oped by Zhou et al. [81]. These authors used a 〈100〉-
oriented, 250 µm thick silicon substrate, covered by a
400 nm thick SiO2 insulating oxide layer. On top of this
they deposit a 8 nm gold film, which is defined into the
shape of a 100 nm wide bridge by standard electron beam
lithography. Using the metal film as a mask, they etch
a triangular groove into the silicon substrate below the
bridge. The bridge can be broken at the narrowest part,
as for the regular MCBJ devices, by bending the sub-
strate. The parameters for the bridge need to be chosen
such that the metal bridge breaks before breaking the
silicon substrate itself.
Alternatively, one can microfabricate the MCBJ de-
vice on a phosphorous bronze substrate [82]. After pol-
ishing the substrate it is covered with a polyimide layer
by spin coating, which serves to smoothen the substrate
and insulate the junction electrically. The metal bridge
is defined into a metal film deposited onto the polyimide
layer by techniques similar to those used by Zhou et al.,
after which the polyimide layer is carved in an reactive
ion etcher, producing a freely suspended bridge over a
length of approximately 2 µm.
The displacement ratio for the microfabricated MCBJ
devices is about two orders of magnitude smaller than
that for a regular device, rd ∼ 10−4. As a consequence
the immunity to vibrations and drift is such that the
electrode distance changes by less than 0.2 pm per hour
FIG. 9: (a) Electron microscopy image of two microfabricated
bridges suspended above a triangular pit in the silicon sub-
strate. The close-up in (b) shows the two SiO2 cantilevers,
which are about 700 nm apart. The cantilevers are covered by
a gold layer from which the final conducting bridge of about
100 nm wide is formed, and which is broken by bending of
the silicon substrate. Reprinted with permission from [81].
c©1995 American Institute of Physics.
and it is possible to manually adjust the bending to form
a single atom contact. On the other hand, a drawback
is the fact that the displacement of the electrodes that
can be controlled by the piezovoltage is limited to only
a few angstroms due to the small displacement ratio and
the limited range of expansion of the piezo-element. For
larger displacements a mechanical gearbox arrangement
in combination with an electromotor can be used, but
such systems have a rather large backlash, which hampers
a smooth forward and backward sweep over the contact
size.
The major advantage of the microfabricated MCBJ de-
vices is the possibility to define the environment of the
atomic-sized contact. An example was given in Fig. 1
showing a device that allows to form an atomic-sized con-
tact for gold with superconductivity induced through the
close proximity of a thick aluminum film. This experi-
ment will be discussed in Sect. VIII and in Sects. IXF
and XB some examples will be given of designing the
electromagnetic environment of the junction.
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3. Calibration of the displacement ratio
Usually the displacement ratio cannot be determined
very accurately from the design of the MCBJ and it is
necessary to make a calibration for each new device. The
simplest approach is to exploit the exponential depen-
dence of the resistance R with distance δ between the
electrodes in the tunneling regime,
R ∝ exp(2
√
2mΦ
h¯
δ
)
. (1)
Here, Φ is the workfunction of the metal, and m the
electron mass. Kolesnychenko et al. introduced a more
accurate method, using the Gundlach oscillations in the
tunnel current [83]. These oscillations arise from reso-
nances in the tunnel probability under conditions of field
emission. For bias voltages larger than the workfunction
of the metal the tunnel current increases exponentially,
and on top of this rapid increase a modulation can be
observed resulting from partial reflection of the electron
wave in the vacuum between the two electrodes. Sev-
eral tens of oscillations can be observed, allowing not
only an accurate calibration of the displacement, but also
an independent measurement of the workfunction. Sur-
prisingly, from these studies it was found that the work-
function obtained is strongly influence by the presence of
helium at the surface of the metal. Full helium cover-
age was found to increase the workfunction by about a
factor of two [84]. Since helium is often used as a ther-
mal exchange gas for cooling down to low temperatures,
this result explains the rather large variation obtained in
previous work for the distance calibration for any single
device.
4. Special sample preparations
The principle of the MCBJ technique, consisting of ex-
posing clean fracture surfaces by concentration of stress
on a constriction in a sample, can be exploited also for
materials that cannot be handled as described above.
Delicate single crystals [85, 86] and hard metals can be
studied with the single modification of cutting the notch
by spark erosion, rather than with a knife.
The alkali metals Li, Na, K, etc., form an important
subject for study, since they are nearly-free electron met-
als and most closely approach the predictions of sim-
ple free-electron gas models. The experiments will be
discussed in Sects. V and XII. A schematic view of
the MCBJ technique for alkali metals is given in Fig. 10
[33, 52]. While immersed in paraffin oil for protection
against rapid oxidation, the sample is cut into the shape
of a long thin bar and pressed onto four, 1 mm diameter,
brass bolts, which are glued onto the isolated substrate,
and tightened by corresponding nuts. Current and volt-
age leads are fixed to each of the bolts. A notch is cut
into the sample at the center. This assembly is taken
FIG. 10: Principle of the MCBJ technique adapted for the
reactive alkali metals.
out of the paraffin and quickly mounted inside a vac-
uum can, which is then immersed in liquid helium. By
bending the substrate at 4.2K in vacuum, the sample is
broken at the notch. The oxidation of the surface and the
paraffin layer covering it simply break at his temperature
and contact can be established between two fresh metal
surfaces. This allows the study of clean metal contacts
for the alkali metals for up to three days, before signs of
contamination are found.
One of the draw-backs of the MCBJ technique com-
pared to STM-based techniques is that one has no in-
formation on the contact geometry. Attempts have been
made to resolve this problem by using a hybrid technique
consisting of an MCBJ device with additional thin piezo-
elements inserted under each of the two wire ends. One of
these thin piezo plates is used in regular extension-mode,
and for the other a shear-mode piezo is used. This allows
scanning the two fracture surfaces with respect to each
other, as in the STM [87, 88]. Although some successful
experiments have been performed, the fact that there is
no well-define tip geometry makes the images difficult to
interpret, and atomic-like features are only occasionally
visible.
D. Force measurements
The simultaneous measurement of conductance and
forces in metallic contacts of atomic size is not an
easy task as evidenced by the scarcity of experimen-
tal results. Conventional contact-mode atomic force mi-
croscopy (AFM) sensors are not adequate for this task
because they are too compliant. In order not to perturb
the dynamics of the deformation process, the force sen-
sor must be stiffer than the contact itself and yet have
sub-nanonewton sensitivity. The forces are of the order
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is required to have the force constant of the cantilever to
be at least an order of magnitude larger than that of the
atomic structure, which imposes that it should be at least
several tens N/m. An additional complication is that the
presence of contamination or adsorbates on the contact-
ing surfaces can cause forces much larger than those due
to metallic interaction. Capillary forces due to water rule
out experiments in ambient conditions.
In all experimental measurements of forces in atomic-
sized contacts the force sensor is a cantilever beam onto
which either the sample or tip is mounted, but different
detection methods are used. Most of the experiments
measure either the deflection of the beam or the varia-
tion of its resonant frequency. The beam deflection is
directly proportional to the force exerted on the contact,
while the resonant frequency of the beam is influenced
by the gradient of this force. Du¨rig et al. [13] used an
Ir foil beam with dimensions 7.5 × 0.9 × 0.05 mm3 and
spring constant 36 N/m to measure the interaction forces
between tip and sample as a function of tip-sample sepa-
ration up to the jump-to-contact in UHV. The changes in
the oscillation frequency were determined from the tun-
neling current. Recently, quartz tuning fork sensors have
been implemented in MCBJ and STM. One electrode is
attached to one of the legs of the tuning fork while the
other is fixed. These sensors are very rigid with spring
constants larger than several thousands N/m, can be ex-
cited mechanically or electrically, and their motion is de-
tected by measuring the piezoelectric current [89].
The deflection of the cantilever can be measured di-
rectly using various methods (see Fig. 11). A second
STM acting as deflection detector has been used to mea-
sure forces in relatively large contacts using a phospho-
rous bronze cantilever beam of millimeter dimensions at
low temperature (spring constant ∼ 700 N/m) [90, 91]
and at room temperature (spring constant 380 N/m)
[92]. Rubio-Bollinger et al. [93] used the sample, a 0.125
mm diameter, 2 mm length, cylindrical gold wire as a
cantilever beam. They measured the forces during the
formation of an atomic chain at 4.2 K. In all these ex-
periments the auxiliary STM works on the constant cur-
rent mode, which implies that the tip-cantilever distance
and interaction are constant, minimizing the effect on the
auxiliar STM tip auxiliar AFM cantilever
contact contact
FIG. 11: Measuring the deflection of the cantilever beam on
which the sample is mounted using an auxiliar STM tip or
AFM cantilever.
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FIG. 12: Simultaneous force and conductance measurement in
an atomic-sized contact at 300 K. The inset shows the exper-
imental setup. Reprinted with permission from [37]. c©1996
American Physical Society.
measurement. A conventional AFM can also be used to
measure the deflection of the cantilever beam on which
the sample is mounted. Rubio et al. [37] measured the pi-
cometer deflection of the 5 mm × 2 mm cantilever beam
by maintaining the 100 µm conventional AFM cantilever
at constant deflection. Metal-coated non-contact mode
AFM cantilevers with spring constants of 20-100 N/m
have also been used in experiments at room temperature
in air [94] and UHV [95]in conventional AFM setups.
A different approach was followed by Stalder et al. [96]
who detected the changes of resonant frequency of a ten-
sioned carbon-fiber coupled to the cantilever beam.
In Fig. 12, an example of simultaneous measurement of
forces and conductance is shown. The saw-tooth shape
of the force curve indicates that a mechanical deforma-
tion process takes place in the form of elastic stages (the
linear portions of the curve), in which the nanostructure
is deformed elastically, followed by sudden relaxations
(the vertical portions of the curve) in which the system
becomes unstable and its atomic configuration changes.
It must be remarked that the slope of the elastic stages
measures the local effective spring constant of the contact
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in series with the macroscopic effective spring constant
of the constriction, which depends on its shape and could
be comparable to the that of the contact itself in the case
of sharp, long tips, and the spring constant of the force
sensor. The system becomes unstable when the local
gradient of the force at the contact exceeds the effective
spring constant of the combined constriction-sensor sys-
tem, with its strength given by the maximum force before
relaxation. Note that even in the absence of a force sen-
sor the dynamical evolution of a long constriction (lower
effective elastic constant) will be different to that of a
short constriction (higher effective elastic constant). The
conductance curve in Fig. 12, shows that during the elas-
tic stages the conductance is almost constant, changing
suddenly as the system changes configuration, implying
that the sudden jumps in the conductance are due to the
changes in geometry.
E. Nanofabricated contacts
Various approaches have been explored to produce
fixed contacts by nanofabrication techniques. The first of
these approaches was introduced by Ralls and Buhrman
[97]. They used electron-beam lithography to fabricate
a nanometer size hole in a free standing thin film of
Si3N4, and a metal film was evaporated onto both sides
of the silicon nitride film, filling up the hole and form-
ing a point contact between the metal films on opposite
sides. These structures are very stable, and contacts only
several nanometers wide can be produced. The great ad-
vantage, here, is that the point contact can be cycled to
room temperature and be measured as a function of field
or temperature without influence on the contact size.
Such contacts are still fairly large compared to atomic
dimensions and in order to reduce the size down to a
single atom one has used methods employing feedback
during fabrication by monitoring the contact resistance.
There exist roughly two approaches: anodic oxidation of
a metal film and deposition from an electrolytic solution.
The first approach was introduced by Snow et al. [98, 99].
A metal film (Al or Ti, ∼10nm thick) can be locally ox-
idized from the surface down to the substrate induced
by the current from an AFM tip operating under slightly
humid ambient conditions. By scanning the tip current
over the surface they produced a constriction in the metal
film, which they were able to gradually thin down to a
single atom. When the contact resistance comes in the
range of kilo-ohms the resistance is seen to change step-
wise and the last steps are of order of the conductance
quantum, 2e2/h, which is an indication that the contact
is reduced to atomic size. At room temperature such con-
tacts usually reduce spontaneously into a tunnel junction
on a time scale of a few minutes. However, some stabi-
lize at a conductance value close to 2e2/h for periods of
a day or more. The controlled thinning of the contact
can also be achieved by the current through the contact
in the film itself [100].
A second approach consists of controlled deposition or
dissolution by feedback of the voltage polarity on the elec-
trodes immersed in the electrolyte. Li and Tao [101, 102]
thinned down a copper wire by electrochemical etching in
a a copper sulphate solution. Atomic-sized contacts are
found to be stable for many hours, before the conduc-
tance drops to zero. The deposition or dissolution rate
can be controlled by the electrochemical potential of the
wire and by feedback the contact resistance can be held
at a desired value. A further refinement of the technique
starts from a lithographically defined wire, but is other-
wise similar in procedure [102], and gold junctions can be
fabricated from a potassium cyanaurate solution [103].
A hybrid technique was used by Junno et al. [104] who
first patterned two gold electrodes onto a SiO2 layer on
top of a silicon wafer, with a gap of only 20 to 50 nm sep-
arating the two electrodes. Subsequently a grid pattern
of 30–100 nm gold particles was formed on the same sub-
strate in a second e-beam lithography fabrication step.
The particles were then imaged by an AFM, and a proper
particle was selected and manipulated into the gap be-
tween the electrodes by the AFM tip. This process allows
in situ control over the contacts down to atomic size, and
would also be suitable for contacting other types of metal
particles or even molecules.
Recently Davidovic and coworkers produced atomic-
sized contacts by evaporating gold on a Si3N4 substrate
that contains a slit of 70 nm, while monitoring the con-
ductance across the slit [105]. As soon as a tunneling
current is detected the evaporation is interrupted and a
contact is allowed to form by electric field induced sur-
face migration with a bias of up to 10V applied over the
contact. The contacts that were produced appear to have
nanometer-sized grains between the electrodes giving rise
to Coulomb-blockade features in the IV curves.
Ohnishi et al. exploited the heating by the electron
beam in a HRTEM to produce atomic-sized wires while
imaging the structures [54, 106]. The method starts from
a thin metal film and by focusing the electron beam on
two nearby points one is able to melt holes into the film.
The thermal mobility of the atoms results in a gradual
thinning of the wire that separates the two holes, down
to a single atom or chain of atoms. The advantage is
that the structure is very stable and the process can be
followed with video-frame time resolution. The conduc-
tance cannot be measured in this configuration.
F. Relays
Under the name relay we refer to all techniques bring-
ing two macroscopic metallic conductors into contact by
some means of mechanical control. In its simplest form it
can be achieved by lightly touching two wires which are
allowed to vibrate in and out of contact while measur-
ing the conductance with a fast digital recorder [35]. For
more reliable operation and in order to obtain sufficient
statistics over many contact breaking cycles commercial
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or home made relays have been used [107, 108, 109],
based on electromagnetic or piezo controlled operation.
Gregory [110] used the Lorentz force on a wire in a mag-
netic field to push it into contact with a perpendicularly
oriented wire. Although this produces very stable tunnel
junctions, atomic sized contacts have not been demon-
strated.
The relay techniques are suitable for averaging the con-
ductance properties of atomic-sized contacts over large
numbers of breaking cycles at room temperature.
III. THEORY FOR THE TRANSPORT
PROPERTIES OF NORMAL METAL POINT
CONTACTS
A. Introduction
Macroscopic conductors are characterized by Ohm’s
law, which establishes that the conductance G of a given
sample is directly proportional to its transverse area S
and inversely proportional to its length L, i.e.
G = σS/L , (2)
where σ is the conductivity of the sample.
Although the conductance is also a key quantity for
analyzing atomic-sized conductors, simple concepts like
Ohm’s law are no longer applicable at the atomic scale.
Atomic-sized conductors are a limiting case of mesoscopic
systems in which quantum coherence plays a central role
in the transport properties.
In mesoscopic systems one can identify different trans-
port regimes according to the relative size of various
length scales. These scales are, in turn, determined by
different scattering mechanisms. A fundamental length
scale is the phase-coherence length, Lϕ which measures
the distance over which quantum coherence is preserved.
Phase coherence can be destroyed by electron-electron
and electron-phonon collisions. Scattering of electrons
by magnetic impurities, with internal degrees of freedom,
also degrades the phase but elastic scattering by (static)
non-magnetic impurities does not affect the coherence
length. Deriving the coherence length from microscopic
calculations is a very difficult task. One can, however, ob-
tain information on Lϕ indirectly from weak localization
experiments [111]. A typical value for Au at T = 1K is
around 1µm [112]. The mesoscopic regime is determined
by the condition L < Lϕ, where L is a typical length
scale of our sample.
Another important length scale is the elastic mean
free path ℓ, which roughly measures the distance be-
tween elastic collisions with static impurities. The regime
ℓ ≪ L is called diffusive. In a semi-classical picture the
electron motion in this regime can be viewed as a random
walk of step size ℓ among the impurities. On the other
hand, when ℓ > L we reach the ballistic regime in which
the electron momentum can be assumed to be constant
diffusive ballistic
FIG. 13: Schematic illustration of a diffusive (left) and bal-
listic (right) conductor
and only limited by scattering with the boundaries of the
sample. These two regimes are illustrated in Fig. 13.
In the previous discussion we have implicitly assumed
that the typical dimensions of the sample are much larger
than the Fermi wavelength λF. However, when dealing
with atomic-sized contacts the contact width W is of the
order of a few nanometers or even less and thus we have
W ∼ λF. We thus enter into the full quantum limit which
cannot be described by semi-classical arguments. A main
challenge for the theory is to derive the conductance of
an atomic-sized conductor from microscopic principles.
The objective of this section will be to review the basic
theory for transport properties of small conductors. We
find it instructive to start first by discussing the classical
and semi-classical theories usually employed to analyze
point contacts which are large with respect to the atomic
scale. We shall then discuss the scattering approach pio-
neered by Landauer [5] to describe electron transport in
quantum coherent structures and show its connection to
other formalisms, such as Kubo’s linear response theory.
The more specific microscopic models for the calculation
of conductance in atomic-sized contacts will be presented
in Sect. VII.
B. Classical Limit (Maxwell)
Classically the current I passing through a sample that
is submitted to a voltage drop V , depends on the con-
ductivity of the material σ and on its geometrical shape.
At each point of the material the current density j is as-
sumed to be proportional to the local electric field E, that
is, j(r) = σE(r), which is the microscopic form of Ohm’s
law. The electric field satisfies Poisson’s equation and
the boundary conditions specify that the current density
component normal to the surface of the conductor must
be zero.
To calculate the conductance of a point-contact, we
can model the contact as a constriction in the material.
This problem was already studied by Maxwell [113], who
considered a constriction of hyperbolic geometry. Then
it is possible to obtain an analytic solution using oblate
spheroidal coordinates (ξ, η, ϕ) defined as
x = a cosh ξ cos η cosϕ,
y = a cosh ξ cos η sinϕ,
z = a sinh ξ sin η,
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FIG. 14: Oblate spheroidal coordinates, and η = const. sur-
face.
where 2a is the distance between the foci, and (0 ≤ ξ <
∞), (−π/2 ≤ η ≤ π/2), (−π < ϕ ≤ π), see Fig. 14.
The constriction is then defined by the surface η = η0 =
const. and the radius of the narrowest section is given by
r0 = a cos η0. Since a metal can be considered effectively
charge neutral, Poisson’s equation reduces to Laplace’s
equation
∇2V (r) = 0, (3)
where V (r) is the electrostatic potential. Anticipating a
solution that depends only on ξ, the equipotential sur-
faces are ellipsoids and the boundary conditions are au-
tomatically satisfied. The solution is then given by
V (ξ) = −V0
2
+
2V0
π
arctan(eξ), (4)
where V0 is the voltage drop at the constriction.
The total current is then obtained using Ohm’s law and
integrating over the constriction, and by dividing out the
applied potential V0 we can express the conductance of
the constriction as
GM = 2aσ (1− sin η0) = 2r0σ 1− sin η0
cos η0
. (5)
This gives the so-called Maxwell conductance of the con-
striction. In the limiting case η0 = 0 the contact is simply
an orifice of radius a in an otherwise non-conducting plate
separating two metallic half-spaces, and its conductance
is
GM = 2aσ = 2a/ρ, (6)
where ρ is the resistivity.
C. Semiclassical approximation for ballistic
contacts (Sharvin)
When the dimensions of a contact are much smaller
than their mean free path ℓ, the electrons will pass
through ballistically. In such contacts there will be a
large potential gradient near the contact, causing the
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FIG. 15: Electron distribution function in the vicinity of the
orifice. kF is the equilibrium Fermi wavevector; µ1 and µ2
are the chemical potentials for each side, which far from the
orifice, in the presence of an applied potential V , are equal to
EF − eV/2 and EF + eV/2, respectively.
electrons to accelerate within a short distance. The con-
duction through this type of contacts was first considered
by Sharvin [114], who pointed out the resemblance to the
problem of the flow of a dilute gas through a small hole
[115].
Semiclassically the current density is written as
j(r) =
2e
L3
∑
k
vkfk(r), (7)
where fk(r) is the semiclassical distribution function and
gives the occupation of state k at position r and vk is
the group velocity of the electrons. In the absence of col-
lisions, the distribution function at the contact is quite
simple: for the right-moving states the occupation is fixed
by the electrochemical potential within the left-hand-side
electrode, and conversely for the left-moving states. Thus
for an applied voltage V , the right-moving will be occu-
pied to an energy eV higher than the left-moving states,
which results in a net current density, j = e〈vz〉ρ(ǫF)eV/2
where ρ(ǫF) = mkF/π
2h¯2 is the density of states at the
Fermi level, and 〈vz〉 = h¯kF/2m is the average velocity in
the positive z-direction. The total current is obtained by
integration over the contact, and hence the conductance
(the so-called Sharvin conductance) is given by
GS =
2e2
h
(
kFa
2
)2
, (8)
where h is Planck’s constant, kF is the Fermi wave vector,
and a is the contact radius. Note that the Sharvin con-
ductance depends only on the electron density (through
kF), and is totally independent of the conductivity σ
and mean free path ℓ. Quantum mechanics enters only
through Fermi statistics.
In a more detailed calculation, the distribution func-
tion fk(r) is obtained from Boltzmann equation in the
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absence of collisions [65],
vk · ∇rfk(r)− (e/h¯)E · ∇kfk(r) = 0. (9)
Far from the contact fk is the Fermi distribution func-
tion, f0(ǫk), with the adequate electrochemical potential
in each electrode. Fig. 15 shows how the distribution
function in the vicinity of the contact is modified with
respect to the Fermi sphere. The states at a given point
on the left side of the orifice are occupied to EF − eV/2,
unless they arrive from the other electrode, which defines
a ‘wedge-of-cake’ in the electron distribution. Now, the
electrostatic potential at this point is fixed by the re-
quirement of charge neutrality,
∑
k
[fk(r) − f0(ǫk)] = 0,
i.e. the total volume of the two parts must be equal to
the equilibrium charge density. Far away from the ori-
fice the ‘wedge’ vanishes and the Fermi spheres in both
electrodes are equal in magnitude, but the bottom of
the conduction band differs by eV . At the point in the
middle of the orifice the electrons on the left hemisphere
arrive from the right, and vise versa, which implies that
to first approximation the number of excess electrons ex-
actly balances the number of deficit electrons on the other
side, and this defines the point V = 0. The voltage away
from this point changes proportional to the solid angle
of view of the orifice and approaches the limiting values
±eV/2. The important conclusion is that the voltage
drop is concentrated on a length scale of order a near the
contact.
It is instructive to point out that the power P = IV
is entirely converted into kinetic energy of the electrons
that are shot ballistically into the other electrode. As for
the full-quantum point contacts that will be discussed
next, energy relaxation of the electrons is not taken into
account. This is a good approximation as long as the
mean free path for inelastic scattering is much longer
than the dimensions of the contact. Energy dissipation
then takes place far away into the banks by scattering
with phonons. In reality a small but finite amount of
inelastic scattering takes place near the contact, which
will be discussed later.
D. The scattering approach
In a typical transport experiment on a mesoscopic de-
vice, the sample (which in our case is an atomic-sized
constriction) is connected to macroscopic electrodes by
a set of leads which allow us to inject currents and fix
voltages. The electrodes act as ideal electron reservoirs
in thermal equilibrium with a well-defined temperature
and chemical potential. The basic idea of the scattering
approach is to relate the transport properties (conduc-
tances) with the transmission and reflection probabilities
for carriers incident on the sample. In this one-electron
approach phase-coherence is assumed to be preserved on
the entire sample and inelastic scattering is restricted
to the electron reservoirs only. Instead of dealing with
complex processes taking place inside the reservoirs they
Lµ Rµ LN RN
FIG. 16: Schematic representation for a ballistic two-terminal
conductance problem. The gray box represents the sample, or
the scattering area. The reservoirs (or electrodes) the left and
right of the wiggly lines emit electrons onto the sample with an
energy distribution corresponding to the electrochemical po-
tentials µL and µR, respectively. Electrons reflected from the
sample are perfectly absorbed by the reservoirs. The straight
sections connecting the reservoirs to the sample represent per-
fect leads, where the number of modes in the left and right
lead is NL and NR, respectively, and these numbers are not
required to be equal.
enter into the description as a set of boundary condi-
tions [116]. In spite of its simplicity, this approach has
been very successful in explaining many experiments on
mesoscopic devices.
Let us consider a two terminal configuration as de-
picted in Fig. 16. One can model the conductor as a
scattering region connected to the electron reservoirs by
perfect leads. On these leads the electrons propagate
as plane waves along the longitudinal direction, while
its transverse momentum is quantized due to the lat-
eral confinement. As in the usual wave-guide problem,
the quantization of transverse momentum defines a set
of incoming and outgoing modes on each lead (let us call
Nα the number of modes on lead α). Notice that the
perfect leads do not really exist in actual systems: they
are an auxiliary construction of the scattering approach
which greatly simplifies the formalism. The more general
case can be analyzed using Green function techniques
(see Sect. III E 1). Nevertheless, as we discuss below, the
use of perfect leads does not affect the results as long as
the number of modes considered is sufficiently large.
Another hypothesis that considerably simplifies the
scattering approach is that there is a “perfect” cou-
pling between the leads and the electron reservoirs. This
perfect coupling fixes the distribution of the incoming
modes, which is determined by the Fermi distribution on
the corresponding electrode. On the other hand, the out-
going modes on the leads are transmitted into the elec-
trodes with probability one. The boundary conditions
on the incoming and outgoing modes become thus very
simple.
Before going further in the discussion of the general
formalism, it is instructive to consider the simple case
where the sample is just a perfect one-dimensional con-
ductor, having a single mode occupied. Let us assume
that there is a voltage difference V applied between the
electrodes. A net current will arise from the imbalance
between the population of the mode moving from left to
right (fixed by the Fermi distribution on the left elec-
trode, fL) and the population of the mode moving in the
opposite sense (fixed by fR). The current is then simply
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given by
I =
e
L
∑
kσ
vk (fL(ǫk)− fR(ǫk))
=
e
π
∫
dkvk (fL(ǫk)− fR(ǫk)) , (10)
where L is the length of the conductor and σ is the elec-
tron spin. For a long conductor one can replace the
sum over allowed k values by an integral over k. As we
are dealing with a one-dimensional system the density of
states is ρ(ǫ) = 1/vkh¯ and the current can be written as
I =
2e
h
∫
dǫ (fL(ǫ)− fR(ǫ)) . (11)
The factor 2 in this expression is due to spin-degeneracy.
At zero temperature fL(ǫ) and fR(ǫ) are step functions,
equal to 1 below ǫF + eV/2 and ǫF − eV/2, respectively,
and 0 above this energy. Thus the expression leads to
I = GV , where the conductance is G = 2e2/h.
This simple calculation demonstrates that a perfect
single mode conductor between two electrodes has a fi-
nite resistance, given by the universal quantity h/2e2 ≈
12.9kΩ. This is an important difference with respect to
macroscopic leads, where one expects to have zero resis-
tance for the perfectly conducting case. The proper in-
terpretation of this result was first pointed out by Imry
[117], who associated the finite resistance with the resis-
tance arising at the interfaces between the leads and the
electrodes.
1. The Landauer formula
Let us now discuss the general scattering formalism
for the two-terminal configuration. The amplitudes of
incoming and outgoing waves are related by a (energy
dependent) scattering matrix
Sˆ =
(
sˆ11 sˆ12
sˆ21 sˆ22
)
≡
(
rˆ tˆ′
tˆ rˆ′
)
, (12)
where sˆαβ is a Nα × Nβ matrix whose components
(sˆαβ)mn are the ratio between the outgoing amplitude on
mode n in lead α and the incoming amplitude on mode
m in lead β.
Following Ref. [118], it is convenient to introduce
creation and annihilation operators a†mα(ǫ) and amα(ǫ)
which create and destroy an incoming electron on mode
m in lead α with energy ǫ. Similarly we introduce cre-
ation and annihilation operators for the outgoing states
b†mα(ǫ) and bmα(ǫ). These are naturally related to the
amα operators by
bmα =
∑
nβ
(sˆαβ)mnanβ. (13)
According to the hypothesis of perfect coupling between
leads and electrodes, the population of the incoming
modes is fixed by 〈a†mα(ǫ)anβ(ǫ)〉 = δmnδαβfα(ǫ), where
fα(ǫ) is the Fermi distribution function on the electron
reservoir connected to lead α.
The current on mode m in lead α is due to the imbal-
ance between the population of incoming and outgoing
states and is given by
Imα =
2e
h
∫ ∞
−∞
dǫ
[〈a†mα(ǫ)amα(ǫ)〉 − 〈b†mα(ǫ)bmα(ǫ)〉] .
(14)
As in the single mode case, this expression arises due to
the exact cancellation between the density of states and
the group velocity on each mode. Using the scattering
matrix this expression can be reduced to
Imα =
2e
h
∫ ∞
−∞
dǫ
[(
1−
∑
n
|rˆmn|2
)
fα
−
∑
β 6=α
∑
n
|tˆmn|2fβ

 . (15)
Adding the contribution of all modes, the net current on
lead 1 will be given by
I1 =
2e
h
∫ ∞
−∞
dǫ [(N1 −R11)f1 − T12f2] , (16)
where R11 = Tr(rˆ
†rˆ) and T12 = Tr(tˆ
†tˆ). Unitarity of the
scattering matrix (which is required by current conserva-
tion) ensures that rˆ†rˆ+ tˆ†tˆ = Iˆ and, therefore, taking the
trace over all modes one has T12 +R11 = N1, and thus
I1 =
2e
h
∫ ∞
−∞
dǫT12(f1 − f2). (17)
The linear response conductance is thus given by
G =
2e2
h
∫ ∞
−∞
dǫ
(
−∂f
∂ǫ
)
T12, (18)
which at zero temperature reduces to the well known
Landauer formula G = (2e2/h)T12 [119].
2. The concept of eigenchannels
The Landauer formula teaches us that the linear con-
ductance can be evaluated from the coefficients tnm
which give the outgoing amplitude on mode m in lead
2 for unity amplitude of the incoming mode n in lead
1. Notice that although tˆ is not in general a square ma-
trix (the number of modes on each lead need not to be
the same) the matrix tˆ† tˆ is always a N1 × N1 square
matrix. Current conservation certainly requires that
T12 = T21 = Tr
(
(tˆ′)† tˆ′
)
. This property is a simple con-
sequence of time reversal symmetry of the Schro¨dinger
equation which ensures that tnm = (t
′
mn)
∗.
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FIG. 17: Two perfect cylindrical leads connecting to a sample
in the form of a narrow cylindrical conductor.
Being the trace of an Hermitian matrix, T12 has certain
invariance properties. For instance, there exists a unitary
transformation Uˆ such that Uˆ−1tˆ† tˆUˆ adopts a diagonal
form. Due to hermiticity of tˆ† tˆ its eigenvalues τi, i =
1, ..., N1 should be real. Moreover, due to the unitarity
of the scattering matrix one has tˆ†tˆ + rˆ†rˆ = Iˆ and then
both tˆ†tˆ and rˆ†rˆ should become diagonal under the same
transformation Uˆ . As also both tˆ†tˆ and rˆ†rˆ are positive
definite it is then easy to show that 0 ≤ τi ≤ 1 for all i.
The eigenvectors of tˆ† tˆ and rˆ†rˆ are called eigenchan-
nels. They correspond to a particular linear combination
of the incoming modes which remains invariant upon re-
flection on the sample. In the basis of eigenchannels the
transport problem becomes a simple superposition of in-
dependent single mode problems without any coupling,
and the conductance can be written as
G =
2e2
h
∑
i
τi. (19)
At this point the definition of eigenchannels may seem
somewhat arbitrary and dependent on the number of
channels of the perfect leads attached to the sample.
For instance, the dimension of the transmission matrix
tˆ† tˆ can be arbitrarily large depending on the number of
modes introduced to represent the leads, which suggests
that the number of eigenchannels is not a well defined
quantity for a given sample.
In order to convince ourselves that this is not the case,
let us consider a situation where the sample is a nar-
row cylindrical constriction between two wide cylindrical
leads as shown in Fig. 17. Let us call Nc the number of
propagating modes at the Fermi energy on the constric-
tion. Clearly one has Nc ≪ N1, N2. This geometry can
be analyzed as two ‘wide-narrow’ interfaces connected
in series. In such an interface the number of conduction
channels with non-vanishing transmission is controlled by
the number of propagating modes in the narrowest cross-
section. This property is a simple consequence of current
conservation along each conduction channel. Mathemat-
ically, one can show that the non-vanishing eigenvalues of
tˆ† tˆ (a N1×N1 matrix) should be the same as those of tˆtˆ†
(a Nc ×Nc matrix). Therefore, there should be N1−Nc
channels with zero transmission. By applying the same
reasoning to the second “narrow-wide” interface we con-
clude that only a small fraction of the incoming channels
could have a non-zero transmission. The number of rel-
evant eigenchannels is thus determined by the narrowest
cross-section of the constriction.
For a constriction of only one atom in cross section
one can estimate the number of conductance channels
as Nc ≃ (kFa/2)2, which is between 1 and 3 for most
metals. We shall see that the actual number of channels is
determined by the valence orbital structure of the atoms.
3. Shot Noise
Shot noise is another important quantity for charac-
terizing the transport properties of mesoscopic systems
[120, 121]. It refers to the time-dependent current fluctu-
ations due to the discreteness of the electron charge. In a
mesoscopic conductor these fluctuations have a quantum
origin, arising from the quantum mechanical probabil-
ity of electrons being transmitted or reflected through
the sample. In contrast to thermal noise, shot noise
only appears in the presence of transport, i.e. in a non-
equilibrium situation.
Shot noise measurements provide information on tem-
poral correlations between the electrons. In a tunnel
junctions, where the electrons are transmitted randomly
and correlation effects can be neglected, the transfer of
carriers of charge q is described by Poisson statistics
and the amplitude of the current fluctuations is 2qI.
In mesoscopic conductors correlations may suppress the
shot noise below this value. Even when electron-electron
interactions can be neglected the Pauli principle provides
a source for electron correlations.
The relation between shot noise and the transmitted
charge unit q has allowed the detection of the fractional
q = e/3 charge carriers in the fractional quantum Hall
regime [122, 123]. It has also been proposed that mea-
surements of shot noise in superconducting atomic con-
tacts could give evidence of transmission of multiple ne
charges associated with multiple Andreev reflection pro-
cesses [124, 125]. This issue will be discussed in Sect. X.
Qualitatively, the shot noise in ballistic samples can be
understood from the diagram in Fig. 18. For the right
moving states, which have been transmitted through the
contact with an excess energy between 0 and eV , the av-
erage occupation number, n, is given by the transmission
probability τn. For the fluctuations in this number we
find
∆n2 = n2 − n2 = τn(1 − τn) , (20)
where in the last step we used the fact that n2 = n,
since for fermions n is either zero or one. Hence, the
fluctuations in the current are suppressed both for τn = 1
and for τn = 0. According to Eq. (20) the fluctuations
will be maximal when the electrons have a probability of
one half to be transmitted. The shot noise is thus a non-
linear function of the transmission coefficients, which can
provide additional information on the contact properties
to that contained in the conductance, as will be discussed
in Sect. VIII.
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FIG. 18: In a ballistic quantum point contact with bias volt-
age, V , the transmission probability, τn, determines the distri-
bution function, n(E), of a transmitted state as a function of
its energy, E. In the right reservoir, states with energy lower
than the Fermi energy are all occupied, while right-moving
states with higher energy can only be coming from the left
reservoir, and therefore their average occupation is equal to
the transmission probability, τn. This argument applies to
every individual eigenchannel
Although there has recently appeared a specialized re-
view on this subject [121] we shall re-derive here the main
results concerning shot noise in quantum point-contacts
for the sake of completeness.
In noise measurements the quantity one is interested
in is the noise power spectrum given by the following
current-current correlation function
Sαβ(ω) =
1
2
∫
eiωt〈∆Iˆα(t)∆Iˆβ(0) + ∆Iˆβ(0)∆Iˆα(t)〉dt ,
(21)
where ∆Iˆα = Iˆα − Iα is the operator measuring the cur-
rent fluctuations on lead α. This operator can be written
in terms of creation and annihilation operators on each
channel as in Sect. III D 1, i.e.
Iˆα(t) =
2e
h
∑
m
∫
dǫdǫ′ei(ǫ−ǫ
′)t/h¯
× [a†mα(ǫ)amα(ǫ′)− b†mα(ǫ)bmα(ǫ′)] . (22)
Thus, to obtain the noise spectrum one has to evalu-
ate the expectation value of products of four operators.
These products can be decoupled into all possible con-
tractions of creation and annihilation operators taken by
pairs, as dictated by Wick’s theorem. This decoupling is
valid as far as we are dealing with non-interacting elec-
trons. In this way, a typical expectation value contribut-
ing to the power spectrum can be reduced as follows
〈a†mα(ǫ1)anβ(ǫ2)a†lγ(ǫ3)akδ(ǫ4)〉
−〈a†mα(ǫ1)anβ(ǫ2)〉〈a†lγ(ǫ3)akδ(ǫ4)〉 =
δαδδβγδmkδnlδ(ǫ1 − ǫ4)δ(ǫ2 − ǫ3)fα(ǫ1) [1− fβ(ǫ2)] .
(23)
After some algebra one obtains the following general
expression for the noise spectrum [118]
Sαβ(ω) =
2e2
h
∑
γδ
∑
mn
∫
dǫAmnγδ (α; ǫ, ǫ+ h¯ω)
×Anmδγ (β; ǫ+ h¯ω, ǫ)
×{fγ(ǫ) [1− fδ(ǫ+ h¯ω)] + fδ(ǫ+ h¯ω) [1− fγ(ǫ)]} ,
(24)
where
Amnδγ (β; ǫ, ǫ
′) = δmnδδβδγβ −
∑
k
(
sˆ†βδ
)
mk
(ǫ) (sˆβγ)kn (ǫ
′).
This general expression is more than we need to ana-
lyze a noise experiment in atomic contacts. On the one
hand, as we are dealing with a two terminal geometry
the expression can be considerably simplified. In prac-
tice what is measured is the time dependent current on
one of the two leads which will be related to S11 or S22.
On the other hand, typical frequencies in noise exper-
iments are of the order of 20 GHz or even much lower.
For these frequencies h¯ω is much smaller than the typical
energy scale for variation of the transmission coefficients
and thus one can safely adopt the zero frequency limit.
Under these conditions the quantity that can be related
to the experimental results is
S11(0) =
2e2
h
∫
dǫ
{
Tr
[
tˆ†(ǫ)tˆ(ǫ)tˆ†(ǫ)tˆ(ǫ)
]
× [f1 (1− f1) + f2 (1− f2)]
+Tr
[
tˆ†(ǫ)tˆ(ǫ)
(
Iˆ − tˆ†(ǫ)tˆ(ǫ)
)]
× [f1 (1− f2) + f2 (1− f1)]} . (25)
As one can observe, this expression has two parts: the
terms in f1(1 − f1) and f2(1 − f2) vanish at zero tem-
perature and correspond to thermal fluctuations, and the
terms in f1(1− f2) and f2(1− f1) which remain finite at
zero temperature when there is an applied bias voltage
correspond to the shot noise. One can further simplify
this expression using the basis of eigenchannels as
S11(0) =
2e2
h
∑
n
∫
dǫ
{
τn(ǫ)
2 [f1 (1− f1) + f2 (1− f2)]
+τn(ǫ) [1− τn(ǫ)] [f1 (1− f2) + f2 (1− f1)]} . (26)
Moreover, as in general the energy scale for the vari-
ation of the transmission coefficients is larger than both
temperature and applied voltage we can evaluate these
coefficients at the Fermi energy and perform integration
over the energy taking into account the Fermi factors,
which yields [126]
S11(0) =
2e2
h
[
2kBT
∑
n
τ2n
+eV coth
(
eV
2kBT
)∑
n
τn (1− τn)
]
. (27)
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4. Thermal transport
The scattering approach can be extended to study
thermoelectric phenomena in mesoscopic systems [127,
128]. In the previous discussion it was implicitly assumed
that the leads are connected to electron reservoirs which
have the same temperature. If there is a temperature
difference between the electrodes there will be an energy
flux in addition to the electric current. Let us consider
a two terminal geometry and call T1 and T2 the temper-
ature on the left and right electrode respectively. The
total entropy current moving to the right on the left lead
will be given by
J→1S = −
kB
h
∫
[f1 ln f1 + (1− f1) ln(1 − f1)] dE, (28)
where f1 = f(E, µ1, T1) denotes the Fermi function on
the left electrode. On the other hand the entropy current
going to the left on the same lead is given by
J←1S = −
kB
h
∫
[(R11f1 + T12f2) ln(R11f1 + T12f2)+
(1−R11f1 − T12f2) ln(1−R11f1 − T12f2)] dE.
(29)
By subtracting (28) and (29) the following expression
for the heat current is obtained [127]
U1 = TJ1S =
1
h
∫
T12(E)(E − µ) [f1 − f2] dE, (30)
where T and µ are the average temperature and chemical
potential.
In the linear transport regime it is convenient to cast
Eqs. (30) and (17) in
matrix form,
(
I1
U1
)
=
(
L0
1
T L1
L1
1
T L2
)(
µ1 − µ2
T1 − T2
)
, (31)
where
Ln =
2e
h
∫
T12(E)(E − µ)n
(
− ∂f
∂E
)
dE. (32)
An important property which can be determined exper-
imentally is the thermoelectric power or thermopower,
defined by
S(µ, T ) =
1
eT
L1
L0
. (33)
Thermoelectrical properties of 2DEG quantum point
contacts have been studied experimentally by van Houten
et al. [129]. The experimental results on the thermopower
in atomic contacts will be discussed in Sect. IXA 3.
5. Density of states and energetics within the scattering
approach
The scattering matrix is not only related to transport
properties. If the energy dependence of sˆα,β is known
it is also possible to relate this quantity to the density
of states of the mesoscopic sample. This type of rela-
tions were first derived in the context of nuclear scat-
tering theory [130] and establish a connection between
the phase accumulated in the scattering region and the
charge within this region. For a mesoscopic conductor
one can use the approximate expression [131, 132]
ρ(E) =
1
2πi
∑
α,β
Tr
[
sˆ†αβ
∂sˆαβ
∂E
− ∂sˆ
†
αβ
∂E
sˆαβ
]
. (34)
It should be mentioned that Eq. (34) is valid as far as
one can neglect the variation in the density of states on
the leads due to the presence of the sample [133] which
is usually the case when the geometry is smooth and the
WKB approximation can be applied [134].
On the other hand, provided that Eq. (34) holds, one
can relate the scattering matrix with the total energy
of the system through the density of states. Of course,
this gives only the one-electron contribution to the total
energy because electron-electron interactions are not in-
cluded within the scattering approach. These relations
provide a way to analyze the free-electron contributions
to the mechanical properties of atomic contacts, which
will be discussed in Sect. VII B 6.
6. Limitations of the scattering approach
In spite of its great success in describing many proper-
ties of mesoscopic systems, the scattering approach is far
from being a complete theory of quantum transport. The
scattering approach is mainly a phenomenological theory
whose inputs are the scattering properties of the sample,
contained in the sˆ matrix. No hints on how these proper-
ties should be obtained from a specific microscopic model
are given within this approach. Moreover, the scattering
picture is a one-electron theory which is valid only as
long as inelastic scattering processes can be neglected.
A strong assumption lies in considering electron propa-
gation through the sample as a fully quantum coherent
process. According to normal Fermi-liquid theory, such
a description would be strictly valid at zero temperature
and only for electrons at the Fermi energy. Under a finite
bias voltage and at finite temperatures deviations from
this simple description might occur.
Between all possible limitations we shall concentrate
below in analyzing the following three: 1) lack of self-
consistency in the electrostatic potential, 2) inelastic
scattering within the sample, 3) electron correlation ef-
fects.
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Self-consistency: Although the expression (17) for the
current in a two-terminal geometry is in principle valid
for an arbitrary applied voltage one should take into ac-
count that the transmission coefficients can be both en-
ergy and voltage dependent. This dependence is in turn
determined by the precise shape of the electrostatic po-
tential profile developing on the sample, which should in
principle be calculated self-consistently. There are only
few studies of non-linear transport in mesoscopic devices
which include a self-consistent determination of the po-
tential profile. Between these studies we mention the one
by Pernas et al. [135] in which the current through a fi-
nite linear chain modeled by a tight-binding Hamiltonian
is calculated by means of non-equilibrium Green func-
tions. More recently Todorov [136] calculated by sim-
ilar methods the non-linear conductivity for disordered
wires. Brandbyge et al. [137] developed a method based
on density functional theory to calculate the high-bias
conductance for atomic-sized wires.
Inelastic scattering: At finite bias coherent propaga-
tion of electrons through the sample may be limited by
inelastic scattering processes due to electron-phonon and
electron-electron collisions. Bu¨ttiker [138] has proposed
a phenomenological description of these processes within
the scattering approach. In this description the inelastic
scattering events are simulated by the addition of voltage
probes distributed over the sample. The chemical poten-
tial on these probes is fixed by imposing the condition
of no net current flow through them. Thus, although
the presence of the probes does not change the total cur-
rent through the sample they introduce a randomization
of the phase which tends to destroy phase coherence.
The current in such a structure will contain a coher-
ent component, corresponding to those electrons which
go directly from one lead to the other, and an inelastic
component, corresponding to those electrons which en-
ter into at least one of the voltage probes in their travel
between the leads. A specific realization of this construc-
tion using a tight-binding model has been presented by
D’Amato and Pastawski [139]. On the other hand, Datta
[140] and others [141] have demonstrated the equivalence
between this phenomenological approach and the case
where there is an interaction between electrons and local-
ized phonon modes distributed over the sample treated
in the self-consistent Born approximation. We should
point out that the restricted problem of one electron in-
teracting with phonons in a one-dimensional conductor
can be mapped into a multichannel scattering problem
[142, 143].
Electron correlation effects: The presence of strong
Coulomb interactions may alter completely the descrip-
tion of transport given by the scattering approach. This
occurs, for instance, when the sample is a small conduct-
ing region weakly coupled to the external leads. In this
case electronic transport is dominated by charging ef-
fects and could be completely suppressed by the Coulomb
0E ≠

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FIG. 19: Schematic representation of a two-terminal conduc-
tance system with the positions of the integration planes in-
dicated.
blockade effect [144]. Although there have been some
proposals to find the equivalent to the Landauer formula
for the case of strongly interacting electrons [145] it is in
general not possible to account for electron correlation
effects within the simple scattering approach presented
above. For this case more sophisticated methods based
on Green function techniques are needed. The interested
reader is referred to chapter 8 in Ref. [111] for an intro-
duction to these techniques.
E. Relation to other formulations: Kubo formula
and Green function techniques
The more traditional approach to transport proper-
ties of solids is based on linear response theory in which
the conductivity tensor is given by the well known Kubo
formula [146]. In this section we shall discuss the con-
nection between this approach and the scattering picture
of transport presented above. We shall first give a short
derivation of the Kubo formula for bulk materials and
then analyze the relation between conductance and non-
local conductivity for a mesoscopic sample connected to
macroscopic leads. This relation permits establishing a
link between linear response theory and the scattering
approach. We shall finally discuss how to express trans-
port properties in terms of one-electron Green functions.
When a finite electric field E, oscillating with fre-
quency ω, is applied to the sample, the relation between
the current density and the field is given by
J(r) =
∫
d3r′σ(r, r′, ω)E(r′), (35)
where σ(r, r′, ω) is the non-local conductivity tensor (for
simplicity we shall ignore the tensorial character of σ and
assume an isotropic response of the electron system). We
shall be interested in the zero frequency limit. In this
limit we may assume that the electric field is uniform on
the mesoscopic sample and vanishes on the leads [147,
148]. This situation is illustrated in Fig. 19.
Let us first analyze the simpler case of an infinite ho-
mogeneous conductor under an applied constant field. In
this case the relation between field and current density
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becomes local, i.e J = σ(ω)E. One can obtain Reσ(ω)
by evaluating the energy absorption rate P due to elec-
tronic transitions induced by the applied field. Taking
the temporal average over one cycle one obtains
P = 〈E · J〉 = Reσ(ω)E2. (36)
Notice that Reσ(ω) determines the dissipative part of
the current and that Reσ(ω) → σ(0) for ω → 0. Within
lowest order perturbation theory, the energy absorption
rate is given by
P =
∑
αβ
Wαβ (fα − fβ) (ǫα − ǫβ) , (37)
where
Wαβ =
2π
h¯
|〈α|Vˆ |β〉|2δ(ǫα + h¯ω − ǫβ). (38)
In this expression α and β denote different electron eigen-
states of the system, fα and fβ being the corresponding
Fermi factors. The perturbation term Vˆ corresponds to
a uniform electric field in the x direction, i.e.
〈α|Vˆ |β〉 = −eE〈α|Xˆ|β〉. (39)
Combining Eqs. (36–39) one obtains for the conductivity
Reσ(ω) =
2πe2
h¯
∑
αβ
|〈α|Xˆ |β〉|2 (ǫα − ǫβ)
× (fα − fβ) δ(ǫα + h¯ω − ǫβ). (40)
This expression can be rewritten in terms of the momen-
tum operator by using the property
〈α|pˆx|β〉 = im
h¯
〈α|Xˆ |β〉 (ǫα − ǫβ) , (41)
where m is the electron mass. Thus, in the limit ω → 0
the conductivity can be written as
σ(0) =
2πe2h¯
m2
∫
dE
∑
αβ
|〈α|pˆx|β〉|2
(
− ∂f
∂E
)
×δ(E − ǫα)δ(E − ǫβ). (42)
Eq. (42) is known as the Kubo formula and relates the
conductivity to the equilibrium current fluctuations for
a homogeneous conductor. In order to analyze the con-
ductance of a finite sample it is necessary to go back
to the non-local conductivity. This quantity is obtained
from (42) by replacing 〈α|pˆx|β〉 bym〈α|ˆx(r)|β〉/e, where
ˆx(r) is the current operator at position r, yielding
σ(r, r′, 0) = 2πh¯
∫
dE
∑
αβ
〈α|ˆx(r)|β〉〈β|ˆx(r′)|α〉
×
(
− ∂f
∂E
)
δ(E − ǫα)δ(E − ǫβ). (43)
One can obtain the total current through the sam-
ple I by integrating the current density on an arbitrary
transversal cross-section Σ oriented perpendicularly to
the current direction x (see Fig. 19), i.e.
I =
∫
Σ
dsJx(r) =
∫
Σ
ds
∫
Ω
d3r′σ(r, r′, 0)Ex(r
′), (44)
Now, the integration over the volume of the sample
Ω in (44) can be divided into integration along the x
direction and over a transversal cross-section Σ′. We thus
have
I =
∫
Σ
ds
∫
dx′
∫
Σ′
ds′σ(r, r′, 0)Ex(r
′), (45)
This expression can be simplified further by noticing
that the integration over the transversal cross-section Σ′
does not depend on its position on the x axis. This prop-
erty arises from current conservation which implies∫
Σ
ds〈α|ˆx(r)|β〉 =
∫
Σ′
ds′〈α|ˆx(r′)|β〉. (46)
One can thus interchange the integration over x′ and in-
tegration over the transversal cross-section Σ′, to obtain
I =
∫
Σ
ds
∫
Σ′
ds′σ(r, r′, 0)
∫
dx′Ex(r
′). (47)
As the integration of the electric field along the x axis
gives the voltage drop along the sample V , this expression
has the form I = GV , where the conductance G is given
by
G =
∫
Σ
ds
∫
Σ′
ds′σ(r, r′, 0). (48)
Notice that, due to current conservation, this expres-
sion does not depend on the position of the transversal
cross-sections Σ and Σ′ along the x axis. For conve-
nience these surfaces can be taken well inside the leads,
i.e. far away from the region where the voltage drop is
located. In this asymptotic region the electron states
become plane waves along the x direction.
1. The conductance in terms of Green functions
The Kubo formula for the conductivity is usually ex-
pressed in terms of Green functions [146, 149]. It is
then possible to find an expression for the conductance
in terms of Green functions through (48) and establish
a connection between the scattering picture of transport
and linear response theory [147, 148].
Let us first introduce the retarded and advanced Green
functions Gr,a(r, r′, E) using an eigenstates representa-
tion
Gr,a(r, r′, E) = lim
η→0
∑
α
ψ∗α(r)ψα(r
′)
E − ǫα ± iη , (49)
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which have the property
Ga(r, r′, E) − Gr(r, r′, E) =
2πi
∑
α
ψ∗α(r)ψα(r
′)δ(E − ǫα). (50)
Then, Eqs. (43) and (48) allow us to write the conduc-
tance G in the form
G =
e2h¯3
8πm2
∫
dE
(
− ∂f
∂E
)∫
Σ
ds
∫
Σ′
ds′[
∂
∂x
∂
∂x′
(Ga −Gr)
(
G˜a − G˜r
)
+(Ga −Gr) ∂
∂x
∂
∂x′
(
G˜a − G˜r
)
− ∂
∂x
(Ga −Gr) ∂
∂x′
(
G˜a − G˜r
)
− ∂
∂x′
(Ga −Gr) ∂
∂x
(
G˜a − G˜r
)]
, (51)
whereGa−Gr = Ga(r, r′, E)−Gr(r, r′, E) and G˜a−G˜r =
Ga(r′, r, E)−Gr(r′, r, E).
We can simplify this expression considerably by taking
the surfaces Σ and Σ′ well inside the left and the right
lead respectively. When r and r′ correspond to points
well inside the left and right leads the eigenstates are
simple combinations of plane waves. Each plane wave
corresponds to a lead mode n with wave number kn in
the x direction. In terms of the modes wavefunctions,
χn, the Green functions can be expanded as
Gr,a(r, r′, E) =
∑
nm
χm(~ρ)χ
∗
n(~ρ
′)Gr,anm(x, x
′), (52)
where the indexes n and m refer to the modes on the left
and right leads respectively, and ~ρ and ~ρ′ indicate the
position on the transversal surfaces. For x → −∞ and
x′ → +∞ the Green functions components Ga,rnm(x, x′)
behave as
Ga,rnm(x, x
′) ∼ e∓iknxe±ikmx′ , (53)
and in this way the derivatives in (51) can be easily com-
puted. As a final result one obtains
G =
e2h¯3
πm2
∫
dE
(
− ∂f
∂E
)∑
nm
knkm|Ganm(x, x′, E)|2.
(54)
By comparing with the Landauer formula (18) the
transmission coefficient in terms of Green functions is
the just given by [147]
T12(E) = h¯
2
∑
nm
vnvm|Ganm(x, x′, E)|2, (55)
where vn = h¯kn/m is the velocity on channel n. We
should point out that the above expression is useful to
obtain the transmission for realistic microscopic models.
We shall come back to this point in Sect. VII.
IV. THEORY FOR CURRENT TRANSPORT IN
SUPERCONDUCTING POINT CONTACTS
When one or both electrodes in a point contact are su-
perconducting, transport properties may be dramatically
affected. For instance, the conductance in normal-metal–
superconductor (N-S) or superconductor–superconductor
(S-S) contacts exhibits very peculiar non-linear behavior
which is associated with the presence of an energy gap in
the excitation spectrum of the superconductor. In addi-
tion, in S-S point contacts one can observe manifestations
of the ground state phase-coherence like the Josephson
effect.
In this section we shall review the basic theoretical
developments which allow to understand the transport
properties of superconducting point contacts. It will pro-
vide one of the most powerful approaches for experimen-
tally determining the number of conductance channels in
atomic-sized contacts.
A. The Bogoliubov de Gennes equation and the
concept of Andreev reflection
In a tunnel junction, where the coupling between the
electrodes is exponentially small, one can calculate the
current-voltage characteristic starting from the electron
states of the isolated electrodes and then using first or-
der perturbation theory in the coupling [150]. Such cal-
culations predict that the current should vanish at zero
temperature in a N-S junction when the bias voltage eV
is smaller than the superconducting energy gap ∆. In
the same way, they would predict that the current van-
ishes for eV < 2∆ in a symmetric S-S junction at zero
temperature (see for instance [151]).
These type of calculations are, however, not suitable
for point contacts with finite normal conductance. In this
case it is in general necessary to adopt a non-perturbative
approach. The Bogoliubov-de Gennes (BdeG) equations
[152], describing the quasi-particle excitations in non-
uniform superconductors, provide a useful starting point
for this case.
In a superconductor the quasi-particle excitations con-
sist of a mixture of electron-like and hole-like states. The
BdeG equations are two coupled linear differential equa-
tions from which the amplitudes u(r, E) and v(r, E) of
an excitation of energy E on the electron and hole states
can be obtained. These equations can be written as [152]
Eu(r, E) =
[
− h¯
2∇2
2m
+ U(r) − EF
]
u(r, E)
+∆(r)v(r, E)
Ev(r, E) = −
[
− h¯
2∇2
2m
+ U(r)− EF
]
v(r, E)
+∆∗(r)u(r, E), (56)
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where U(r) and ∆(r) are effective potentials to be de-
termined self-consistently [152]. In the case of a uniform
superconductor the BdeG equations can be solved triv-
ially in terms of plane waves to obtain the well known
dispersion law for quasi-particles in the superconductor
Ek =
√
(ǫk − EF )2 +∆2, (57)
where ǫk = (h¯k)
2/2m, and the coefficients
u2k =
1
2
(
1 +
ǫk − EF
Ek
)
v2k =
1
2
(
1− ǫk − EF
Ek
)
.
(58)
The dispersion relation can be inverted to obtain the
wavector modulus in terms of the energy of the excitation
h¯k± =
√
2m
[
EF ±
√
E2 −∆2
]
. (59)
The excitations with k+ arise from states above the Fermi
surface in the normal case and are called ‘quasi-electrons’
and the ones with k− arise from states below the Fermi
surface and are called ‘quasi-holes’.
Let us now consider the case of a point-contact between
a normal metal and a superconductor. For simplicity we
shall assume that there is a single channel connecting
both electrodes and call x a coordinate along the point
contact. We shall also assume that the pairing potential
∆(x) exhibits a step-like behavior from zero to a constant
value ∆ at the N-S interface.
Let us consider an incident electron with energy E.
The wave functions at each side of the interface can be
written as
Ψ(x,E) =
(
1
0
)
eiq
+x + reh
(
0
1
)
eiq
−x
+ree
(
1
0
)
e−iq
+x for x < 0
Ψ(x,E) = tee
(
u(E)
v(E)
)
eik
+x
+teh
(
v(E)
u(E)
)
e−ik
−x for x > 0, (60)
where h¯q± =
√
2m(EF ± E) and the two elements in
each column vector represent the electron and hole com-
ponents of the excitation. The four coefficients ree, tee,
reh and teh can be determined by imposing the conditions
of continuity of the wave function and its derivative at
the interface. They describe the four possible processes
that can take place for an incident electron on the N-S
interface, i.e. reflection as an electron, transmission as
a quasi-electron, reflection as a hole and transmission as
a quasi-hole. An additional approximation is to assume
that for E ∼ ∆ one has q+ ≃ q− ≃ k+ ≃ k−, which is
valid as long as ∆/EF ≪ 1. This assumption is usually
called the Andreev approximation.
e
h
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FIG. 20: Schematic representation of an Andreev reflection
process.
In the simplest case of a perfect N-S interface with
no mismatch in the electrostatic potential one obtains
ree = teh = 0 and
reh(E) = v(E)/u(E), (61)
which gives the probability amplitude for reflection as
a hole or Andreev reflection. Taking into account the
expressions for the coefficients given by (58) it is easy to
show that for E < ∆, reh is just a phase factor given by
reh(E) = exp [−i arccos (E/∆)], (62)
while for E > ∆, reh decays exponentially. The prob-
ability of Andreev reflection is then equal to 1 for in-
cident electrons with energy inside the superconducting
gap. It should be noticed that in the whole process two
electrons are injected from the normal electrode, which
finally gives rise to a new Cooper pair in the superconduc-
tor as illustrated in Fig. 20. This is the basic mechanism
for converting a normal current into a supercurrent at a
N-S interface, first discussed by Andreev in 1964 [153].
In order to analyze the case of an imperfect interface
with arbitrary normal transmission one can use the model
introduced by Blonder, Tinkham and Klapwijk [154].
Within this model the electron potential at the interface
is represented by a delta function, i.e U(x) = Hδ(x). The
boundary conditions on the wavefunctions should now
take into account the presence of this delta-like poten-
tial. A straightforward calculation then yields for E < ∆
[154]
|reh(E)|2 = ∆
2
E2 + (∆2 − E2)(1 + 2Z)2 , (63)
where Z = kFH/2EF is a dimensionless parameter con-
trolling the strength of the delta-like potential. The en-
ergy dependence of the Andreev reflection amplitude for
increasing values of Z is represented in Fig. 21. As can
be observed, for Z = 0 one recovers the case of a per-
fect interface with |reh(E)|2 = 1 inside the gap, while for
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FIG. 21: Andreev reflection probability in the model by Blon-
der, Tinkham and Klapwijk [154].
Z → ∞, reh(E) → 0 inside the gap, as expected for a
tunnel junction.
These results can be used to obtain the linear conduc-
tance of a N-S quantum point. For this purpose, the scat-
tering approach described in Sect. III has to be extended
in order to incorporate Andreev reflection processes (see
for instance [155]). At zero temperature and for a single
conduction channel one obtains
GNS =
4e2
h
|reh(0)|2, (64)
where the factor 4 instead of the usual 2 in the Landauer
formula reflects the fact that two electrons are transmit-
ted in an Andreev reflection process. This expression has
been generalized to the multi-channel case by Beenakker
[155] who obtained
GNS =
4e2
h
∑
n
τ2n
(2 − τn)2 , (65)
where τn denotes the transmission probability on the n-
th conduction channel. Eq. (65) shows that the normal
conduction channels are not mixed by Andreev reflection
processes, i.e. an electron incident on a given conduction
channel is reflected as a hole on the same channel. This
is reasonable since the energy scale for superconducting
correlations is much smaller than the energy between the
bottoms of the conductance channels. We shall come
back to this property when analyzing the case of biased
SNS contacts (Sect. IVC).
B. SNS contacts at zero bias
In a similar way as in the previous subsection one can
use the BdeG equations to analyze the excitation spec-
trum in a SNS structure. Let us consider the case of two
superconducting electrodes connected by a single normal
channel of length L. For simplicity let us first consider
the case of perfect matching at both interfaces. An elec-
tron in the normal region with energy E < ∆ will be
Andreev reflected into a hole when reaching one of the
interfaces and, conversely, this hole will be converted into
an electron with the same energy at the other interface.
The combination of these processes gives rise to an in-
finite series of Andreev reflections. The resonance con-
dition can be easily established by taking into account
the amplitude for an individual Andreev reflection given
by Eq. (62) and the phase accumulated by electrons
and holes when propagating through the normal region,
which yields
E = ∆cos
{
ϕ
2
− kFL
2
(E/EF )− nπ
}
, (66)
where ϕ is the phase difference between the super-
conducting electrodes (notice that the superconducting
phase enters into the Andreev reflection amplitude (62)
simply as an additional phase factor). This equation ad-
mits multiple solutions which correspond to bound states
inside the superconducting gap, usually called Andreev
states or Andreev-Kulik states [156]. In the limit L≪ ξ0,
ξ0 = πvF /∆ being the superconducting coherence length,
only two bound states are found at energies [157]
E = ±∆cos
{ϕ
2
}
. (67)
For finite phase difference these states carry a Joseph-
son current with opposite directions that can be com-
puted using the thermodynamic relation I ∼ dF/dϕ,
where F is the free energy of the system. This rela-
tion yields I ∼ sinϕ/2 for perfect interfaces, a result
which was first derived by Kulik and Omelyanchuk [158]
in 1978. For a quantum point contact with an smooth
(or adiabatic) geometry accommodating N conduction
channels the current-phase relation is given by [159]
I(ϕ) =
Ne∆
h¯
sin
(ϕ
2
)
tanh
(
E
2kBT
)
. (68)
The case of a SNS structure with arbitrary normal
transmission can also be analyzed using the BdeG equa-
tions. For a single conduction channel in the limit L≪ ξ0
one obtains two bound states at energies [159]
E = ±∆
√
1− τ sin2
(ϕ
2
)
, (69)
where τ is the normal transmission. From this expression
the current-phase relation turns out to be
I(ϕ) =
eτ∆
2h¯
sin(ϕ)√
1− τ sin2 (ϕ2 ) tanh
(
E
2kBT
)
. (70)
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This result has been obtained by several authors using
different techniques [155, 160, 161, 162]. It interpolates
between the tunnel limit where the behavior I ∼ sin(ϕ)
first predicted by Josephson [163] is recovered, to the
perfect transmission limit where the sin(ϕ/2) behavior of
Kulik-Omelyanchuk is recovered. The maximum super-
current at zero temperature as a function of the contact
transmission is given by [164]
Imax =
e∆
h¯
[
1−√1− τ] . (71)
In superconducting quantum point-contacts the effect
of thermal fluctuations on the supercurrent can be rather
large. Thermal noise in a phase polarized contact has
been calculated Averin and Imam [165] for the case of
perfect transmission and by Mart´ın-Rodero et al. [166]
for the case of arbitrary transmission.
C. SNS contacts at finite bias voltage
When applying a finite voltage the phase difference in
a SNS contact increases linearly with time according to
the Josephson relation, i.e. ϕ = ω0t, where ω0 = 2eV/h¯
is the Josephson frequency. The response of the system
cannot in general be described by Eq. (70) in an adia-
batic approximation due to the fact that excitations of
quasiparticles come into play and can give the main con-
tribution. The total current through the contact contains
all the harmonics of the Josephson frequency and can be
written as [40, 41]
I(V, t) =
∑
n
In(V )e
inω0t. (72)
In this decomposition one can identify a dissipative part,
which is an odd function of V , and a non-dissipative part,
which is an even function of V . These two parts are given
by [41]
ID = I0 + 2
∑
m>0
Re(Im) cos (mω0t), (73)
and
IS = −2
∑
m>0
Im(Im) sin (mω0t). (74)
The quantity which is more directly accesible by exper-
iments is the dc component I0, which we will discuss in
more detail below.
As an example, the measured current voltage charac-
teristic of an Al atomic contact at 17mK is shown in
Fig. 22, and the experiment will be discussed more ex-
tensively in Sect. X. In this curve one can clearly distin-
guish the supercurrent branch at zero voltage. On the
other hand, the dissipative branch exhibits a very pecu-
liar structure for bias voltages smaller than 2∆/e, which
is called the subgap structure (SGS). The SGS consists of
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FIG. 22: Current-voltage characteristic for an Al atomic con-
tact at 17mK. As the current is ramped up the contact is
seen to switch from the supercurrent branch near zero volt-
age to the finite-voltage dissipative branch, which is highly
non-linear. Reprinted with permission from [167]. c©2000
American Physical Society.
a series of more or less pronounced current jumps located
at eV = 2∆/n This structure cannot be understood in
terms of single quasi-particle processes.
The first observations of the SGS were made in tunnel
junctions by Taylor and Burstein [168] and Adkins [169]
in 1963. Since then, there have been several attempts
to explain this behavior theoretically. In the early 60’s
Schrieffer and Wilkins [170] proposed a perturbative ap-
proach which is known as multi-particle tunneling theory.
In this approach the current is calculated up to second
order perturbation theory in the tunneling Hamiltonian.
Although it explains the appearance of a current step at
eV = ∆ the theory is pathological as the current be-
comes divergent at eV = 2∆. Another theory, proposed
by Werthamer in 1966, suggested that the SGS is due to
the coupling of the tunneling electrons with the Joseph-
son radiation [171]. This theory predicted a different
behavior for even and odd n, which is not observed ex-
perimentally.
There is nowadays clear evidence that the SGS can
be understood in terms of multiple Andreev reflections
(MAR), as first proposed by Klapwijk, Blonder and Tin-
kham [38]. A qualitative explanation of the SGS in su-
perconducting contacts in terms of MAR is illustrated
in Fig. 23. Single quasi-particle processes as those illus-
trated in Fig. 23(a) are only possible when eV > 2∆ in
order for the transferred quasi-particle to reach the avail-
able states on the right superconductor. The probability
of these type of processes is proportional to the contact
transmission and they give a contribution to the current-
voltage relation as indicated schematically in the lower
right panel in Fig. 23. At lower bias voltages current is
possible due to Andreev processes. The simplest An-
dreev process is depicted in Fig. 23(b), where two quasi-
particles are transmitted with a probability proportional
to the square of the normal transmission, creating a
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FIG. 23: Schematic explanation of the subgap structure in
superconducting contacts.
Cooper pair on the right side. These processes give a
contribution to the IV with a threshold at eV = ∆. At
even lower biases higher order Andreev processes can give
a contribution. In general, a n-th order process in which
n quasiparticles are transmitted gives a contribution pro-
portional to the n-th power of the transmission and with
a threshold at eV = 2∆/n.
The first semi-quantitative determination of the SGS
in terms of MAR was presented by Klapwijk, Blonder
and Tinkham [38] for the case of a one-dimensional SNS
structure with perfect interfaces and generalized by Oc-
tavio et al. [172] for the case of arbitrary transparency.
These last calculations were based on a Boltzmann ki-
netic equation corresponding to a semi-classical descrip-
tion of transport. Fully microscopic calculations using
Green function techniques were first presented by Arnold
in 1987 [39].
A deeper and more quantitative insight into the SGS
has been obtained in the last decade by analyzing the
case of single-mode contacts [40, 41, 42]. In 1995 Bra-
tus et al. [42] and Averin and Bardas [40] calculated the
current in a voltage biased superconducting contact by
matching solutions of the time-dependent BdeG equa-
tions with adequate boundary conditions (scattering ap-
proach). While Bratus et al. analyzed the low transmis-
sion regime, Averin and Bardas calculated the IV curves
for arbitrary transmission. On the other hand, Cuevas
et al. [41] used a Hamiltonian approach together with
non-equilibrium Green function techniques to obtain the
current in a one channel contact with arbitrary trans-
parency. The results of the scattering and the Hamilto-
nian approaches have been shown to be equivalent [41].
Moreover, the approach presented in [41] demonstrates
that the pathologies of the multi-particle tunneling the-
ory of Schrieffer and Wilkins disappear when calculations
are performed up to infinite order in the tunneling Hamil-
tonian.
The theoretical results for the dc component of the
current in a single-mode contact for a number of trans-
mission values are presented in Fig. 24. The two relevant
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FIG. 24: The zero-temperature dc component of the current
in a single mode superconducting contact, where the values
of the normal transmission increase from τ = 0.1 in the lower
curve by increments of 0.1. The upper two curves correspond
to τ = 0.99 and τ = 1. Reprinted with permission from [41].
c©1996 American Physical Society.
features of these curves are the SGS for eV < 2∆ and the
excess current with respect to the normal case which is
found for eV ≫ ∆. As can be observed, the SGS is very
pronounced at low transmission and becomes smoother
when the transmission is close to 1. At perfect transmis-
sion the structure in the IV curve completely disappears
and the excess current reaches the value e∆/h¯.
In the limit of small bias voltages the transport prop-
erties of the contact can be understood in terms of the
non-equilibrium population of the Andreev states given
by (69) [40, 41]. The theory predicts a crossover from
supercurrent to dissipative current which takes place for
eV ∼ ∆√1− τ . At larger biases the two Andreev states
can be connected by Landau-Zener transitions [40].
More recently shot noise in a single channel supercon-
ducting contact has been studied [124, 125]. It has been
demonstrated that the effective charge, defined as the
ratio between noise and current, i.e. q∗ = S/2I, is quan-
tized in the limit of low transmission and increases as
1 + Int(2∆/V ) for decreasing bias voltage. This predic-
tion is consistent with the fact that the current is due to
transfer of multiple quasi-particles mediated by Andreev
processes as schematically depicted in Fig. 23.
For the purpose of this review the most important re-
sult is the fact that the theory produces current-voltage
curves that have a very characteristic shape, which exclu-
sively depends on the transmission probability τ . The re-
sults obtained above can be easily generalized to the mul-
tichannel case. As in the N-S case, one may assume that
the conduction channels are the same as in the normal
state, i.e. that Andreev reflection processes do not mix
the normal channels. This is true as far as one can neglect
the energy dependence of the normal scattering matrix
within the superconducting gap region. The validity of
this approximation will be discussed in Sect. VIII. Fur-
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ther, the theory is exact and can therefore be exploited to
extract the transmission probabilities and the number of
relevant conduction channels from the experiment. The
analysis of experimental IV -curves for superconducting
atomic-sized contacts will be presented in Sect. VIII.
D. Current biased contacts
In practice it is not possible to impose a constant volt-
age at very low bias (eV ≪ ∆). In this limit the effective
impedance of the contact tends to zero due to the pres-
ence of the supercurrent branch and the impedance of
the circuit in which the contact is embedded starts to
play an important role. A way to study this limit in de-
tail is to impose a dc current bias through the contact
shunted with an external resistance R. This is the equiv-
alent to the ‘Resistively Shunted Junction’ (RSJ) model
well studied in connection with superconducting tunnel
junctions. As in that case, provided that the contact ca-
pacitance is large enough, the dynamics of the phase in
this configuration is analogous to the motion of a massless
particle in a tilted ‘wash-board’ potential, governed by a
Langevin equation. However, in the case of an atomic
contact the potential is not the usual sinusoid but has a
more general form, which depends on the occupation of
the Andreev states, given by [165]
Up = −Ib ϕ+
∑N
i=1
(ni+ − ni−)E(ϕ, τi) (75)
where Ib is the imposed current bias, E(ϕ, τ) =
−∆
√
1− τ sin2(ϕ) gives the lower Andreev level energy
in a quantum channel of transmission τ and ni± denote
the occupation of the upper and lower Andreev states in
the i-th quantum channel. The Langevin equation which
determines the phase evolution is given by
dϕ
dt
= −∂Up
∂ϕ
+
2eR
h¯
in(t) (76)
where in(t) is a fluctuating current arising from thermal
noise in the shunting resistor. The noise intensity should
satisfy the fluctuation-dissipation theorem.
As a final ingredient one has to impose thermal equi-
librium population of the Andreev states at ϕ = 2nπ as
boundary conditions. The corresponding Langevin equa-
tions can be solved either by direct numerical simulation
or by mapping the problem onto a Fokker-Planck equa-
tion, following a procedure introduced by Ambegaokar
and Halperin [173] for the traditional RSJ model. The
results of this model and the comparison with experimen-
tal measurements have been presented by Goffman et al.
[167] and will be discussed in Sect. X.
V. THE CONDUCTANCE OF ATOMIC-SIZED
METALLIC CONTACTS: EXPERIMENT
As we have seen above, in a conductor for which the
dimensions are much smaller than the phase coherence
length the linear conductance, G, is given in terms of the
Landauer expression
G =
2e2
h
∑
n
τn, (77)
where the τn describe the transmission probabilities for
each of the eigenmodes of the conductor and the sum runs
over all occupied modes. We have taken the expression
in the limit of T → 0, which is a good approximation for
metals since the subband splitting is typically of the or-
der of an electronvolt. If we can contrive our experiment
in such a way that the τn are equal to 1, up to a mode
numberN , and equal to zero for all other modes, then the
conductance assumes values which are an integer times
the quantum unit of conductance, G0 = 2e
2/h. It turns
out to be possible to fabricate conductors which have pre-
cisely this property, using a two-dimensional electron gas
(2DEG) semiconductor device, as was beautifully demon-
strated in the seminal experiments by vanWees et al. [14]
and Wharam et al. [15].
For atomic-sized metallic contacts the Landauer ex-
pression is also applicable and the number of channels
involved is expected to be small. This can be judged
from the fact that the Fermi wavelength in metals is of
the order of the atomic diameter, λF ≃ 5 A˚ . This im-
plies that, while the 2DEG experiments require cooling
to helium temperatures in order to be able to resolve
the splitting of ∼1 meV between the quantum modes, in
metals the mode splitting is π2h¯2/2mλ2F ∼1 eV, which
is sufficiently high to allow the observation of quan-
tum effects at room temperature. The number of rel-
evant conductance channels in a single-atom contact can
be estimated as N = (kF a/2)
2. For copper we have
(kFa/2)
2 = 0.83, which is close to 1, suggesting that a
single atom corresponds to a single conductance chan-
nel. This implies that the atomic granularity will limit
our ability to smoothly reduce the contact size, in order
to directly observe quantum effects in the conductance.
Moreover, a priori we cannot expect the conductance for
metallic atomic-sized contacts to be given by simple mul-
tiples of the conductance quantum. The wave function of
the electrons inside the contact will resemble the atomic
wave functions, and the matching of these to the wave
functions in the leads will critically influence the trans-
mission probabilities for the quantum modes. The atomic
structure of the contact and the composition of the elec-
tronic quantum modes will be interwoven, and we will
now discuss the experimental observations and what we
can conclude from them.
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A. Contact making and breaking
The experimental techniques most frequently em-
ployed in the study of conductance of atomic-sized con-
tacts involve mechanically driven breaking and making
cycles of a contact between two metal electrodes. Exam-
ples of conductance curves for gold at low temperatures
were already shown in Sect. II, Fig. 4, when we discussed
the various experimental techniques. A further example
of a conductance curve measured on a gold sample at
room temperature is shown in Fig. 25. The curves are
recorded while breaking the contact and, although the
conditions for the two experiments are widely different,
the main features in the curves are similar. We recog-
nize a series of plateaus in the conductance, which are
nearly horizontal for the lowest conductance values, but
have a negative slope for larger contact size. At the end
of a plateau a sharp jump is observed, at which the con-
ductance usually decreases by an amount of order of the
quantum unit, G0. Although one is inclined to see a
coincidence of the plateaus with multiples of G0 this co-
incidence is far from perfect, and in many cases clearly
absent. A marked exception to this rule is the position of
the last conductance plateau before contact is lost. For
gold this plateau is reproducibly found very near 1G0.
The latter property is generally observed for monovalent
metals (Cu, Ag and Au, and the alkali metals Li, Na
and K). For sp and sd-metals the plateaus are generally
less regularly spaced, and the last plateau before tunnel-
ing can be a factor of two or more away from 1G0. An
example for the sp-metal aluminum is shown in Fig. 26
and for the sd-metal platinum in Fig. 8. The behavior is
much less regular than for gold and in many regions the
conductance is even seen to rise while pulling the contact.
Similar anomalous slopes are also seen for other metals,
an explanation for which will be presented in Sect. VIII C.
Let us now discuss the problem of the interpretation
of the sharp steps that are observed in the conductance
(Figs. 4, 8, 25, 26). As was pointed out in some of the
early papers [26, 27], the dynamics of the contact con-
ductance around the steps strongly favors an interpreta-
tion in terms of atomic rearrangements, which result in a
stepwise variation of the contact diameter. This interpre-
tation has been corroborated by a number of recent ex-
periments and classical molecular dynamics simulations
have helped to visualize the atomic rearrangements in-
volved. The molecular dynamics calculations of mechan-
ics, and model calculations of force and conductance will
be discussed in Sect. VII. The most direct experimen-
tal evidence comes from simultaneous measurements of
the conductance and the force in the contact, which is to
be discussed in Sect. VI. However, already from the dy-
namic behavior of the conductance around the steps we
can obtain very strong evidence for this interpretation,
and we will first review this experimental evidence.
The first observation is that the steps are so steep that
the slopes cannot be resolved in the experiment on a
time scale of the order of 1 ms, suggesting that they cor-
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FIG. 25: Conductance curve for a gold contact measured at
room temperature in UHV by pressing and STM tip into a
clean gold surface and recording the conductance while re-
tracting the tip. The time for recording the curve was ap-
proximately 20 ms. Both the current and voltage were mea-
sured since both varied during the experiment, but the voltage
was smaller than 3 mV until entering the tunneling regime.
Reprinted with permission from [76]. c©1995 American Phys-
ical Society.
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FIG. 26: Three examples of conductance curves for aluminum
contacts measured at 4.2K as a function of the piezovoltage.
In most cases the last “plateau” before contact is lost has
an anomalous positive slope. An approximate scale for the
range of the displacement is indicated at the top of the graph.
Reprinted with permission from [30]. c©1993 American Phys-
ical Society.
respond to very fast jumps in the conductance. Further,
the conductance traces are different in each measure-
ment. This is to be expected, since we do not control
the structural arrangement of the atoms in the contact,
and each time the contact is pressed together and slowly
separated again, the shape of the contact evolves through
a different sequence of structures. However, in the low
temperature experiments reproducible cycles can be ob-
tained after ‘training’ the contact by repeatedly sweeping
the piezovoltage, Vp, over a limited range [90, 174]. In
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FIG. 27: Measurement of the conductance for an atomic-
sized Au contact while sweeping the piezo voltage forward
and backward around a single step. Clear hysteresis of the
order of 0.1 A˚ is observed at 2.2 K. At 3.1 K the width of the
hysteresis is reduced, and at 4.0 K it is entirely suppressed.
Courtesy M. Krans [175].
such cycles, the steps often show hysteresis in the posi-
tion at which they occur for the forward and backward
sweeps. The hysteresis is sensitive to the bath temper-
ature of the experiment, and could in some cases be re-
moved by raising the temperature by only a few Kelvins
[174, 175] (see Fig. 27). For other steps, such hysteresis
was not observed, but instead the conductance showed
spontaneous fluctuations of a two-level type, between the
values before and after the step. This phenomenon is
observed only in a very narrow range of Vp around the
steps; at the plateaus the conductance assumes stable
values. These two-level fluctuations (TLF) are discussed
in more detail in Sect. IXC2, where it is shown that the
properties of the system are consistent with two configu-
rations of the contact being nearly equal in energy, and
the energy barrier separating the two states can be over-
come by thermal activation. When the barrier is too high
for thermal activation to be observable, we observe hys-
teresis of the conductance steps, which can be viewed as
being the result of tilting of the potential of the two-level
system by the strain applied to the contact. For gold van
den Brom et al. [174] investigated about one hundred in-
dividual steps, all of which showed either hysteresis or
TLF, and the steps were always steep, with the slope
limited by the experimental resolution.
All these observations are clearly not consistent with
a smoothly varying contact radius and steps resulting
directly from the quantization of the conductance. A
natural interpretation, rather, is formed by a model that
describes the contact as having a stable atomic geometry
over the length of a plateau in the conductance, where
the total energy finds itself in a local minimum. At the
jumps in the conductance, the local energy minimum for
a new geometry drops below that of the present state
as a result of the stress applied to the contact. When
the energy barrier between the old and the new min-
imum is large compared to the thermal energy, we will
observe hysteresis, and when it is small enough thermally
activated fluctuations between the two states will be ob-
served.
The lengths of the plateaus are quite irregular in the
low-temperature experiments. For Au at room temper-
ature the elongation of the contact appears to be often
more regular and Marszalek et al. [94] have shown that
the lengths of the plateaus can be classified into three
groups of about 0.175, 0.335 and 0.535nm. They pro-
pose that that this result can be interpreted in terms
of an elongation process of a series of slip events along
{111} planes. The mechanical deformation properties of
atomic contacts will be further discussed in Sect. VI.
The height of the steps is of the order of the conduc-
tance quantum, but no systematic correlation between
the position of the plateaus and quantized values can be
discerned, except for the last two or three conductance
plateaus before the jump to the tunneling regime, and
only for simple metals. Again, this is consistent with
the picture of atomic rearrangements, where the contact
changes size by approximately the area of one atom, and
as we have seen, one atom contributes ∼1 G0 to the con-
ductance, even in the semiclassical approximation.
This should be different for semimetals, such as anti-
mony and bismuth, where the density of electrons is more
than three orders of magnitude smaller than in ordinary
metals. From the electron density in Sb one estimates a
Fermi wavelength of 55 A˚, which is much larger than the
atomic diameter. Experiments on point contacts for this
semimetal [86] show indeed that the jump from vacuum
tunneling to contact is found at ∼1MΩ, or ∼0.01G0.
Continuing to increase the contact, steps in the conduc-
tance were again observed, with a step height that is also
of order 0.01G0. This is consistent with the notion of
steps resulting from atomic rearrangements and with a
semi-classical estimate for the conduction of one atom of
Sb. An interpretation of the steps in terms of conduc-
tance quantization is definitely ruled out.
We would like to stress again that there is an important
difference in experiments performed at room temperature
compared to those performed at low temperatures. The
detailed study of hysteresis and TLF behavior for indi-
vidual steps is only possible at low temperatures, where
the drift of the contact is sufficiently low. Further, it is
important to guarantee a clean metallic contact. At low
temperatures this is a simple procedure. Either by em-
ploying the MCBJ technique or by repeated indentation
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of an STM tip into the sample [92] clean contact surfaces
can be exposed, which remain clean for very long times
due to the cryogenic vacuum conditions. Clean contacts
are seen to form a neck during stretching of the con-
tact. In contrast, when a surface is contaminated and
the tip is pushed into it, the surface is indented and con-
tact is only formed upon deep indentation. Even under
UHV conditions the later is frequently observed, as was
already noted by Gimzewski et al. [12]. A conductance
well below 1 G0 often observed for atomic-sized metallic
contacts in air should in our view be attributed to con-
tamination. Even Au is very reactive for low coordination
numbers of the atoms, and the claim of the observation
of localization in Au nanowires [73] should be judged in
this context.
Many authors have attempted to argue that the con-
ductance values at the plateaus should be strictly quan-
tized. Deviations from perfect quantization are then pri-
marily attributed to back scattering on defects near the
contact. An ingenious argument was presented by de
Heer et al. [176] attempting to show that the conductance
for gold contacts can be described as effectively being due
to two quantized conductors in series. However, in our
view the interpretation hinges on the assumption that the
numbers of channels into which an electron scatters are
well-defined integer numbers, which is not expected. An
analysis of defect scattering near the contact is presented
in Sect. IX.
Kassubek et al. [177] even consider the possibility that
the dynamic behavior of the contact around the steps
can be explained by considering the sensitivity to shape
distortions of the total energy for a free-electron system
confined to a cylindrical wire. The model will be dis-
cussed further in Sect. VII B. Although it is very inter-
esting to investigate how far one may go with this ‘mini-
mal model’, it seems more natural to take the constraints
to the contact size imposed by the atomic granularity as
the fundamental cause for the jumps in the conductance.
The fact that the dynamical behavior of the steps, show-
ing hysteresis and TLF, is very similar for monovalent
metals, which may be favorable for observing quantum
induced force jumps, as well as for p- and d-metals (where
this is excluded as we will see) argues strongly in favor
of this point of view.
It is instructive to single out a specific jump in the
conductance, namely the one between contact and tun-
neling. This will help to illustrate the points discussed
above, and we will show how we can distinguish the con-
tact regime from the tunneling regime of a junction in
the experiments.
B. Jump to contact
At sufficiently large distances between two metal sur-
faces one observes a tunnel current that decreases expo-
nentially with the distance and that depends on the work-
function of the metal according to Eq. (1). As the two
metal surfaces are brought closer together at some point
a jump to contact occurs, as first observed by Gimzewski
and Mo¨ller [12]. Once in contact this is followed by a
staircase-like conductance curve due to the atomic struc-
ture, as described above. Thus, we will take this char-
acteristic distinction of smooth exponential distance de-
pendence versus staircase-like structure as the signatures
for tunneling and contact regimes, respectively. In some
cases we will see that the distinction is not as clear-cut.
For clean metals the first contact is always of the order
of 10 kΩ. Only clean contacts form this adhesive jump
after which a connective neck is pulled when separating
the electrodes. After only 6 hours in UHV the tip was
seen to be sufficiently contaminated that indenting it in
a silver surface caused a dip in the surface rather than
pulling a neck, due to a repulsive interaction caused by
adsorbates [12].
There are several mechanisms that may lead to de-
viations from strict exponential tunneling. We do not
want to digress too far into the field of vacuum tunnel-
ing, and limit the discussion to the two main influences.
The first is the image potential that a tunneling electron
experiences from the two metallic surfaces, which mod-
ifies the barrier. However, the apparent barrier, given
by the slope in a logarithmic plot of tunnel resistance
versus distance, is only affected at very small distances
[178, 179, 180]. Second, since tunneling of electrons is a
result of a weak overlap of the electronic wave function
of the two metals in the vacuum space between them,
the overlap also results in a bonding force. For metals
the attractive interaction pulls the surface atoms closer
to the other electrode, effectively reducing the tunneling
distance. This attractive force in the tunneling regime
was directly measured by Du¨rig et al. [13] using a combi-
nation of an STM and a sample mounted on a cantilever
beam, Fig. 28. The shift in the resonance frequency of
the cantilever beam served as a measure for the force
gradient. A semilogarithmic plot of the tunnel resistance
as a function of the distance was found to be linear over
the entire range of about 4 decades in resistance. This
was confirmed by Olesen et al. [181], who argue that
the effect of the attractive force is almost exactly can-
celed by the decrease of the tunnel barrier due to image
potential corrections. Deviations from exponential tun-
neling at close distance to contact observed in low tem-
perature MCBJ experiments [30, 182] were attributed to
the attractive force and the observation of this effect is
probably allowed by the higher stability of the instru-
ment. Understanding this force is important for quan-
titative analysis of the surface corrugation measured in
STM [18, 183, 184, 185, 186].
From continuum models and atomistic simulations
Pethica and Sutton [187] predicted that the attractive
force between two clean metal surfaces should lead to
an intrinsic instability at a distance of 1–3 A˚. This
‘avalanche in adhesion’ [188] is expected to cause the
surfaces to snap together on a time scale of the order of
the time it takes a sound wave to travel an inter-planar
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FIG. 28: (a) Tunnel resistance vs. tip excursion z measured
on an Ir surface using an Ir tip at room temperature in UHV,
averaged over 64 cycles. Positive z corresponds to decreasing
the tunneling-gap width. The transition to contact is indi-
cated by the arrow at ze. Inset: Degree of reproducibility
at the transition. (b) Interaction force gradient vs. tip ex-
cursion measured simultaneously with the tunnel resistance.
Reprinted with permission from [13]. c©1990 American Phys-
ical Society.
spacing (∼ 100 fs, see Sect. VII A 4). Originally it was
believed that one should be able to bring surfaces to-
gether in a continuous fashion because atoms are more
strongly bound to their neighboring atoms than to the
opposite layer. However, the elastic response of many
atomic layers produces an effective spring constant by
which the surface atoms are held. When the gradient
of the force pulling the surface atoms across the vacuum
gap is greater than this spring constant the surfaces snap
together. When this elastic medium is absent, as for a
single atom held between two rigid surfaces, a perfectly
smooth transition takes place, as can be shown by simple
model calculations [189].
It is this jump-to-contact that was observed in STM
and MCBJ experiments [12, 28, 30] (Figs. 28, 29). The
jump is associated with hysteresis, as expected, where
the forward and reverse jumps are separated by distances
of the order of 1 A˚, but can be as small as 0.2 A˚. The
tunneling-resistance from which the jump-to-contact oc-
curs is typically between 30 and 150kΩ. The well-defined
switching of the resistance between values differing by an
order of magnitude has been proposed for applications
as a quantum-switch device [190]. For some systems the
jump-to-contact was found to be absent [191, 192], al-
though these appear to be exceptions to the general rule.
A possible explanation may be that in these cases the
force gradient never exceeds the effective spring constant
of the elasticity of the metal, but more work is needed to
investigate this.
At higher temperatures a jump-to-contact of quite dif-
ferent nature has been observed by Kuipers and Frenken
[193]. When studying lead surfaces between room tem-
perature and the surface melting temperature it was
found that the tip jumps into contact with the surface
already from a distance of at least 10 A˚. In order to break
this contact it was necessary to rapidly retract the tip.
From the relation between retraction speed and the dis-
tance at which the contacts were broken the authors were
able to demonstrate that a neck spontaneously grows by
surface diffusion of Pb atoms. This is the result of the
tendency of surface atoms to diffuse towards points of
highest concave curvature. Later, Gai et al. [194] showed
that there is a competition between the concave curva-
ture along the neck and the convex curvature around it.
This leads to a spontaneous growth of the cross section
for short necks, but long thin necks tend to diffuse out
of contact. This forms a likely explanation for the ob-
servation of spontaneous contact breaking for clean gold
contacts at room temperature [195]. This also implies
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FIG. 29: Semi-logarithmic plot of an ac-resistance measure-
ment of a Pt MCBJ sample at 1.3K as a function of piezovolt-
age, Vp. The curve is recorded starting a the high-resistance
tunneling side (right). The dotted line is an extrapolation
from larger Vp. Between ∼500 kΩ and ∼40 kΩ a downward
deviation from exponential behavior is observed, followed by a
jump to a stable value. The inset shows two successive cycles
of an Al break junction at 4.2K, illustrating the hysteresis of
the jumps. The numbers indicate the sequential order of the
jumps, first up (1), then down (2) and up and down again (3
and 4). Reprinted with permission from [30]. c©1993 Ameri-
can Physical Society.
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that the protrusion that is left behind on the surface after
breaking of the neck diffuses away at room temperature,
which significantly increases the hysteresis cycle for re-
turning to contact. In a molecular dynamics simulation
for contact formation at room temperature Sørensen et
al. [196] show that a sequence of atom hops is involved in
the contacting process, which they refer to as ‘diffusion-
to-contact’. The same mechanism has been invoked to
describe the formation of a neck of silicon atoms between
a tip and a clean Si(111) surface [197].
C. Single-atom contacts
After indenting the STM tip into the sample surface, or
pressing the electrodes together in an MCBJ experiment,
and subsequently pulling the contact apart again, the
above described staircase structure in the conductance is
observed. The conductance at the last plateau prior to
the jump back into the tunneling regime is usually fairly
reproducible and is believed to be associated with a con-
tact of a single atom. In Sects. VI, VII, and VIII we will
encounter many arguments that support this interpreta-
tion, based on measurements of the force, on model cal-
culations, and on the experimentally determined number
of conductance channels, respectively. However, already
at this point we can see that this is a reasonable point of
view. In particular for gold, Fig. 28, the last contact con-
ductance is very reproducible, and close to 1G0, suggest-
ing a single atom contact provides a single conductance
channel. If a single atom were not enough to open a con-
ductance channel we would expect to find many contacts
with smaller last conductance values. Moreover, the hys-
teresis between contact and tunneling for many metals is
of the order of one tenth of the size of an atom. If sev-
eral atoms were involved in the contact configuration one
would expect to see much larger hysteresis since there is
more room for reconfiguration.
There have been very few direct experimental tests of
single-atom contacts. A very controlled experiment has
been performed by Yazdani et al. [56] using a stable low
temperature STM. A clean nickel surface was prepared
in UHV and a low concentration of xenon adatoms was
deposited on the surface. Making contact to a Xe atom
with a bare W tip and with a Xe-atom terminated tip
allowed measuring the resistance of a Xe atom contact
and a two-Xe-atom chain. The results were compared
to model calculations for this system and the agreement
was very satisfactory. Unfortunately, Xe is not a metal,
which is reflected in the high resistance for the ‘contact’
of about 80 kΩ and 10 MΩ for the single and two-atom
chain, respectively. Also, no jump-to-contact is observed,
consistent with the weak adsorption potential for Xe.
Rather direct evidence comes from the observation of
the atomic structure of a gold contact in a room temper-
ature UHV high-resolution transmission electron micro-
scope [54]. For contacts that have a single atom in cross
section the conductance is found to be close to 12.9 kΩ,
or half this value. Ohnishi et al. argue from the inten-
sity profile that the higher conductance in the later case
is associated with a double row of atoms along the line
of view. For the lower-intensity profiles the conductance
agrees with a value of 1 G0.
Single-atom contacts can be held stable for very long
times at low temperatures. At room temperature, on
the other hand, clean gold contacts drift away from their
starting value on a time scale of milliseconds due to drift
and thermal diffusion of the atoms making up the con-
tact, as discussed above. Although several authors report
a “surprising stability” over time scales of order of an
hour of atomic-sized gold contacts [73, 74, 198, 199, 200],
Hansen et al. [201] have demonstrated that this enhanced
stability is very likely associated with adsorbates or other
contaminants. Since the presence of contaminants is seen
to be associated with non-linear IV characteristics we will
return to this point in Sect. VE. An influence of adsor-
bates as capillary forces mainly by moisture stabilizing
the contacts was also suggested by Abella´n et al. [199].
Although the various results are not very explicit or
sometimes contradicting, it appears that any conduc-
tance value can be held stable for gold contacts in air, not
just those with a conductance near a multiple of G0 [199].
However, the experiments in high vacuum at room tem-
perature seem to suggest that multiples of G0 are prefer-
entially formed when the contact is allowed to choose its
own size by diffusion of atoms [195]. At low temperatures
diffusion is too slow, and in air adsorbates inhibit the
surface diffusion of atoms. Additional evidence is given
by Li et al. [102] who use an electrochemical fabrication
technique with feed-back (see Sect. II E) to stabilize the
conductance. They find that non-integer multiples of G0
cannot be held stable for very long times in contrast to
integer multiples. Similar observations were made by
Junno et al. using AFM manipulation of nanoparticles
[104]. These observation may be related to a stabiliza-
tion of the contact by the filling of the quantum modes,
as will be discussed in Sect. VII B. It may also be related
to the observation by Ohnishi et al. [54] of the formation
of multiple parallel strands of single-atom gold wires in
their HRTEM images. This aspect certainly deserves fur-
ther study.
D. Conductance histograms
From the discussion in the previous paragraphs it is
clear that contacts fabricated by these methods show a
wide variety of behavior, where the atomic structure of
the contact plays a very important role. The methods
used, with the exception of very few experiments [54, 56],
do not permit detailed knowledge over the atomic-scale
built-up of the contact. Nevertheless, one would like to
investigate possible quantization effects in the conduc-
tance and some experiments that we have discussed seem
to suggest that these exist. However, it is very difficult
to objectively separate the stepwise conductance behav-
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ior as a function of contact size resulting from the atomic
structure and the stepwise pattern due to quantization of
the conductance.
In order to perform an objective analysis of the data
it has become customary to construct conductance his-
tograms from large sets of individual conductance ver-
sus displacement curves. The method exploits the large
variability in the data resulting from the many possi-
ble atomic-scale contact configurations, and assumes that
all possible configurations, or effective contact sizes, are
equally likely to be formed. Under this assumption, one
expects to find peaks in the histogram corresponding to
conductance values that are preferred by the electronic
system. A smooth, adiabatic shape of the contact for
a free-electron gas would then lead to peaks at integer
multiples of the quantum unit G0. We shall see that
the assumption underlying this method is generally not
fulfilled, but with some caution one may still extract ev-
idence for quantization effects in the conductance from
the data.
An example of a conductance histogram for gold
recorded at room temperature in air is given in Fig. 30.
The conductance axis is usually divided into a number
of bins, and the conductance values falling within the
range of each bin are collected from a large number of
individual scans of contact breaking. The resolution is
obviously limited by the width of the bins but also by
the digital resolution of the analog-to-digital converter
(ADC), and the mismatch of these two may produce ar-
tificial periodic structures or ‘noise’ in the histograms.
Modern 16-bit ADC’s have ample resolution by which
such artifacts can be avoided. Alternatively, one may
employ the method of constructing a distribution curve
introduced by Brandbyge et al. [76]. Here, all the con-
ductance values are collected in a single file and sorted
in increasing order of the conductance. The height of the
distribution H at a conductance measurement point Gi
is then calculated as H(Gi) = (2w/N)/(Gi+w − Gi−w),
where w is a conveniently chosen interval, determining
the width of the smearing of the distribution. The factor
1/N normalizes the area under the distribution to 1.
In order to improve statistics one would like to aver-
age over as many curves as required to resolve the smaller
peaks. Since it turns out that several thousands of curves
are usually needed, the contact breaking is done in a short
time, of order of a second or shorter. Also, when study-
ing the breaking of macroscopic contacts, as in relays, the
final breaking process of the last few atoms takes place
on a time scale of the order of 10µs. For the recording of
these fast processes one employs fast digital oscilloscopes
equipped with flash-ADC’s. The latter have usually a
limited resolution (8 or 10 bits) and a significant differ-
ential non-linearity, as was pointed out by Hansen et al.
[107], meaning that the effective width of the digitiza-
tion intervals has a large spread. This results in artifi-
cial ‘noise’ in the histograms, which can be avoided [107]
by dividing the measured data by a normalizing data set
recorded for a linear ramp using the same digital recorder
FIG. 30: Conductance histogram for gold contacts recorded
in air at room temperature, using a dc voltage bias of 90.4
mV. The numbers of curves used for the construction of the
histogram is given in the inset, showing the gradual evolution
of the peaks in the histogram. The data have been corrected
for an effective series resistance of 490Ω. Reprinted with per-
mission from [202]. c©1997 American Physical Society.
settings.
Below, we will present an overview of histograms
recorded for various metals. Before we start we would like
to point out that the results have been obtained under
widely different circumstances, some of which are known
to influence the results, and some influences have not
yet been systematically investigated. Clearly the envi-
ronment should be considered, whether working in air or
in UHV. The purity of the sample material should be
specified, but when working in UHV the surface prepa-
ration technique is even more important. In STM tech-
niques one often employs a tip of a hard metal, such as
tungsten or platinum/iridium, and indents this tip into
a soft metal surface such as gold. There is good evidence
that the soft metal wets the tip surface, so that after a
few indentations, one has a homogeneous contact of the
sample metal only. However, this depends on the wet-
ting properties of the combination of the tip and surface
material, and one should be aware of possible contami-
nations of the contacts by the tip material. Further, the
temperature has an effect on the results, but also the
measurement current, which may locally heat the con-
tact, or modify the electronic structure due to the finite
electric field present in the contact. The shape of the
connective neck that is formed during elongation of the
contact may be influenced by these factors, but also by
the depth of indentation of the two electrodes and the
speed of retraction. The sample material may be in the
form of a polycrystalline wire, a single crystal or a thin
film deposited on a substrate and this has an effect on the
mechanical response of the metal but also on the electron
mean free path. Even with all these factors taken into
account, and for one and the same sample, some details
of the histograms do not always reproduce. Here, the
local crystalline orientation of the electrodes forming the
contact may play a role as proposed in Ref. [203]. Never-
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theless, it turns out that there are many features that are
very robust, and reproduce under most circumstances, as
we will see below.
1. The archetypal metal: gold
Gold contacts are the most widely investigated by the
histogram method [34, 71, 95, 107, 108, 109, 175, 176,
202, 204, 205, 206, 207, 208, 209, 210]. The first re-
sults were presented by Brandbyge et al. [76], Fig. 31,
using a room-temperature STM under UHV. Many fea-
tures of the histograms recorded under widely different
circumstances seem to reproduce (cf. Fig. 30). This is
presumably due to the low reactivity of the gold sur-
face and the fact that it is easily cleaned. One gener-
ally observes peaks near 1, 2 and 3 G0, which are shifted
to somewhat lower values compared to exact multiples
of G0. This shift has been attributed to backscatter-
ing of the electrons on defects near the contact, as will
be discussed in Sect. IX. Sometimes a broad feature at
4–5 G0 can be resolved, and there is one report of indi-
vidual peaks near 4 and 5 G0 [205]. The shape of the
peaks and their relative amplitudes are not reproducible
in detail, but the first peak is always very pronounced,
and much higher than the others. The other peaks tend
to decrease in height with increasing conductance. The
first peak is very robust against the applied bias voltage
[109, 211] and survives up to about 2V, corresponding to
formidable current densities of the order of 2 ·1015A/m2.
Even the other structure in the histogram is unchanged
up to 500mV. Also the atmosphere does not have a dra-
matic influence, and only by intentionally increasing the
concentration of reactive molecules in the atmosphere
some changes are observed. Li et al. [101] report that
the peaks at higher conductance values are gradually sup-
pressed in going from air to vapors of ethanol, pyridine
and 4-hydroxyl thiophenol, in increasing order of adsorp-
tion strength. However, the peak near 1G0 survives un-
der all circumstances.
Between helium- and room-temperatures no qualita-
tive changes in the histograms are observed [71], but the
relative height of the first peak grows toward lower tem-
peratures. Although no influence of the retraction speed
was observed in the range from 30 to 4000nm/s [202], the
experiment by Muller et al. [195] seems to suggest that in
the extremely slow limit, where surface diffusion of gold
atoms at room temperature is expected, the shape of the
histogram changes considerably. In the latter experiment
the peaks at higher conductance are more pronounced.
Two reports give evidence for peaks near half-integer
multiples of G0, notably near 0.5 and 1.5 G0. Both use
a thermally evaporated gold film on a mica substrate.
One was measured with an STM at room temperature
under UHV [95]. The other [210] is special, in that the
histogram was recorded with an STM tip immersed in
an electrochemical cell, containing a 0.1M NaClO4 or
HClO4. In this case the histogram had the regular ap-
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FIG. 31: Histogram for gold contacts measured at room tem-
perature in UHV by pressing an STM tip into a clean gold
surface and recording the conductance while retracting the
tip. The data have been corrected for an effective series resis-
tance of 150Ω. Reprinted with permission from [76]. c©1995
American Physical Society.
pearance, but below a threshold voltage in the electro-
chemical potential in the cell the half-integer peaks ap-
peared. The authors discuss various possible explana-
tions, but discard all except the one proposed by de Heer
et al. [176]. However, as argued above, we believe also
this explanation is not viable, and the problem remains
to be solved.
When we assume that the contact breaking process
produces any effective contact diameter with equal prob-
ability, then the histograms represent a derivative of the
conductance with respect to the effective diameter of the
contact. It is instructive to calculate the integral of the
histogram, as was first done by Gai et al. [34]. Fig. 32
shows such a curve, obtained from a gold histogram sim-
ilar to the one shown in Fig. 31. This curve is to be com-
pared to conductance traces obtained for 2DEG semi-
conductor devices [14, 15], for which the width of the
contact can directly and continuously be adjusted by the
gate electrostatic potential. Compared to the latter, the
conductance steps in Fig. 32 are poorly defined, with the
exception of the first conductance quantum. Moreover,
the first quantum feature results from the fact that our
assumption mentioned above is not valid. The effective
diameters produced during contact breaking are strongly
influenced by the possible atomic configurations. As we
will argue Sect. XI, the step at 1G0, corresponding to
the strong peak in the histogram for gold, results from
the formation of a chain of gold atoms during the last
stages of contact breaking. Disregarding the first level
in Fig. 32, we find that the conductance is not strictly
quantized, as the probability of finding a contact with
a conductance of, e.g., 2G0 is only twice that of find-
ing 1.5G0. However, the conductance is still determined
by the quantum states, as described in Sect. III and is
carried by a limited number of modes. We will show in
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FIG. 32: Curve obtained by integrating a gold histogram sim-
ilar to Fig. 31. Courtesy A.I. Yanson [212].
Sects. VIII and IX how the quantum nature for mono-
valent metals is revealed by a tendency for the modes to
open one-by-one as the contact becomes larger.
The well-defined and robust features in the histograms
for gold are rather unique, and for other materials it is
usually necessary to work under clean UHV or cryogenic
conditions to obtain reproducible results.
2. Free electron metals: Li, Na and K
For sodium in a low temperature experiment using the
MCBJ technique, a histogram with peaks near 1, 3, 5
and 6G0 was observed [33]. Similar results have been ob-
tained for potassium (Fig. 33), lithium [52, 212, 213], and
cesium [214]. Notice the sharpness of peaks, the absence
of peaks at 2 and 4G0 (disregarding the little shoulder
below 3G0) and the low count in between the peaks. For
lithium, the histogram looks qualitatively similar, but
the first two peaks are much smaller and the shift below
integer multiples of G0, attributed to an effective series
resistance due to scattering on defects (Sect. IX), is big-
ger [212].
The characteristic series 1-3-5-6, and the fact that
peaks near 2 and 4G0 are nearly absent points at an
interpretation in terms of a smooth, near-perfect cylin-
drical symmetry of the sodium contacts. Sodium indeed
forms a very good approximation to a free electron sys-
tem, and the weakly bound s-electrons strongly reduce
surface corrugation. As will be discussed in Sect. VII B 1,
for a model smooth, cylindrically symmetric contact with
continuously adjustable contact diameter [215, 216], the
conductance increases from zero to 1 G0 as soon as the
diameter is large enough so that the first conductance
mode becomes occupied. When increasing the diameter
further, the conductance increases by two units because
the second and third modes are degenerate. The modes
are described by Bessel functions (assuming a hard wall
boundary potential) and the first mode is given by the
0 1 2 3 4 5 6 7 8
0.0
0.1
0.2
0.3
0.4
0.5
Potassium, 4.2 K
N
o
rm
a
liz
e
d 
n
u
m
be
r 
o
f c
o
u
n
ts
Conductance [2e2/h]
FIG. 33: Histogram of conductance values, constructed from
G(Vp)-curves measured for potassium at 4.2K with an MCBJ
device, involving several thousand individual measurements.
The measurements were done with a constant bias voltage of
10mV. The characteristic sequence of peaks (G = 1, 3, 5, 6) is
regarded as a signature for conductance quantization. Cour-
tesy A.I. Yanson [212].
m = 0 Bessel function, which is not degenerate. The sec-
ond and third modes are the degenerate m = ±1 modes,
followed by m = ±2 for further increasing contact diam-
eter. The next mode that will be occupied corresponds
to the second zero of the m = 0 Bessel function, and is
again not degenerate. Thus the conductance for such a
contact should increase by 1, 2, 2 and 1 units, produc-
ing just the series of conductance values observed in the
sodium experiment.
Note that the conductance steps observed in the indi-
vidual conductance traces are still due to atomic recon-
figurations. Indeed, the sharpness of the steps is limited
by the experimental resolution, and they are associated
with hysteresis and two-level fluctuations as for any other
metal. This picture can be reconciled with the notion of
conductance quantization in a free-electron gas by con-
sidering the model calculation by Nakamura et al. [217],
Fig. 34. Without going into the details of the calcula-
tions, which will be addressed in Sect. VII, we find from
the model that a single-atom contact corresponds to a
single mode, which is nearly perfectly transmitted. At
a unit-cell length of 22 A˚ three modes are transmitted
adding-up to a total conductance close to 3G0, and the
narrowest cross section is made up of three atoms. The
potential that the electrons experience in this contact is
nearly cylindrical due to the fact that the electrons in Na
are so weakly bound. The calculation does not reproduce
the abrupt transition from 3 to 1G0, probably due to the
limited size of the model system. The small shoulder at
the lower end of the peak at 3G0 in Fig. 33 could then
be due to the occasional formation of a contact with two
atoms in cross section, which is too small for the three
channels to be fully transmitted.
This picture of a strict separation of the effect of the
atomic structure in determining the geometry and the
38
FIG. 34: Conductance for the configurations of sodium atoms
illustrated at the left for several elongation stages of the unit
cell. The authors used a self-consistent local-density approx-
imation potential. The lower panel on the right shows the
evolution of the individual transmission probabilities for each
conductance channel in the system. Reprinted with permis-
sion from [217]. c©1999 American Physical Society.
conduction modes setting the conductance as dictated
by this geometry, may need to be refined by taking into
account that the occupation of the quantum modes may
energetically favor specific atomic configurations, as will
be discussed in Sects. VII B and XII.
3. The noble metals
Similar as for gold, conductance histograms for copper
and silver have a dominant peak at or just below 1G0
[30, 33, 101, 107, 195, 210, 213, 218, 219]. Above this
peak one generally finds two additional peaks. At room
temperature in air these peaks are broad and form more
or less a single broad peak having two maxima [107, 218].
Attempts to interpret these observations in terms of con-
ductance quantization peaks shifted by a series resistance
are not quite satisfactory since the series resistance re-
quired is rather large, of the order of 500Ω, and the cor-
rection does not shift all peaks simultaneously to the de-
sired positions. At low temperatures the second and third
peaks are more clearly separated [33, 213]. In contrast
to gold where the height of the peaks decreases system-
atically for increasing conductance, for copper the third
peak is often much more pronounced than the second one.
For silver the difference is less extreme, but a reverse peak
intensity has also been observed. Furthermore, the third
peak is much closer to 3G0 compared to the distance of
the second peak below 2G0. This suggests that Cu has
an appearance intermediate between that found for Au
and for Na and K. The second peak would then be mainly
due to the atomic structure of a two-atom contact, while
the third peak represents all configurations that admit
three near-fully transmitted modes. Some indirect evi-
dence for this interpretation was given in [208, 213]. As
was observed for gold, using slow scans at room temper-
ature more peaks can be seen and the peaks tend to be
closer to integer multiples of G0 [101, 195, 210], which
we propose to attribute to the effect of surface diffusion
of atoms.
Three studies fall outside this picture. Rodrigues et
al. [220] have used a MCBJ under UHV at room temper-
ature and found a conductance histogram for Ag that,
apart from the peak just below 1G0, has a rather strong
peak at 2.4G0 and a broader feature just above 4G0.
They attribute the peak at 2.4G0 to a stable nanowire ge-
ometry along the [110] crystallographic direction, which
they have identified in HR-TEM images. Although this
is plausible, the difference with the commonly observed
histograms remains to be explained. Ono et al. [219] use
a home-built relay-type set up which switches the contact
formed between the apex of a thin Cu wire and a thin
Cu film evaporated onto a glass substrate, under ambi-
ent conditions. The histogram shows only two peaks, but
sharp and centered at 1 and 2G0. It is not clear what dis-
tinguishes the technique used here from the other stud-
ies, but it should be noted that the histograms are built
from a very limited number of curves (∼20) and that the
curves were selected to “have at least one plateau”. It
is also remarkable, as we shall discuss below, that they
find several sharp peaks for Ni. It is likely that these
peaks are the result of stable contact cycles, which result
after training of the contact as discussed in Sect. VA,
and therefore reflect recurring contact configurations. Fi-
nally, Li et al. [221] use an STM to study the influence
of adsorbate molecules on Cu atomic-sized contacts and
find that after the addition of an organic molecule, 2,2’-
bipyridine, the conductance histogram shows additional
peaks near the half-integers 0.5 and 1.5G0. These results
resemble those for Au obtained by the same group [210],
suggesting that also the latter may be attributed to the
effect of adsorbates. A full explanation for the effect is
still lacking, but Li et al. have proposed to exploit this
sensitivity of the atomic conductance to the presence of
certain molecules as a chemical sensor.
4. Transition metals
For the non-magnetic transition metals (we will discuss
the ferromagnetic ones below) the histograms show gen-
erally very few features. In MCBJ experiments at low
temperatures the transition metals with partially filled
d-shells, as far as they have been studied, show a sin-
gle broad peak centered well above 1G0. This peak can
generally not be identified with an integer value of the
conductance; for example niobium shows a wide peak
centered near 2.3–2.5G0 (Fig. 35). The peak at zero
conductance arises from the fact that there was no low-
conductance cut-off applied in the data and the conduc-
tance measured in the tunneling regime causes an accu-
mulation of points at low conductance. The jump be-
tween contact and tunneling is relatively small for Nb,
and the tunnel current can rise even somewhat above
1G0 just before the jump to contact, leading to a nearly
continuous cross-over from the data points obtained in
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FIG. 35: Histogram constructed from 2400 individual conduc-
tance curves for a niobium sample. Each curve was recorded
while stretching the contact to break, using the MCBJ tech-
nique at a temperature of 10 K, which is just above the su-
perconducting transition temperature. The conductance was
measured using a DC voltage bias of 20 mV. (Reprinted with
permission from [226]. c©2000 American Physical Society.
tunneling and those obtained in contact. Results for
vanadium are comparable to those for Nb [212].
Similarly, for Rh, Pd, Ir and Pt at low temperatures
histograms with a single peak, centered in the range from
1.5 to 2.5G0 have been obtained [30, 72, 212, 222], with
some weaker features at higher conductances. At room
temperature, both in UHV [32] and in air [202] the first
peak for Pt is surprisingly found near 1G0. Recent work
suggests that this peak near 1 G0 may arise from con-
tamination of the metal surface with hydrogen [223]. On
the other hand, histograms for Ru, Rh, and Pt obtained
by a very fast relay technique under ambient conditions
but at high voltage-bias show features that are somewhat
similar to the low-temperature data [224, 225].
Contamination of the contacts is most likely responsi-
ble for the fact that most experiments on transition met-
als at room temperature do not show any reproducible
structure. When concentrating therefore on the data ob-
tained under cryogenic vacuum, these seem to point at
a general interpretation of the first peak in terms of the
characteristic conductance of a single-atom contact. This
is in excellent agreement with the expected conductance,
see Sects. VII C and VIII, where it is argued that a single-
atom contact for a transition metal with a partially filled
d-band has five conductance channels available, which
are only partially open.
For Zn, having a completed d-band, there is a first
dominant peak well below 1, at about 0.7G0, which re-
sembles the results for aluminum, and a second smaller
peak near 2G0 [212, 227].
5. Ferromagnetic metals
The ferromagnetic metals have attracted special in-
terest as a result of speculations that the strong ex-
change splitting of the electron bands may lift the spin-
degeneracy of the conductance modes, which would give
rise to half-integer (e2/h instead of 2e2/h) conductance
steps as obtained for simple free-electron models. How-
ever, as mentioned above, the number of channels for
a single atom is expected to be five, and all modes are
only partially open so that the total conductance is in
the range of 1.5–3G0. This is consistent with what is
observed at low temperatures in MCBJ experiments on
Fe [213], where the conductance histogram shows a sin-
gle peak at 2.2G0 very similar to that observed for Nb
in Fig. 35. Low-temperature STM experiments similarly
show that the last contact value for Ni is typically 1.6G0
[72]. At room temperature in air the histograms for Fe,
Co and Ni are entirely featureless [107, 202], at least in
some of the early experiments. This is attributed to a
contamination of the contacts by adsorbates from the
atmosphere, which washes out all regular metallic con-
ductance features.
More recently there have been a few reports of sharp
features for the ferromagnets [219, 228, 229, 230]. Ott
et al. [228] obtain three sharp peaks near 1, 2 and 3G0
for Fe, using a relay-type technique under ambient condi-
tions, while for Ni they find the more familiar featureless
histogram. The authors suggest that the state of magne-
tization may be of importance, since they report having
saturated the magnetization state of their wires. Note
that the histogram was constructed from a rather lim-
ited set of 80 conductance traces. The data have some
resemblance with those of Ref. [230] recorded at 4.2K.
In this work the number of accumulated scans is also
limited, but in addition the contact was first ‘trained’
and only very shallow indentation cycles to a depth of
about 4G0 were used. This implies that the histogram
is not obtained by averaging over many contact config-
urations, but rather represents a reproducible contact-
configuration cycle. The histogram can then not be in-
terpreted in terms of intrinsic conductance properties.
Ono et al. [219] showed data for Ni comparable to those
for Fe by Ott et al. The technique is not very different
from the method by Ott et al. , except that they contact
the Ni wire to a thin Ni film evaporated onto a glass
substrate, as also used for Cu, see above. However, in
addition they report that the ‘integer’ peaks near 1 and
2G0 that are observed without magnetic field are joined
by additional peaks near 0.5 and 1.5G0 for fields above
5mT. The number of curves in each histogram is only
20, and the curves have been selected to have at least
one plateau. The latter suggests that many individual
curves are featureless.
Oshima and Miyano [229] constructed a relay between
a Ni wire and a Ni coil that could be heated by a current
well above room temperature. The set-up was placed
in a vacuum chamber with a pressure in the range 0.5–
1 · 10−4Pa and a magnetic field up to 0.12T. At room
temperature a peak at 1G0 is observed, which survives
up to 610K (Fig. 36). However, above the Curie tem-
perature for Ni (TC =631K) the histogram changes into
a broad peak centered around 2.7G0. Also the appli-
cation of a magnetic field removes the sharp feature at
40
FIG. 36: Conductance histogram constructed from conduc-
tance curves for Ni. The left column of panels shows the
evolution of the histograms with temperature: (a)room tem-
perature, (b) 610K, (c) 770K. The right column shows the
effect of applied magnetic field: (a’) same as (a), (d) in a field
of 0.12 T at room temperature and (e) the same field at 770K.
The histograms are presented in a cumulative fashion for 40,
140, 240 and 340 traces in (a),(a’) and for 100, 200, 300 and
400 traces in (b)–(e). Reprinted with permission from [229].
c©1998 American Institute of Physics.
1G0. The results are remarkable, but the explanation of-
fered is qualitative and not entirely convincing. Note the
similarity of the high-T and high-field data to the low-
temperature results for the d-metals. The authors men-
tion that the application of the magnetic field changes
the mechanics of the contact breaking, because the repul-
sive magnetic force between the like-oriented electrodes
results in a contact breaking on microsecond time scales.
Finally, Garc´ıa et al. [231] have produced stable
atomic-sized Ni contacts at room temperature by embed-
ding the contact between two Ni wires in a resin. The
magnetization state of the two wires was switched by field
coils wound around the wires. The contact resistance was
seen to switch between ∼ 3 and ∼ 10kΩ upon reversing
the applied field of 2mT. Reference experiments on Cu-
Cu and Cu-Ni contacts of similar conductance did not
show any significant response to the magnetic field. An
explanation of these results has been proposed in terms
of scattering on the domain wall trapped inside the con-
striction [232].
Clearly, the results on the ferromagnets are not all con-
sistent, but some evidence exists that the magnetization
state modifies the conductance and the histogram. How-
ever, it is not yet clear what are the conditions to go from
featureless histograms to histograms showing peaks near
integer and even half-integer values of G0. More work is
needed to clarify the experimental situation.
6. Aluminum and other sp-metals
Figure 37 shows a histogram for aluminum obtained
at 4.2K [213, 233]. In [233] these data were taken as
evidence that structure in the histogram cannot exclu-
sively be interpreted as arising from quantum structure
in the conductance modes. Indeed, the strong first peak
lies even somewhat below 1, at about 0.8G0, while a
single-atom contact for the sp-metals is believed to be
associated with three partially transmitting conductance
channels (see Sect. VIII). Also, a series resistance inter-
pretation of the shift of the peaks is inconsistent with the
fact that the first two peaks lie somewhat below integer
values, while the next two weaker features lie above 3
and 4G0, respectively. As will be discussed below, the
total conductance for the three channels in a one-atom
contact are expected to add up to about 1G0, which sug-
gests that the peak is due to an atomic configuration of a
single atom in the contact. It further suggests that also
the higher conductance peaks are due to preferred atomic
configurations.
This interpretation is strongly supported by calcula-
tions by Hasmy et al. [234]. They obtained a histogram of
the effective contact cross sections deduced from a large
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FIG. 37: Histogram constructed from 30 000 individual con-
ductance curves for two different samples of aluminum, us-
ing the MCBJ technique at 4.2K at a sample bias voltage of
10mV. Reprinted with permission from [233]. c©1997 Amer-
ican Physical Society.
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series of molecular dynamics simulations for the stretch-
ing of Al nanowires. At low temperatures (4K) clear
peaks are found at the positions corresponding to 1, 2,
3 and 4 atoms in cross section. Although the conduc-
tance could not be obtained from the same calculation, it
demonstrates that these specific contact areas contribute
with more than average weight in the histograms. Taking
a typical conductance of 0.92 G0 per atom one obtains
a fair agreement with the experimental conductance his-
togram, without taking any quantum effects of the elec-
tron gas into account. Further, the authors observe that
the peaks in the cross section histogram are not equally
well pronounced for different crystalline orientations of
the wire, which may explain the small variations in ap-
pearance of the conductance histograms.
Histograms for Pb and Sn measured at low tempera-
tures have a single dominant peak at about 1.7G0 that
is more than 1.5G0 wide, with some weaker features at
higher conductances [212]. The width of the peak is con-
sistent with the gradual variation of the conductance over
the last plateau, stretching often from ∼3G0 to 1G0 (see
Refs. [90, 235] and Sect. VIII C). The interpretation fits
with the conductance expected for a single-atom contact
geometry.
Lewis et al. [236] reported conductance histograms
measured on 5N-purity Ga samples, using a variable-
temperature STM. The histograms, constructed from
500–1000 curves, while featureless at room temperature,
gradually develop a peak at (or slightly above) 1G0 plus
a wider feature near 2G0.
7. Semimetals and semiconductors
As mentioned above, for antimony the jump-to-contact
was observed at about 1MΩ [86], a value much higher
than for the regular metals. This is consistent with the
fact that electron density for Sb is three orders of mag-
nitude lower than for common metals, giving a corre-
sponding Fermi wavelength of about 55 A˚. Although the
bulk bandstructure for such materials may not be ap-
plicable at the atomic scale, one can still infer that a
one-atom contact will not be sufficiently large to trans-
mit a full channel. The conductance is then reduced
by orders of magnitude compared to the conductance
quantum, since only tunneling contributes to the current
transport. At still larger contact diameters, no evidence
was found for quantization around the unit values of con-
ductance [86]. The conductance is observed to increase
in a stepwise fashion, similar to metallic contacts, but the
step heights are much smaller that a quantum unit. This
behavior is naturally attributed to the atom-by-atom de-
crease of the contact size with elongation. Similar steps
at high-resistance contacts have been observed for the
semiconductor Si [237]. The Si contacts are found to
show Schottky-like rectification characteristics that is in-
fluenced by the type of doping of the Si material.
Costa-Kra¨mer et al. [238] measured a conductance his-
togram for Bi using an STM at helium temperatures.
The histogram collected from 3000 curves shows a broad
peak with a maximum at ∼2G0, and a shoulder near
1G0. Although the authors make the connection with
quantized conductance, the data are insufficient to sup-
port such conclusion. One of the further complications
is the fact that the data are recorded for a voltage bias
of 90mV, whereas the Fermi energy, EF , for Bi is only
25meV. At eV ≫ EF the simple models that produce
quantized conductance cross over to a regime where half-
integer conductance values dominate [239, 240, 241].
More recently, Rodrigo et al. [242] recorded histograms
for Bi at 4K and 77K, using a voltage bias of 10–20mV.
They observed a strikingly different behavior for the two
temperatures. At 4K they observed sub-quantum con-
ductance steps similar to Sb. The curves between the
conductance jumps are typically short, of order 0.1 to
0.2 nm, and often curve strongly upward upon stretch-
ing. At 77K on the other hand the plateaus are much
more regular and flat, and stretch over several nanome-
ters. Most significant is the observation that nearly all
curves have a well-defined plateau near 1 G0, which re-
sults in a pronounced peak in the conductance histogram.
A smaller peak near 2 G0 can also be seen. Rodrigo et al.
propose an interesting explanation for these observations
based on the bandstructure for Bi. Besides the band with
a light effective electron mass, that is responsible for the
usual Fermi surface properties of Bi, they identified a
low-lying heavy-electron band. Under conditions of lat-
eral quantum confinement the quantum level in the light
band, which has a strong dispersion, is pushed above the
lowest level in the heavy-electron band. At low temper-
atures the heavy electron band determines the conduc-
tance in the atomic contacts. However, at 77K the light
electrons can be observed to determine the conductance
for larger-size contacts, when the confinement is less se-
vere. The authors present a simplified model for the evo-
lution of the contact size that appears to explain the
data. Despite the complications of the bandstructure for
Bi and the anomalous temperature dependence this ap-
pears to be the most clear-cut evidence for conductance
quantization, that does not suffer from the discreteness
of the atomic structure.
8. Metallic alloys and compounds
The number of experiments on compounds and alloys
is very limited. The additional complication here is that
the interpretation of the data requires knowledge of the
atomic structure formed at the contact. The composition
of the material at the atomic scale may be very different
from the bulk composition due to surface segregation and
the mechanical work done on the contact.
Many alloys may have properties similar to those for el-
emental metals, as indicated by experiments on Au with
approximately 5% Co [107]. The first experiment shows
that the addition of a few percent Co does not signifi-
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cantly modify the histogram compared to pure Au. For
Au and Ag one can form random alloys in the entire con-
centration range and one finds a gradual cross-over from
the Au to the Ag histograms [243]. In studies for al-
loys of Cu, Ag and Au with transition metals it is found
that the peak at 1 G0, that is characteristic for the no-
ble metals, survives for transition metal concentrations
well over 50% [243, 244, 245]. The interpretation for this
observation requires further study. There is evidence for
segregation of the noble metals away from the contact
under the application of a high bias current [245].
Volkov et al. [246] used a low-temperature STM to
study the contact between a Pt tip and the narrow-gap
semiconductor Pb1−xSnxSe. They find a jump-to-contact
sometimes to a conductance near 1G0, and sometimes
to plateaus with a much smaller conductance. The lat-
ter can be explained by the semiconducting nature of the
sample. The histogram they present shows three rather
broad peaks, near 1, 2 and 4G0 for which the authors do
not attempt to offer an explanation. Ott et al. [228] ap-
ply the same technique as for Fe described above to the
ferromagnetic perovskite La0.75Sr0.25MnO3 and show a
histogram with seven rather sharp peaks. However, the
number of scans used is limited to 60 and they mention
that “. . . it is possible that some of the features could
shade off if much larger data sets were considered. Un-
fortunately these ceramic crystals are unsuitable for high
rate measurements because of the difficulty of establish-
ing reliable contacts. . . ”. The latter agrees with experi-
ence from MCBJ experiments on heavy fermion metals,
high-temperature superconductors and organic conduc-
tors at low temperatures [247], where it was seen that it
is usually impossible to identify a clear jump-to-contact,
and the mechanical properties of atomic-sized contacts
for these unconventional materials differ fundamentally
from the plastic behavior observed for the elemental met-
als.
A rather exceptional material studied using conduc-
tance histograms is that composed of multiwalled nan-
otubes [248]. It is beyond the scope of this review to
discuss the rapid developments in the study of these in-
teresting materials for which one may consult a recent re-
view [6] and references therein. Single-walled carbon nan-
otubes come in various modes of chirality, most of which
are semiconductors while some are metallic. The metallic
nanotubes are predicted to have two conductance chan-
nels. Direct measurements of this number of channels has
been difficult, since the conductance is severely modified
by the contact barriers to the leads and by defects along
the nanowires, but recent work agrees with two conduc-
tance channels per nanowire [249]. For multiwalled nan-
otubes no general predictions can be made. In experi-
ments on a multiwalled carbon nanotube attached to the
gold tip of an STM and measured at room temperature
by immersing it into liquid metals Frank et al. [248] found
a conductance histogram with two very sharp peaks. The
best results were obtained using liquid Hg and the peaks
were found very close to 1 and 2G0. Part of the explana-
tion may be that only a single carbon wall, possibly the
outer one, contributes to the conductance, but that still
leaves a factor of 2 to be explained.
E. Non-linear conductance
The discussions above have mostly been limited to the
linear conductance for small bias. We defer discussion of
non-linear contributions to the conductance at low tem-
peratures due to superconductivity and due to scatter-
ing on defects to Sects. VIII and IX, respectively. How-
ever, even at room temperature many authors have re-
ported non-linear contributions to the conductance for
fairly large bias voltages, in the range from 0.1 to 1V
[73, 74, 108, 198, 250]. Most of these experiments were
performed for gold under ambient conditions and the
current-voltage (IV ) relation generally has a significant
cubic term, I = g0V +g3V
3, with g3 > 0 so that the cur-
rent at high bias lies above the extrapolation from the
zero-bias conductance. As was pointed out by Hansen
et al. [201] this contradicts the observations of Sakai and
coworkers [109, 209] that the peaks in the conductance
histogram for gold remain at their initial positions up to
bias voltages larger than 0.5V, as discussed in Sect. VD 1
above.
Hansen et al. made a careful study of this problem
and developed a technique that allows them to record
accurate IV -curves within about 10µs [201, 251]. They
show convincingly that under clean UHV conditions the
IV -curves for gold at room temperature are nearly linear
up to at least 0.5V. Only when the surface is intention-
ally contaminated do they observe non-linearities of the
magnitude reported before. In addition, they observe
that the clean contacts tend to break spontaneously on
a time scale of milliseconds, while the contaminated con-
tacts can be held stable at a conductance near the quan-
tum unit for hours. They accompany their observations
with a calculation based on a tight binding model for the
atomic-sized contact under the application of a finite bias
voltage (see also [252]). The calculations reproduce the
experimentally observed nearly linear IV -characteristics,
and only above about 1V a slight curvature was obtained
with a sign opposite to that observed in the room tem-
perature experiments. The authors propose that con-
taminated contacts contain a tunnel barrier composed of
adsorbates, which naturally explains the observed curva-
ture in the IV -curves. At the same time, the mechan-
ical contact area would be much larger than that for a
metallic contact with the same conductance, explaining
the enhanced stability. The proposed effect of impurities
has been confirmed by ab initio calculations that self-
consistently include the applied bias voltage [253]. The
linear IV dependence for clean Au is modified to have a
pronounced g3-term when a sulfur impurity is inserted in
a gold atomic contact.
For metals other than gold there are not many results
on the IV -characteristics available yet. However, from
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the work on gold we learn that great care is needed to
ensure clean contacts, since most other metals will be
more sensitive to adsorbates than gold. Recent work by
Nielsen et al. shows that clean Pt contacts have a much
stronger non-linear voltage dependence, which was shown
to agree with first-principles calculations [254].
VI. MECHANICAL PROPERTIES OF
ATOMIC-SIZED POINT CONTACTS
How do the mechanical properties of matter change as
size is reduced down to the atomic scale? This question
is of fundamental interest, not only theoretically but also
from an applied point of view since contact in macro-
scopic bodies typically occurs at numerous asperities of
small size, whose mechanical properties determine those
of the contact. This explains the interest of investigating
small size contacts for many technologically important
problems like adhesion, friction, wear, lubrication, frac-
ture and machining [22, 23, 255, 256]. The appearance of
proximal probes like the STM and related techniques, to-
gether with computational techniques for simulating tip-
surface interactions with atomic detail have contributed
to the growth of the new field of nanotribology.
In metallic contacts mechanical and electrical proper-
ties are intimately related. Experiments in which me-
chanical and electrical measurements are combined are
essential for understanding the physics of these systems.
Not many of this kind of experiments have been done due
to the technical difficulties involved. Note that in most
of the experiments reviewed in the foregoing sections
the geometry of the contact and its evolution during
an experiment are result of the stresses acting on them.
Hence the evolution of the conductance in these exper-
iments reflects not only the changes in size of the con-
striction but also the mechanical processes taking place
at the constriction itself.
In this section, we first review some of the basic con-
cepts of the mechanical properties of metals, specifically
elastic and plastic deformation, fracture, and contact me-
chanics. The elastic properties of a metal are not ex-
pected to change much as size is decreased to nanometer
dimensions, since they reflect the resistance of atomic
bonds to stretching. However for one-atom contacts or
atomic chains things could be otherwise. Nanometer-size
specimens are also stronger since the strength (i.e., the
resistance to plastic deformation) depends on the pres-
ence of dislocations which could be absent in small spec-
imens. We will discuss some simple models of metal-
lic constrictions based on contact mechanics. These are
based on macroscopic continuum theory, which is appli-
cable, in principle, for distances large compared with the
distances between the atoms. Hence such models cannot
be expected to describe atomic-sized systems accurately,
but they can serve as a starting point for interpreting the
experimental results. We will see in Sect. VII that many
of the phenomena displayed by these continuum mod-
els can be recognized in the microscopic, atomistic mod-
els. In Sect. VIC, we use these models combined with
the experimental results to deduce, approximately, the
shape of mechanically drawn contacts. The experiments
in which the conductance and forces of contacts down
to one atom are simultaneously measured are discussed
in Sect. VIB. Experiments on the mechanical properties
of atomic chains will be described in Sect. XI. Theo-
retical work on the mechanical and electrical properties
of atomic contacts using molecular dynamics simulations
will be reviewed in Sect. VIIA.
A. Mechanical properties of metals
1. Elastic deformations
When a solid is subjected to a load it undergoes a
change in shape. For small loads this deformation is
elastic and the specimen recovers its original dimensions
as the load is removed. For isotropic materials, the
stress tensor σ and the strain tensor ǫ are linearly re-
lated [257, 258]
σik =
E
1 + ν
[
ǫik +
ν
1− 2ν
(∑
l
ǫll
)
δik
]
, (78)
where E is the modulus of elasticity or Young’s modu-
lus, and ν is Poisson’s ratio. This law, valid for small
deformations, is called Hooke’s law.
For homogeneous deformations, in which case the
strain and stress are constant in all the solid, the re-
lation between strain and stress is particularly simple.
For example (see Fig. 38(A)), the uniaxial extension or
compression of a rod of length L and lateral dimension l,
whose axis is in the z-direction, due to a force F , is given
by
ǫzz =
σ
E
or
δL
L
=
1
E
F
l2
, (79)
and the lateral deformation by
ǫxx = ǫyy = −νǫzz. (80)
For metals, values of Poisson’s ratio range between 0.25
and 0.4, which implies that the volume is not conserved
during elastic deformation. We may write the response
of the bar as an effective spring constant keff = El
2/L.
Single crystals are not isotropic and in order to specify
the elastic properties several elastic constants are needed,
their number depending on the symmetry of the crystal.
The least number of non-zero constants is three, for cu-
bic symmetry. In this case, the Young’s modulus depends
on the direction of the applied stress relative to the crys-
tal axes [257, 258]. For instance, in the case of Au, the
maximum value of the Young’s modulus is E〈111〉 = 117
GPa, and the minimum is E〈100〉 = 43 GPa. Macro-
scopic polycrystalline samples are in practice isotropic,
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FIG. 38: (A) Elastic deformation of a rod under uniaxial
stress. (B) Atomistic view of elastic uniaxial deformation.
since they are composed of crystallites with random ori-
entations. The Young’s modulus for polycrystalline gold
is taken to be 80 GPa.
On an atomic scale, elastic strain consists in small
changes in the inter-atomic spacing, that is, in the
stretching of inter-atomic bonds, as illustrated in Fig.
38(B).Consequently the modulus of elasticity E is a mea-
sure of the resistance of the inter-atomic bonds to defor-
mation.
2. Plastic deformations
For most metallic materials elastic deformation is pos-
sible only for strains smaller than about 0.005 (or 0.5%).
As the material is deformed beyond this point, perma-
nent, nonrecoverable, or plastic deformation occurs. In
macroscopic metal specimens this transition from elastic
to plastic behavior, or yielding, occurs gradually, and it
is difficult to assess accurately the lower limiting stress
below which no plastic deformation is found. Conven-
tionally the yield strength σy is defined as the stress nec-
essary to produce a plastic strain of 0.002 under uniaxial
stress. The yield strength of a metal is very sensitive to
any prior deformation, to the presence of impurities and
to heat treatment, in contrast to the modulus of elasticity
which is insensitive to these factors.
When the material is in a complex state of stress, as
in the case of a point-contact, the load at which plastic
yield begins is related to the yield strength σy through an
appropriate yield criterion, which is written in terms of
the principal stresses or eigenvalues of the stress tensor,
σ1, σ2, and σ3
3. The simplest criterion is due to Tresca
max{|σ1 − σ2|, |σ2 − σ3|, |σ3 − σ1|} = σy, (81)
and a somewhat more accurate criterion is von Mises’
3 The stress tensor is symmetric and consequently can be diago-
nalized at any point.
criterion
1√
2
[(σ1− σ2)2+(σ2− σ3)2+(σ3− σ1)2)]1/2 = σy. (82)
These criterions [259], which in practice are equivalent,
are in fact based on the idea that plastic flow is caused
by shear stresses. It can be shown that the great-
est shear stress, that is, the maximum value of the
off-diagonal elements of the stress tensor, is given by
τmax = (σmax − σmin)/2, where σmax, and σmin are the
largest and smallest eigenvalue, respectively.
On an atomic scale, plastic deformation corresponds to
the breaking of bonds between neighboring atoms and the
reforming of bonds with the new neighbors. The atoms
change positions, that is, they change their configura-
tion. Upon removal of the stress they do not return to
their original positions and there is a permanent change
in the shape of the body. The simplest model of plas-
tic deformation of a ‘perfect’ crystal, that is, one with
no defects, considers the sliding of two compact planes
with respect to each other. Frenkel [260] calculated the
maximum shear stress required for this process to occur.
He considered two neighboring planes in a crystal with a
repeat distance b in the direction of shear and spacing h.
These planes are assumed to be undistorted as a shear
stress τ is applied, as illustrated in Fig. 39. It is then
assumed that τ varies with shear displacement x as
τ =
Gb
2πh
sin
2πx
b
, (83)
where G is the shear modulus 4. The maximum value of
τ is then
τmax =
Gb
2πh
. (84)
For the {111} planes of a face-centered cubic metal we
take b = a/
√
6, and h = a/
√
3, where a is the lattice pa-
rameter, thus τmax ≈ G/9. A more extensive discussion
[261] gives τmax ≈ G/30.
These values of the shear stress are much larger than
those observed in macroscopic metal specimens. This
discrepancy is explained by the presence of dislocations,
which can glide at low stress values [258, 261]. The
atomic distortions accompanying the motion of disloca-
tions, which are linear defects, are considerably less than
those happening during “perfect slip”, which requires
glide of atomic planes in a correlated manner. High val-
ues of the shear stress, close to the theoretical prediction,
are observed in experiments with dislocation-free speci-
mens like whiskers in bending or uniaxial tension [261],
and are also to be expected for nanometer volumes of
metals, since dislocations are unstable and are quickly
expelled from small-volume samples.
4 G = E/2(1 + ν) in polycrystalline materials.
45


b
FIG. 39: Slip in a perfect crystal under shear stress.
In macroscopic specimens plastic flow involves the mo-
tion of large numbers of dislocations in response to stress.
Dislocation motion occurs through a process termed slip,
which occurs in a preferred crystallographic plane (slip
plane) and along a specific direction (slip direction). The
combination of the slip plane and slip direction (called
the slip system) is such that the atomic distortion that
accompanies the motion of a dislocation is minimal. The
slip plane is the plane of the most dense atomic pack-
ing and the slip direction corresponds to the direction,
in this plane, having the highest linear density. For the
fcc structure the slip planes are the {111} planes and the
slip directions are of the 〈110〉-type, and there are 12 slip
systems. The sliding of atomic planes in a perfect crys-
tal will also occur in the slip plane and along the slip
direction, because this is the least energetic process. In
some crystal structures, the unit dislocation dissociates
into partial dislocations, the so-called Shockley partials.
For example, in fcc crystals atomic glide on a {111} plane
is somewhat easier if the motion is divided in two par-
tial slip steps. Such a partial slip leads to a disruption
of the characteristic ABC stacking of the fcc structure,
producing a stacking fault.
In a single crystal, the various slip systems are oriented
differently, and plastic flow will initiate in the slip sys-
tem which has the greatest resolved shear stress, i.e. the
greatest stress acting on the slip plane and in the slip
direction. The critical value of the resolved shear stress
τCRSS, for which plastic flow is initiated when the single
crystal is subjected to a tensile (or compressive) stress,
depends on the orientation of the crystal with respect
to the tensile axis and is characteristic of the material
and smaller than the yield strength σy. The value of
τCRSS depends on temperature and strain rate. For high
temperatures (T ≥ 0.7Tm, with Tm being the material’s
melting temperature in Kelvin), τCRSS decreases rapidly
with increasing temperature and decreasing strain rate
as a result of the important role played by diffusive pro-
cesses. At these temperatures plastic deformation can be
effected over a period of time at a stress level well below
the materials yield strength. This time-dependent defor-
mation is called creep. At intermediate temperatures (
0.25Tm ≤ T ≤ 0.7Tm, τCRSS is essentially constant. For
T ≤ 0.25Tm, τCRSS is again a function of temperature
and strain rate, increasing with decreasing temperature
and increasing strain rate. This is a result of the re-
sistance to dislocation motion presented by short-range
barriers [258].
Although dislocation glide is the dominant mechanism
in plastic deformation in macroscopic crystals, perma-
nent shape changes can be effected by the mechanism of
twinning [258]. Twinning is more likely to be observed
in bcc materials than in fcc metals.
A peculiarity of nanometer-scale specimens is that they
have a high surface-to-volume ratio, and as a consequence
surface energy effects may be of importance in plastic
deformation. Let us consider a cylindrical specimen of
radius a, which for simplicity will be assumed perfectly
plastic with yield strength σy, and which is elongated a
small distance ∆l. The work Ev required to deform its
volume may be written as
Ev = πa
2σy∆l, (85)
and the work Es required to extend its surface, while
conserving volume, in the form
Es = γπa∆l, (86)
where γ is the surface energy. Using the values of γ and
σy for typical metals, we find that Es becomes larger
than Ev for a ∼ 1–10 nm. Hence, surface energy effects
which are negligible for larger specimens are important
in atomic-sized contacts. One may expect a liquid-like
behavior in the final stages of rupture where the contact
necks down to atomic dimensions.
3. Fracture
Fracture is the separation of a body in two pieces in
response to an imposed stress at temperatures below the
melting temperature of the material. A given material
may fracture in a variety of ways, depending on tem-
perature, stress state and its time variation, and envi-
ronmental conditions [258]. Tensile fracture occurs by
the stress-assisted separation of atomic bonds across the
plane of fracture. As with plastic deformation, at rela-
tively high temperatures, it is aided by diffusion. Fatigue
fracture is associated with cyclically applied strains or
stresses. Static fatigue and embrittlement are associated
with hostile or corrosive environments.
Let us consider the ideal theoretical strength of a solid
in the same spirit as for plastic deformation. For a per-
fect crystal, fracture would take place by the simultane-
ous rupture of all atomic bonds across the fracture plane
as depicted in Fig. 40. A simple estimate of the expected
tensile stress or cleavage stress [258, 261] is obtained by
considering that the the variation of the force to pull
apart two adjacent atomic planes, separated by a dis-
tance a0, is of the form
σ =
E
π
(
a
a0
)
sin
π
a
(x− a0), (87)
where a is a measure of the range of the inter-atomic
forces. The work done to separate the two atomic planes
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should be related to the surface energy γ for the two
newly exposed surfaces,∫ a0+a
a0
σ dx = 2γ, (88)
whence a2 = π2γa0/E. The theoretical cleavage stress
σth is given by the maximum value of σ in Eq. (87),
σth =
√
Eγ
a0
. (89)
The values obtained from this estimate are much larger
than those found experimentally. This is due to the exis-
tence of interior or surface cracks that catalyze fracture.
Cracks may also be introduced in the material by plastic
deformation. For a completely brittle solid the theoreti-
cal strength will be attained at the tip of the crack.
When the sample does not contain preexisting cracks
tensile fracture may be preceded by varying degrees of
plastic deformation. When fracture takes place prior to
any plastic deformation it is termed brittle (Fig. 41a).
The fracture mechanism is called cleavage if fracture oc-
curs within grains (or in a single crystal) or brittle inter-
granular fracture if it progresses along grain boundaries
in a polycrystal. Ductile fracture is preceded by varying
degrees of plastic deformation. In a single crystal frac-
ture may occur by gliding on a slip plane, in which case
the fracture will be atomically flat (Fig. 41b). Rupture
fracture corresponds to a 100 % reduction of the minimal
cross section of the specimen by plastic deformation. In
single crystals this is effected by multiple slips (Fig. 41c),
whereas in a polycrystal is associated with necking (Fig.
41d). Rupture fracture is the extreme case of ductile
fracture. In some materials there is a gradual transition
from brittle to ductile as temperature is increased.
In ductile metals plastic yield is related to shear
stresses because the maximum shear stress is smaller
than the theoretical cleavage stress, and consequently
plastic deformation takes place by shearing not by cleav-
ing. Even, if we consider perfect metal crystals the ideal
maximum shear stress τmax will be reached much before
σth, indicating that the metal will prefer to flow by shear
Fracture
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FIG. 40: Atomistic model of theoretical tensile fracture. The
equilibrium structure (A) is altered due to the application of
stress σ (B). After fracture (C), two new surfaces form and
the atoms return to their equilibrium positions. After [258].
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FIG. 41: Schematic illustration of the various modes of frac-
ture. (a) Brittle fracture. (b) Fracture occurring by glide on
a single slip plane. (c) Rupture fracture in a single crystal.
(d) Rupture fracture in a polycrystal. After [258].
rather than to cleave. For instance, for gold in the 〈111〉
direction σth is 27 GPa, while τmax is 0.74 GPa.
4. Contact mechanics
Bodies whose surfaces are non-conforming 5 when
brought into contact, touch first at a point or along a
line and, even under load, the dimensions of the contact
area are generally small compared to the dimensions of
the bodies themselves. In these circumstances the con-
tact stresses are highly concentrated and decrease rapidly
away from the point of contact. The shape of the bodies
is not important and the stresses can be calculated as-
suming that each body is an elastic half-space [257, 259].
For high loads, when the elastic limit is exceeded, only
the region of the contact will deform plastically.
The response of the elastic half space to a concentrated
load can be calculated in terms of the pressure distribu-
tion. For a load acting on a circular region of radius
a, solutions can be found in closed form for pressures of
the form p = p0(1 − r2/a2)n [259]. Defining an effective
elastic constant keff as the ratio of the load
F = 2π
∫ a
0
p(r)rdr (90)
5 Two surfaces are said to be conforming if they fit together with-
out deformation.
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to the average displacement of the surface
〈uz〉 = 2π
∫ a
0
uzrdr, (91)
we obtain
keff =
CEa
(1− ν2) . (92)
The constant C equals 3π2/16, for n = 0, the uniform
pressure distribution. For n = 1/2, the so-called Hertzian
pressure, which is the pressure distribution resulting from
the contact of two spheres, or Hertzian contact, we have
C = 16/9. For n = −1/2, we have C = 2 and the pres-
sure distribution corresponds to a uniform displacement
of the contact area, as in the case of an ideally rigid punch
indenting a softer surface. Note that the effective elastic
constant keff is not very sensitive to the detailed pressure
distribution.
Plastic deformation of the elastic half space will start
when the yield condition is satisfied, that is, when the
maximum shear stress τmax reaches the value σy/2 any-
where in the solid. For the Hertzian pressure distribution,
we have τmax = 0.44F/πa
2 and for the uniform pres-
sure distribution τmax = 0.31F/πa
2. Both values above
are computed for ν = 0.4 which applies for gold. These
maximal values are reached within the solid directly be-
low the center of the contact, at a depth of z = 0.51a
and z = 0.67a for the Hertzian and uniform pressures,
respectively.
The standard model contact considered in textbooks
[257, 259] is the so-called Hertzian contact, first consid-
ered by H. Hertz ([262], p. 409). In a Hertzian con-
tact the contacting bodies are assumed to have spher-
ical surfaces at the point of contact. In this case, the
contact radius varies with load as the surfaces deform
elastically. This model has been used to interpret the
results of nanoindentation experiments [263], and also of
friction experiments using AFM [264, 265] but it is not
adequate for metallic contacts since the effective radius
of curvature is too small and plastic deformation takes
place before the area could vary due to elastic deforma-
tion.
As the simplest model for metallic nanocontacts, we
can consider a short cylinder of radius a and length L
between two semi-infinite half planes (the electrodes) as
depicted in Fig. 42(a). This is similar to the model we
have used for the transport properties. The response of
this system to the applied strain is linear, in contrast to
the response of Hertzian contacts. The elastic constant
of this constriction is given by k = (1/kcyl + 2/kele)
−1,
where kcyl and kele are the elastic constants of the cylin-
der and electrodes, respectively. As seen above, for the
cylinder we have kcyl = Eπa
2/L, and for the electrodes
(the half spaces), kele = BEa/(1 − ν2), with B ≈ 2.
Note that the elasticity of the electrodes can be more
important than that of the constriction itself if this is
short, namely L < πa. In this model the contact radius
a b
FIG. 42: Model geometry for metallic nanocontacts. (a) Sim-
ple cylindrical shape model for a constriction. (b) Slab model.
is almost constant, only decreasing (increasing) slightly
during elongation (contraction) due to Poisson’s ratio.
A somewhat more elaborate model of the constric-
tion consists of slabs varying cross-section [266, 267] (see
Fig. 42(b)). In this case, the elasticity is given by all
the slabs acting like a series of spring 1/k =
∑
i 1/ki.
This model is valid only if the diameters of two adjacent
slabs are not too different, that is, if the changes in cross
section of the constriction are not very abrupt.
Note that for a contact composed of slabs the stress is
concentrated in the narrowest cross-section which, conse-
quently, will govern the yield condition. The maximum
load Fmax that a contact can sustain before plastic de-
formation either for long or short constrictions, is given
by Fmax = πa
2σy.
This completes our brief summary of the relevant con-
cepts in continuum mechanics. We shall see that many
of these familiar properties of solids can be observed with
slight modifications down to the atomic scale, but quan-
tum effects may lead to dramatic modifications, as we
will see most clearly in Sects.XI and XII.
B. Simultaneous measurement of conductance and
force
In experiments measuring the conductance and force
simultaneously in atomic-sized contacts pressures consis-
tent with the ideal strength of the metals were found,
much larger than those for macroscopic contacts. In
experiments for Pb [90] at 4.2 K, using an STM sup-
plemented by a force sensor, it was found that for con-
tact radii between 3 nm and 13 nm the pressure in the
contact during plastic deformation was approximately
1Gpa., Improved resolution in subsequent experiments,
on Au contacts between 2 and 6 nm in diameter, at 4.2
K [91] and at room temperature [92], and for contacts
down to a single atom at room temperature [37], show
that the deformation process, either for contraction or
elongation, proceeds in alternating elastic and yielding
stages (see Fig. 43). These elastic stages are linear and
the elastic constant obtained from the slope is consistent
with the model of a short constriction, using the bulk
Young’s modulus. Yield takes place for pressures of 2–
4 GPa, consistent with the ideal strength, increasing up
to about 13 GPa before rupture. In these experiments
the mechanical relaxations are perfectly correlated to the
jumps in the conductance, showing beyond doubt that
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they have a mechanical origin. Somewhat larger values
for the pressure have been reported for experiments on
Au at room temperature [268]. However, in this latter
experiment the resolution was not enough to resolve the
conductance plateaus or the elastic stages in the force.
High strengths have also been observed in microin-
dentation experiments, where contacts were much larger.
These experiments where pioneered by Gane and Bowden
[269] who, using a 600 nm diameter flat punch on a spec-
imen of annealed gold, measured a yield stress of 1 Gpa.
This is close to the shear strength τY = 0.74 GPa calcu-
lated for the slip of an ideal Au lattice on {111} planes
[261], and much higher than the typical value of 0.2 GPa
for bulk polycrystalline gold. The experiment was per-
formed inside of a scanning electron microscope which
permitted to perform microindentation tests on regions
of the specimen free from dislocations. More recently,
similar results were obtained in nano-scale contacts by
Michalske and his collaborators using a variant of AFM
(the so-called interfacial force microscope). These ex-
periments were performed on gold thin films of 200 nm
thickness [263, 270], and the curvature of the W tip was
∼ 400 nm. The surface of gold was passivated by a self-
assembling monolayer film to avoid the adhesive interac-
tion between probe and substrate, and the results could
be described by the Hertzian contact theory. They found
that for small contacts (radii of the order of 30 nm) the
yield stress was σY ∼ 1 GPa.
Catastrophic fracture-like yielding in Au nanocontacts
(of diameter larger than 5 nm) has been reported in ex-
periments performed at room temperature [268]. In these
catastrophic events the neck cross-section changes by one
order of magnitude. This observation contrasts with the
abovementioned experiments [91, 92] in contacts of sim-
ilar sizes, at low and room temperatures, and can be
traced to the different elastic constants of the sensor used
(160 N/m in [268] vs 705 and 380 N/m in [91] and [92], re-
spectively). A relatively soft sensor causes elastic energy
accumulation that is suddenly released in a catastrophic
avalanche.
Gold nanocontacts typically deform plastically down
to the last atom contact before fracture takes place, as
demonstrated by the numerous experiments in Au con-
tacts showing a well-defined value of the conductance of
1 G0. This is the extreme mode of ductile fracture (rup-
ture). The force necessary to break this one-atom con-
tact is found to be also quite well defined with a value of
1.5±0.1nN [37], as shown in Fig. 12. Similar results have
been found for the mechanical forces during the elonga-
tion and rupture of an atomic chain of gold atoms [93]
which will be reviewed in the Sect. XI.
The stiffness (or the effective spring constant) of the
contact has been measured directly using an ac method
in UHV [95]. In this experiment an Pt-coated tip was
used to form contacts on a gold sample, and the first
conductance step was observed at approximately half in-
teger values of the quantum of conductance.
The variations of length of the plateaus for gold con-
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FIG. 43: Simultaneous recording of conductance (a) and force
(b) during a cycle of contraction and elongation of a constric-
tion without breaking the contact. Reprinted with permission
from [37]. c©1996 American Physical Society.
tacts at room temperature [94], which was found to be
quantized, has been related to the underlying processes
during plastic deformation.
The effect of temperature on the mechanical proper-
ties of metallic atomic contacts has not been studied sys-
tematically. For Au contacts no significant difference is
observed between the mechanical properties at room tem-
perature and those at 4.2 K [37, 92, 93], except for the
much larger stability of the contacts at low temperatures,
which is in part due to the slowing down of diffusion
processes and in part due to the higher stability of the
experimental setup.
In a contact, since stresses are concentrated in the min-
imal cross section, it is natural to assume that plastic de-
formation will involve mostly the narrowest part of the
constriction, which also controls the conductance. Using
this assumption in conjunction with volume conservation
it is possible to estimate the length involved in plastic de-
formation from the curves of conductance vs elongation
[267, 268] (see the next section). For the smallest con-
tacts it is found to be independent of contact diameter
and involves 5 to 6 atomic layers [268], while for larger
contacts it varies.
From the experimental results for nanometer-scale con-
tacts of Au we can conclude that atomic constrictions
go through a sequence of discrete atomic configurations.
Each of these configurations deforms elastically (and re-
versibly) until it yields, changing to a new configuration
in order to relax the stress. This new configuration is
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of the order of one atomic spacing shorter (for contrac-
tion) or longer (for elongation) than the previous one.
For each configuration the conductance is approximately
constant, with a variation that can be accounted for by
the elastic changes in the constriction due to Poisson’s
coefficient. The measured slope during the elastic stages
is proportional to kc + ks where ks is the finite stiffness
of the force sensor, and kc is the effective spring con-
stant of the contact, including the electrodes. The mea-
sured effective spring constants are consistent with the
macroscopic Young’s modulus for Au, taking into con-
sideration the uncertainty in the exact geometry of the
constriction [37, 91]. The yield point for each atomic con-
figuration presents very large values consistent with the
ideal strength in the absence of dislocations. The yield
point for each atomic configuration is independent of the
sensor stiffness but if the sensor is too soft an avalanche
will occur during elongation and some of the configu-
rations will not be accessible. Ideally the force sensor
should have zero compliance, in order not to affect the
dynamics of the measurement.
C. The shape of mechanically drawn metallic
contacts
The scanning capabilities of STM have been used to
obtain an estimate of the contact geometry. In the first
work on metallic contacts, Gimzewski et al. [12], stud-
ied the local modifications induced by point contacts of
a Pt-Ir tip and an Ag substrate in UHV, by imaging
the area where the tip has touched the sample surface.
They found that for clean metal-metal contacts, after
gentle indentation of the substrate, the topography shows
a pronounced protrusion of nanometer dimensions, con-
sistent with formation, stretching and breaking of necks
of atomic dimensions. The same approach has been used
for contacts of different sizes [29, 91, 92, 271] and serves
at best to give an estimate of the maximum dimensions
attained by the contact during the indentation by mea-
suring the extent of the plastically distorted area in the
substrate but gives no information of the relation be-
tween shape and electrical or mechanical properties.
The shape of the constriction produced by plastic de-
formation can be estimated from the conductance vs dis-
placement curves (I-z curves) [267], using the fact that
the conductance of a ballistic constriction is to a good ap-
proximation proportional to the contact area, Eq. 8 with
a small perimeter correction which depends on the shape
(Sect. VII B 2). In a constriction submitted to a tensile
force, stresses are largest in the narrowest part and, con-
sequently, we may safely assume that plastic deformation
occurs mostly in this area, in a zone of extent λ, leaving
the rest of the neck unmodified. Assume that the contact
at any point of its evolution can be represented by the
slab model of the previous section, which can be consid-
ered symmetrical with respect to the center of the contact
for simplicity. Under tensile force the whole constriction
FIG. 44: Experimental conductance curves for four different
Au contacts at low temperature (left panel). Fitting of the
experimental curves gives the estimated shapes just before
breaking depicted in the right panel. All the necks have the
same initial cross section. Reprinted with permission from
[267]. c©1997 American Physical Society.
will deform elastically until the yield stress is reached in
the narrowest slab whose cross sectional area is Ai. We
assume that only a central portion of this slab of length
λi deforms plastically generating a longer and narrower
slab in order to relax stress. The cross sectional area of
the new slab Ai+1 is given by volume conservation
Ai+1 =
Aiλi
(λi +∆l)
, (93)
where λi + ∆l is the length of the new slab. Since only
the central portion of the narrowest slab is modified, the
shape of the constriction after a number of this plastic
deformation stages can be deduced form the sequence of
values of Ai and λi.
The plastic deformation length, λ, defined above, is
related to the portion of the constriction that partici-
pates in the plastic deformation process, and in general
it will depend on the cross-section, length, and history
of the constriction. It can be calculated from the exper-
imental I(z) curve by noting that in the limit ∆l → 0,
λ = −(d lnA/dl)−1, where A is the cross-section of the
narrowest portion of the contact [267]. For small contacts
λ is typically constant ranging from 0.2 to 1 nm and cor-
responding to an exponential behavior of A(z). These
results imply that for small contacts only a few atomic
layers participate in the plastic deformation process [268].
In contrast experiments on larger contacts show that
λ depends on the cross section A and also on the de-
formation history of the contact. As shown in Fig. 44
contacts of similar cross sections can have very different
shapes. Typically, constrictions that have been submit-
ted to training by repeatedly compressing and elongating
before breaking are longer and have λ ∝ A1/2. Thus, in
this case the plastic deformation length is proportional
to the radius of the contact. Au necks formed at low
temperature are not very different from those at room
temperature. For the latter long necks are somewhat
easier to form and they are typically about 30% longer.
This small difference is expected, since room tempera-
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FIG. 45: Time-sequence series of high-resolution images of
elemental processes of slip during shear deformation of a Au
contact. Reprinted with permission from [79]. c©1998 Amer-
ican Physical Society.
ture is still much lower than the melting temperature for
gold.
The effects of surface tension and surface diffusion have
been included in a continuum model calculation for the
shape evolution of a constriction in order to explain the
experimental results in Pb contacts at room temperature
[194]. These results show that surface diffusion can either
lead to the growth of the neck or to its thinning and
breaking depending on its curvature. Note that at room
temperature, surface diffusion effects are expected to be
more important in Pb than in Au due to the much lower
melting temperature of Pb.
The shape and even direct atomistic visualization of
the process of mechanical deformation in gold contacts
has been possible using high resolution transmission elec-
tron microscopy (HRTEM). A simplified STM-like setup
(piezo-driven specimen holder without tunneling current
feedback control) was mounted inside a 200 keV HRTEM,
and a time resolution of 1/60 s and space resolution of 0.2
nm were achieved [77]. Compression, tensile and shear
deformation experiments were performed in nanometer-
sized gold contacts [78, 79], showing that deformation
proceeds by slip and twinning in dislocation-free contacts
of about 4 nm width (see Fig. 45). Pillar-like structures
were observed during retraction in 2 nm wide contacts
[78]. For these smaller contacts, it was not clear whether
lattice slips proceed by a dislocation mechanism (i.e.,
by introduction of a dislocation or dislocation-like local-
ized strain) or by simultaneous displacement of lattice
planes, whereas in the 4nm wide necks the introduction
of rapidly disappearing partial dislocations was observed
during the deformation [79]. At room temperature sur-
face diffusion contributes to neck growth in addition to
FIG. 46: Nanowire evolution when stretched along the [111]
direction for gold. After the rupture the two apexes reorganize
and retract. Reprinted with permission from [203]. c©2000
American Physical Society.
compressive deformation for the smaller contacts [78].
Another possibility for the observation of the structure
of nanowires using HRTEM is to generate the nanowires
in situ by focusing the electron beam with a large current
density on different sites of a self-supported metal thin
film, which produces holes that are allowed to grow until
a nanometric neck is formed [54, 80, 106, 203]. The beam
intensity is then reduced to perform image acquisition.
Kondo et al. [80] studied the structure of stable nanowires
ranging from 0.8 to 2 nm in thickness, and from 5 to 10
nm in length, formed in a 3 nm thick Au(001) film. These
nanowires, which are remarkably straight and of uniform
thickness along their axes, are probably stabilized by
their hexagonal surface reconstructions. Rodrigues [203]
formed nanowires in a polycrystalline film of 5 nm thick-
ness. The apexes forming the contact appeared to move
spontaneously with respect to each other, probably due
to thermal expansion of the whole film, leading to a slow
elongation of the nanowires, see Fig. 46. They observed
that just before rupture the gold nanowires are crystalline
and display only three atomic configurations where either
[100], [110] or [111] directions lie approximately paral-
lel to the elongation direction. Mechanical behavior was
brittle or ductile depending on orientation. Single atom
wires have also been resolved [80, 106, 272, 273] but dis-
cussion of this aspect will be deferred to Sect. XI.
VII. MODEL CALCULATIONS FOR
ATOMIC-SIZED CONTACTS
A full description of the transport and mechanical
properties of atomic-sized contacts requires a quantum-
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mechanical treatment of both their nuclear and electronic
degrees of freedom. This is the idea behind ab-initio
molecular dynamics simulations. The problem is that
the computational requirements are so high that systems
that can be studied this way are limited to a small num-
ber of atoms (see Sect. VII D). Different approaches can
be followed to simplify this problem, dealing with differ-
ent aspects separately. In classical molecular dynamics
(MD) simulations (see Sect. VIIA), the dynamics and en-
ergetics of the system are calculated assuming that the
atoms respond to adequately parameterized forces. The
electrons, which in fact give rise to these interatomic
forces, are not taken into account explicitly. The con-
ductance can be obtained from the calculated structure
using different models but neglecting its effect on the
dynamics and energetics. On the other hand, it is possi-
ble to concentrate on the electronic effects. The atomic
structure can be assumed fixed like in tight-binding (TB)
(see Sect. VII C) and ab initio models or completely ig-
nored like in free electron (FE) (see Sect. VII B) models.
These partial approaches have been very illuminating,
clarifying important aspects of the problem.
A. Molecular dynamics simulations of contact
evolution
The first molecular dynamics (MD) simulations of the
formation and fracture of metallic nanocontacts were car-
ried out by Landman et al. [22] and by Sutton and
Pethica [23]. These simulations modeled the interac-
tion between a tip and a substrate showing that contact
formation is associated with an atomic-scale instability
which leads to the jump-to-contact phenomenon and in-
volves the inelastic motion of atoms in the vicinity of
the interfacial region. The process of elongation of the
atomically thin neck formed during pull-off proceeds via
structural atomic rearrangements, which occur when the
constriction becomes mechanically unstable. In between
this structural transformations the constriction deforms
elastically.
The conductance of a metallic contact during the pro-
cess of contact formation and fracture using MD was first
calculated by Todorov and Sutton [274] using a tight-
binding (TB) scheme. They found that the abrupt vari-
ations of the conductance observed experimentally [26]
are related to the sudden structural atomic rearrange-
ments of the atoms in the contact. The possible relation
of the conductance steps with conductance quantization
in metallic contacts and the contradictory experimental
evidence [26, 28, 29, 31, 76], led to more MD simulations
using either TB [275] or free-electron (FE) [31, 76, 275]
schemes for the calculation of the conductance. In par-
ticular, the question was whether the steps were due to
abrupt decreases in the contact cross section or whether
they were due to the abrupt pinching off of conductance
channels during a smooth decrease in the cross section.
The correlation of the changes in conductance with the
FIG. 47: The force and conductance throughout a dynamic
simulation of the pull off of a Au contact at 1 K, with a pull-
off rate of 4.08 m/s. Reprinted with permission from [276].
c©1996 American Physical Society.
changes in cross sectional area and the effect on the con-
ductance of scattering from the surface rugosity of the
constriction [76, 275] and internal defects [275] was also
investigated. In these early simulations not much atten-
tion was paid to the total force on the contact, since the
experimental results were not widely available.
Later, Todorov and Sutton [276] found a correlation
between the force applied to the contact and the conduc-
tance jumps, as shown in Fig. 47. This agrees with the
simultaneous jumps in force and the conductance found
in the experiments of Fig. 12. Brandbyge et al. [204] an-
alyzed the conductance of realistic contacts in terms of
transmission eigenchannels. They found that, except for
the smallest contacts (1–3 G0), there are several partially
open channels due to scattering in the constriction. That
is, conductance quantization is lost above about 3 G0.
The effect of crystalline orientation, and temperature was
considered by Mehrez et al. [277, 278].
Landman et al. [75, 256] studied the atomistic mech-
anisms of deformation in relatively large constrictions,
their results explain the ‘reversibility’ of plastic defor-
mation observed experimentally [28, 267]. Sørensen et
al. [279] also studied larger contacts and considering the
effect of crystalline orientation on the deformation and
fracture processes.
Barnett and Landman [280] and Nakamura et al. [217]
used ab initio MD to simulate the breaking of a sodium
wire. For Al atomic contacts the jump-to-contact has
been simulated by [281]. The mechanisms of formation,
evolution and breaking of atomically thin gold nanowires
have been recently investigated using classical MD sim-
ulations by Rubio-Bollinger et al. [93] and tight-binding
MD simulations by da Silva et al. [282].
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1. Principles of MD simulations
Molecular dynamics (MD) simulations consist of the
modeling of the motion of the individual atoms or
molecules within a system of interacting species. The en-
ergetics and dynamics of the atoms are obtained from in-
teraction potentials from which the Newtonian forces ex-
perienced by these atoms are derived. In ab initio or first
principles methods the evaluation of the potential energy
is obtained from a quantum-mechanical description of the
system, and is limited, at present, to systems with a small
number of atoms and relatively short simulation times
due to computational demands. In contrast, the empir-
ical and semi-empirical potentials used in conventional
MD simulations make it possible to simulate much larger
systems for much longer times. In between first princi-
ples and empirical methods is the tight-binding molecular
dynamics (TBMD) method [283], which is more accurate
than empirical potential methods because it explicitly in-
cludes the electronic structure and much faster than first
principles methods.
Conventional MD simulations use phenomenological
inter-atomic potentials to model the energetics and dy-
namics of the system. Although simple pair potentials of
the Lennard-Jones type have been used [23], an accurate
description of metallic systems requires more complex
potentials that include many-body interactions. These
potentials contain the physics of the model systems and
their functional form is selected on the basis of theoreti-
cal considerations and are typically fitted to a number of
experimental or theoretically calculated data.
The embedded atom method (EAM) [284] and effec-
tive medium theory (EMT) [285] potentials derived from
density functional theory (DFT) in its quasi-atom [286]
or effective medium [287] versions are often used to model
metallic systems. In these models the potential energy
of the system is written as a sum of a short-range pair-
interaction repulsion, and an embedding energy for plac-
ing an atom in the electron density of all the other atoms:
Epot =
∑
i
Fi[ρh,i] +
1
2
∑
i
∑
j 6=i
Vij(rij), (94)
where Vij(rij) is a two-body potential which depends on
the distance rij between atoms i and j, and Fi[ρh,i] is
the embedding energy for placing an atom at position i,
where the host electron density due to the rest of the
atoms in the system is ρh,i. The latter is given by
ρh,i =
∑
j 6=i
ρ(rij), (95)
ρ(rij) being the ‘atomic density’ function. The first term
in Eq. (94) represents, in an approximate manner, the
many-body interactions in the system. These potentials
provide a computationally efficient approximate descrip-
tion of bonding in metallic systems, and have been used
with significant success in different studies [288].
Closely related are the Finnis-Sinclair (FS) potentials,
which have a particularly simple form
EFSpot = ǫ

1
2
∑
i
∑
j 6=i
V (rij)− c
∑
i
√
ρi

 , (96)
with V (rij) = (a/rij)
n, and ρi =
∑
j 6=i(a/r
m
ij ), where a
is normally taken to be the equilibrium lattice constant,
m and n are positive integers with n > m, and ǫ is a pa-
rameter with the dimensions of energy. For a particular
metal the potential is completely specified by the values
of m and n, since the equilibrium lattice condition fixes
the value of c. The square root form of the second term,
which represents the cohesive many-body contribution to
the energy, was motivated by an analogy with the second
moment approximation to the tight binding model [288].
It must be emphasized that the applicability and pre-
dictive power of MD simulations using empirical poten-
tials is limited in circumstances where the system evolves
into regions of configuration space not covered by the fit-
ted data. That is, potentials fitted to bulk properties
may not be adequate to describe low-coordinated systems
such as surfaces or clusters or, in particular, atomic-sized
contacts. An improvement to this situation consists in
expanding the database used for the fitting to include a
set of atomic configurations calculated by ab initio meth-
ods. This set may include not only three-dimensional
crystals with different lattice parameters but also slabs,
layers and atomic chains [289].
2. Implementation of MD simulations
An MD simulation proceeds by constructing a finite
portion of an infinite model system with any desired
configuration in a primary computational cell. The cell
is replicated generating periodic images of the system.
This periodic boundary condition is introduced to remove
the undesirable effects of the artificial surfaces associated
with the finite size of the simulated system. In MD sim-
ulations of atomic-sized contacts the periodic boundary
conditions have been applied either along all three sides
of the computational cell [23], or only parallel to the con-
tact, keeping static several atomic layers on the top and
bottom of the computational cell and using them as grips
[22]. In the first case, all atoms are treated dynamically,
but cells above and below the contact are in mechanical
contact. In the second case, only a two-dimensionally
periodic array of contacts is modeled, but two artificial
interfaces in each cell between dynamic and static atoms
are introduced.
The equations of motion are integrated via the velocity
Verlet algorithm or predictor-corrector algorithms, with
time steps varying from 1 fs [282] to 100 fs [277]. Con-
stant temperature is imposed by controlling the average
temperature by means of an adequate thermostat, which
can be applied to all the atoms in the cell or, in the case
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where there are static layers, just to the deepest dynamic
layer.
Three different geometries have been used in MD sim-
ulations of nanocontacts. A tip that is lowered into con-
tact with a slab and then is pulled off [22, 23, 73, 76, 274,
276, 290, 291, 292, 293], a neck that is either pulled off
[76, 275, 279], or elongated and compressed [256], and a
nanowire that is pulled off [31, 234, 282].
The displacement of the tip with respect to the sub-
strate, or elongation and contraction of the constriction,
is simulated by either varying uniformly the height of
the periodic cell or rigidly displacing the grip layers. The
speed of increment or decrement of the height of the com-
putational cell ranged from 0.004 m/s [277, 278] to 60
m/s [274]. These speeds, although well bellow the speed
of sound in the material (of the order of 103 m/s), are sev-
eral orders of magnitude higher than the speeds attained
in STM and MCBJ experiments of contact formation and
fracture which are in the range of 10−10 and 10−7 m/s,
and may be too fast to take into account diffusive, ther-
mally activated motion (see below).
The validity of the MD simulations for the interpreta-
tion of real life experiments must be carefully evaluated
due to the enormous difference in time scales [276, 294].
In an experiment there can be different relaxation mecha-
nisms, spanning a wide range of time scales. As the strain
rate is decreased, or the temperature raised, slower relax-
ation processes, like collective relaxation processes, come
into play resulting in differences in the mechanical evolu-
tion of the contact as put in evidence by performing the
same simulation at different rates [276, 277]. This could
be particularly important in the evolution of the shape
of the neck in the final stages of the pull off.
3. Calculation of conductance in atomistic MD models
The calculation of the conductance in a MD simulation
of atomic contacts is essential for comparison with the ex-
perimental results, since in most of the experiments only
the conductance is measured. One possibility is to use
a tight-binding (TB) model (see Sect. VIIC) to calculate
the conductance of a given atomic configuration using the
atomic coordinates generated by the classical MD simula-
tions. This method has been used to study the formation
and fracture of Ir [274] and Au [276] contacts, and of the
elongation and fracture of a Ni constriction [275]. These
calculations only utilize one atomic orbital (1s) and con-
sequently do not represent the electronic structure of the
metals accurately, however, the method enables a suffi-
ciently rapid calculation of the conductance to be made,
in which the positions of all the atoms within the contact
are taken into account explicitly.
Another possibility to calculate the conductance in
an MD simulation is to use a free electron (FE) model
(Sects. VII B 1). In the FE methods the internal struc-
ture of the constriction is replaced by a free electron jel-
lium in a hard-wall potential defined by the positions of
the atoms obtained from classical MD. This leaves out
the effects of the ionic disorder which may be present in
real contacts. The constriction potential profile is con-
structed by putting solid spheres with the Wigner-Seitz
radius at the atomic positions obtained from the MD
simulations [275] or by overlapping the free atom elec-
tron densities and calculating the effective one-electron
potential in the local density approximation (LDA) [76].
Once the hard-wall boundary is defined the free-electron
cross section along the constriction is determined, and a
smoother axisymmetric [275] or rectangular [76] equiva-
lent profile is defined. The Schro¨dinger equation in this
profile is solved exactly including interchannel scattering
[275] or approximately neglecting interchannel scatter-
ing [76] to obtain the transmission probabilities of the
different modes. The boundary roughness can be treated
perturbatively [275]. An earlier, rather too simplified ap-
proach was adopted by Olesen et al. [31] who assumed
that the constriction was adiabatic and, consequently,
transmission channels would be either totally open or
closed.
Comparison between these two types of conductance
calculations for the same atomic configurations [275],
shows a similar conductance in both cases but a different
detailed structure. In this work the FE model is deter-
mined solely by the profile of the contact, while the TB
model depends on the precise atomic structure of the con-
tact. This difference becomes particularly important in
situations where the contact develops structural defects
[275].
Scattering due to internal disorder can be also taken
into account by taking a step further FE models. Brand-
byge et al. [295] and Sørensen et al. [279] rather than us-
ing a hard-wall potential for the constriction, considered
a one-electron potential generated from the atomic coor-
dinates by constructing the electronic density as a sum of
free-atom electron densities. The potential is then gener-
ated from the density using the local density approxima-
tion (LDA). The macroscopic electrodes are described by
a free-electron model and join the contact in a smooth
manner. This potential is not self-consistent but gives
a good description of the corrugation near the bound-
ary. The quantum transmission of electrons through the
three-dimensional potential is calculated using a numeri-
cal exact, recursive multichannel method [204]. A similar
approach is followed by Mehrez et al. [277, 278]. How-
ever, these authors axisymmetrize the potential and use
the transfer matrix method to calculate the conductance.
In the case of larger contacts an estimate of the con-
ductance of a contact can be obtained from the contact
radius using a semiclassical modification of Sharvin’s ex-
pression [216] (see Sect. VII B 2).
4. Results for simple metals
Several questions have been elucidated by the classi-
cal MD simulations of atomic scale contacts, namely, the
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mechanisms of contact formation and fracture for homo-
geneous and heterogeneous contacts; the mechanism of
plastic deformation for small and relatively large con-
tacts; and the conductance of realistic atomic contacts
and its relation with the plastic deformation processes.
We will discuss neither one-atom contacts nor atomic
chains since classical MD simulations are not reliable in
situations were metallic atoms have low coordination.
Contact formation between the approaching surfaces
of tip and sample is associated with an atomic-scale in-
stability which causes the atoms of the interfacial region
to irreversibly jump to contact at a distance of a few
angstroms, in a short time span of ∼ 1 ps (compare to
the experimental results in Sect. VB). Further advance
of the tip results in the onset of plastic deformation. Sep-
arating the tip and sample leads to ductile deformation
of the contact, producing an atomic-sized constriction or
neck, which eventually fractures. The mechanism of elon-
gation of this constriction consists of a sequence of brief
atomic structural rearrangements during which the con-
striction disorders and re-orders with the introduction of
a new atomic layer. In between these rearrangements,
which occur when the contact becomes mechanically un-
stable due to stress accumulation, the contact deforms
elastically. This mechanism of plastic deformation seems
to be a feature of atomic-sized metallic contacts. This
was shown in the MD simulations of the Au/Ni system by
Landman et al. [22, 290] using EAM potentials. Qualita-
tively similar results were obtained by Sutton and Peth-
ica [23] using a Lennard-Jones pair potential.
In the case of contacts between different metals most
of the plastic deformation takes place in the softest metal
[22, 288, 290]. In the process of contact formation, most
of the jump-to-contact is due to the atoms of the softer
metal, irrespective of their being part of the tip or sub-
strate. As the tip continues advancing beyond this point,
a hard tip will indent a soft substrate, whereas a soft tip
will flatten against a hard substrate. If the softest metal
wets the hardest metal, the atomic size constriction that
forms upon retraction consists solely of the softest metal
atoms. After fracture a patch of the softest metal atoms
remains on the hardest metal surface.
Atomic scale contacts show very high yield strengths.
For Au contacts, Landman and collaborators [22, 290]
obtained maximum pressures of the order of 10 GPa both
under tensile and compressive stress, which implies shear
strengths even larger than the theoretical value for bulk
Au in the absence of dislocations [261].
New mechanisms of deformation are revealed in sim-
ulations with larger constrictions. In these simulations,
the initial state of the simulation is a constriction cut
from a perfect crystal in a given orientation. Initially,
the atomic positions are fully relaxed for a certain inter-
val of time. As the contact is stretched, the constriction
deforms via a succession of alternating stress accumula-
tion and relief stages, during which it undergoes inelas-
tic structural transformations. In the case of fcc metals,
like Au, and Ni, these transformations consist preferen-
FIG. 48: Schematic illustration of selected slip processes. (a)
A three plane slip. (b) A simple single-plane slip. (c) A slip in
two nonparallel slip planes. Reprinted with permission from
[279]. c©1998 American Physical Society.
tially of slip in one or several closed-packed {111} planes
[256, 275, 279]. When slip occurs in several nonparallel
planes, defects and some local disorder can be introduced.
When disordered regions are present, the subsequent de-
formation mechanisms tend to involve the atoms in these
regions, thereby changing the atomic structure and, in
general, reducing the amount of disorder. In this way
disorder often anneals out during the elongation process.
The zone involved in the structural transformations, i.e.
the active zone, extends over many atomic layers in the
contact, and is not limited to the narrowest cross sec-
tion [279]. Two distinct mechanisms for slip have been
identified. For relatively large constrictions, slip occurs
via glide of a dislocation nucleated at the surface of the
contact [256, 275, 276, 279]. Typically, the dislocation
is dissociated into Shockley partials, which glide com-
pletely across the constriction in a structural rearrange-
ment, producing a stacking fault. The second partial
could glide through the same path in a subsequent re-
arrangement and remove the stacking fault. For thinner
constrictions slip is a homogeneous shear of one plane of
atoms over another plane of atoms [279]. In this case
the slip is also dissociated into partials. Sørensen et al.
find that in their simulations the crossover between these
two mechanisms takes place at contact diameters around
15 A˚ [279]. However, dislocation glide has also been de-
scribed by Bratkovsky et al. [275] in smaller diameters.
Probably not only the diameter but also the aspect ratio
of the constriction and the type of metal play a role.
Deformation of constrictions with different crystalline
orientations differ substantially due to the different ori-
entation of the slip planes [277, 279]. In the fcc structure,
there are four sets of {111} planes, which lie parallel to
the sides of a regular tetrahedron. For a constriction ori-
ented in the [111] direction, one set of these planes is
perpendicular to the constriction axis. The other three
are inclined with respect to this axis, and they are the ac-
tive planes in which slip can occur to relieve stress. These
three active slip planes are equivalent and a three-plane
slip is possible (see Fig. 48). For a constriction oriented in
the [110] direction, two sets of close-packed {111} planes
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FIG. 49: Snapshots of atomic configurations from MD sim-
ulations of Au contacts. The pictures show, from two dif-
ferent viewpoints, the final configuration just before rupture
of three different contacts; (a) Au[111], (b) Au[110], and
(c) Au[100]. Reprinted with permission from [279]. c©1998
American Physical Society.
lie parallel to the axis and are, consequently, inactive. In
contrast, for a constriction oriented in the [100] direction
all four sets of slip planes are active. Formation of an
atomic chain before rupture also seems to depend on the
crystalline orientation, being more likely, in the case of
Au, in contacts oriented in the [100] direction [279].
Due to the possibility of having a large number of ac-
tive glide planes in various regions, the separation be-
tween force relaxations may be quite irregular [256, 279].
In contrast, as the wire thins down stresses concentrate
on the narrowest region and the number of active glide
planes decreases, resulting in a more regular pattern
[277].
This slip mechanism explains the reversibility of
plastic deformation [256], observed experimentally for
elongation-contraction cycles in relatively large contacts.
In the experiments the contact could go over and over
again through the same sequence of conductance steps,
the traces of the successive cycles superposing almost ex-
actly [28, 267]. In the simulation by Landman et al.
[256], similar stress accumulation and relief mechanisms,
and atomic structural rearrangement processes, includ-
ing glide, occur during both extension and compression
of the contact. Overall mechanical and structural re-
versibility is observed, but equivalent configurations may
differ in the position of some atoms.
In the last stages of elongation of a large constriction,
as it becomes relatively thin, the nature of the deforma-
tion changes. The process in this regime involves local-
ized atomic rearrangements similar to those described for
small constrictions [256, 275, 277, 279]. Depending on
their crystalline orientation, contacts may become per-
manently disordered in the narrowest region for the last
part of the elongation until rupture of the contact (see
Fig. 49).
As in the case of small constrictions the maximum ax-
ial stress before yield (the yield strength) is very high. It
depends on the precise atomic configuration, and for Au
it is in the range 3–6 GPa [75, 279]. This value, as men-
tioned above, is of the order of magnitude expected for
bulk Au in the absence of dislocations. The mechanical
ideal nature of the nanowires can be related to their char-
acteristic small dimensions and the inability to support
dislocation sources.
MD simulations show qualitative differences in the
fracture behavior for different materials [279]. Contacts
of Au tend to be longer and smoother in the central re-
gion than Ni contacts. Ni contacts often break at a cross
section of two atoms or more which is seldom observed in
Au contacts. Quantitatively, differences are those to be
expected from the difference in macroscopic properties.
The yield strength for Ni is found to be 10–20 GPa, while
for Au it is 4–6 GPa.
The effect of the compliance of the setup has been
considered by Brandbyge et al. [295] and Sørensen et
al. [279]. A high compliance can arise from a soft can-
tilever or the compliance of the macroscopic wires (say, a
sharpened tip). As a result new mechanical instabilities
appear, which prevent some atomic configurations to be
probed during the experiment. Conductance plateaus be-
come flatter and the jumps in the conductance or force
are more pronounced. Well-ordered contact structures,
which are relatively strong, will tend to be probed rather
than weaker disordered configurations.
MD simulations show qualitative differences in the
fracture behavior for different materials [279]. Contacts
of Au tend to be longer and smoother in the central re-
gion than Ni contacts. Ni contacts often break at a cross
section of two atoms or more which is seldom observed in
Au contacts. Quantitatively, differences are those to be
expected from the difference in macroscopic properties.
The yield strength for Ni is found to be 10–20 GPa, while
for Au it is 4–6 GPa.
As we will see below in Sect. VII B 1, transport through
an adiabatic constriction (one that varies sufficiently
smoothly) for free and independent electrons is quan-
tized, in the sense that transmissions eigenchannels are
either open or closed. Mechanically drawn metallic con-
strictions simulated using MD appear to be, in gen-
eral, non-adiabatic and, although quite crystalline, can
have a number of defects, like surface rugosity, stack-
ing faults, vacancies, and local disorder. These defects
cause backscattering that can easily perturb the con-
ductance quantization [76, 275, 295]. Brandbyge et al.
[295] analyzed the conductance of Au contacts resulting
from MD simulations in terms of transmission eigenchan-
nels, and found that, except for the smallest contacts
(one or two atoms), several eigenchannels were partially
open, and the conductance had steps at non-integer val-
ues of 2e2/h. Due to the irregularities in the contact the
conductance is not always controlled by the narrowest
cross section, as would be the case for smooth contacts.
Higher temperatures [275, 277, 279] and lower deforma-
tion rates [276, 277] favor a higher degree of crystallinity
(see Sect. VIC for the structure of contacts formed at
room temperature) during the process of elongation and
more regular constrictions [275] and, consequently, the
observation of a quantized conductance. Disordered con-
tacts are found to be not only weaker than well-ordered
contacts of similar thickness but can also be pulled longer
and thinner than ordered contacts in the last part of the
elongation. As a consequence, lower temperature and
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higher pulling rate favors longer contacts. The effect of
the temperature on conductance histograms was consid-
ered by Hasmy et al. [234] by simulating cross-section
histograms at 4, 300 and 450 K.
Note that these pulling rates are still at least 5 and 3
orders of magnitude faster than the experiments. This
indicates that the real structure could be more ordered
than those observed in the simulations. As remarked
above, the observed phenomena in the MD simulations
must be interpreted with some caution, since phenom-
ena on a longer time scale, inaccessible to the simulation,
could play a role in the deformation of atomic contacts.
For example, the contact could disorder in an atomic re-
arrangement, and have insufficient time to reorder before
the next rearrangement. For a given volume of disordered
material the time taken to reorder will decrease with in-
creasing temperature up to the melting point. However,
simulations performed at different temperatures offer, at
best, only a qualitative idea of the effect of tempera-
ture. A process that occurs in an experiment at a given
temperature might not take place in a MD simulation at
the same temperature as, for instance, diffusion processes
may be inaccessible.
It is now well-established from the results of numer-
ous MD simulations with realistic parameters that the
abrupt jumps in the conductance are the result of sud-
den structural atomic rearrangements leading to stress
relaxation [76, 274, 275, 276, 277, 279, 295]. As a con-
sequence, jumps in the force and conductance generally
coincide with each other [276, 279, 295]. The variations
of the narrowest cross section do not always coincide with
the conductance jumps [275], but this is not surprising
since the conductance does not depend exclusively on
the narrowest cross section of the contact. Occasion-
ally atomic rearrangements occur far from the narrowest
part, specially when the constriction is long, which cause
a mechanical relaxation and only a small change in the
conductance.
B. Free-electron gas conductance and force models
In this section we will consider the free-electron (FE)
models of atomic contacts. The free electron approxima-
tion has proven its value for the calculation of various
properties of metals. It works best for simple, mono-
valent metals, in particular the alkali metals, for which
the Fermi surface is nearly spherical. In FE models of
atomic contacts electrons move freely in a confining po-
tential, which consists of wide (bulk) regions separated
by a more or less abrupt constriction whose dimension is
of the order of the wavelength of the electrons. The elec-
trons are considered independent, that is, the electron-
electron interaction is neglected and the only effect of
the positive ions is to create a uniform positive charge
background that confines the electrons. (In this section
we will also several jellium calculations beyond the FE
approximation.) One is interested in the electronic prop-
erties of this system as the shape of the constriction is
varied smoothly in an arbitrary but prescribed way. The
lateral electronic confinement leads to the quantization of
the electronic spectrum with the formation of subbands,
and under certain circumstances to the quantization of
the conductance. Electronic cohesion, thermoelectric ef-
fects, noise properties and magnetic effects have also been
studied in the FE approximation. These FE models are
useful and instructive as they permit the study of elec-
tronic effects without unnecessary complications. The
virtue of this approach is that both conductance and
force are calculated using the same physical laws. Never-
theless, it has a fundamental deficiency: the atomic na-
ture of metals is completely ignored. This is particularly
relevant when the mechanical properties of the material
are considered. Indeed, the mechanical response of ma-
terials involves structural changes through displacement
and discrete rearrangement of the atoms, as we have seen
in the previous section. As a consequence, one has to be
cautious with the interpretation of experimental results
exclusively in terms of FE models. Note that, in the
experiments, the variation in the shape of a metallic con-
tact is, in fact, a mechanical process, and since the atomic
dimensions in metals are of the order of the Fermi wave-
length, variations in the shape of the constriction cannot
be smooth.
1. Conductance calculations: conditions for the
quantization of the conductance
As a first simplified model of a contact or constriction
we may consider a uniform cylindrical wire of radius R
and length L, with free and independent electrons con-
nected to two bulk reservoirs [215]. We have to solve
Schro¨dinger’s equation,
− h¯
2
2m∗
∇2ψ(r) = Eψ(r), (97)
with the boundary condition ψ[r = R] = 0. In this co-
ordinate system and for these boundary conditions the
Schro¨dinger equation is separable, and the eigenstates
are given by
ψmn(r, φ, z) = Jm(γmnr/R)e
imφeikz , (98)
where the z coordinate is taken along the cylinder axis;
m = 0,±1,±2,±3, . . ., n = 1, 2, 3, . . ., are the quantum
numbers; and γmn is the n-th zero of the Bessel function
of order m, Jm. The energies of the eigenstates are
Emn(k) =
h¯2k2
2m∗
+ Ecmn, (99)
where
Ecmn =
h¯2
2m∗
γ2mn
R2
. (100)
57
Since J−m(r) = (−1)mJm(r), the states m and −m are
degenerate. The electron states are divided into a set
of parabolic one-dimensional subbands. The bottom of
each subband is located at an energy Ecmn. The sepa-
ration of these subbands increases as the radius of the
cylinder decreases. Neglecting scattering from the con-
nections to the reservoirs, the conductance of the wire is
simply given by the number of subbands that cross the
Fermi level, EF , with each subband contributing 2e
2/h
to the conductance (see Sect. III D). The conductance as
a function of the diameter of the contact will show per-
fectly sharp steps, increasing by one unit at each zero
of J0 and by two units at each zero of any of the other
Bessel functions [215]. In the limit of low voltage and
low temperature, that is, kBT and eV much smaller than
the subband splitting, the conductance will be quantized
showing steps at G0, 3G0, 5G0, 6G0, . . .
A more realistic model for an atomic contact should
take into consideration explicitly the connections with
the electrodes. Consider a narrow axisymmetric constric-
tion in a much larger wire whose axis is in the z-direction.
The profile of the constriction is given by R(z). Now we
have to solve Schro¨dinger equation with the boundary
condition ψ[r = R(z)] = 0. We find the solution by
separating the lateral and the longitudinal motion of the
electron [76, 296],
ψ(r, φ, z) =
∑
mn
χmn(z)u
z
mn(r, φ), (101)
where uzmn(r, φ) is a solution of radial motion,
− h¯
2
2m∗
(
∂2
∂r2
+
1
r
∂
∂r
+
1
r2
∂2
∂φ2
)
uzmn(r, φ) =
Ecmn(z)u
z
mn(r, φ), (102)
with the boundary condition uzmn[r = R(z)] = 0, and has
the following form:
uzmn(r, φ) =
1√
πR(z)Jm+1(γmn)
Jm(γmnr/R(z))e
imφ,
m = 0,±1, . . . . (103)
Substituting this solution in Schro¨dinger equation, mul-
tiplying it by u∗pq(z), and integrating over r and φ at a
given z, we obtain the following system of equations:(
− h¯
2
2m∗
d2
dz2
+ Ecmn(z)
)
χmn(z) +
∑
pq
Fmnpqχpq(z)
= Eχmn(z),
(104)
where
Ecmn(z) =
h¯2
2m∗
(
γmn
R(z)
)2
. (105)
The operators Fmnpq which depend on dR/dz and
d2R/dz2 couple the different solutions χmn(z). The sys-
tem of differential equations in Eq. (104) can be solved
ygr
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z
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FIG. 50: Quantization in an adiabatic constriction. In a con-
striction with a slowly varying profile the electrons moving
in the z direction see an effective potential energy Ecmn(z).
The curves labeled a, b, c, and d correspond to the profiles of
Ecmn(z) for (m,n) equal (0, 2), (2, 1), (1, 1), and (0, 1), respec-
tively. Only modes with a barrier less than EF contribute to
the conductance.
exactly [296]. However, if the variation of R with z is suf-
ficiently slow, the coupling between the different modes
(mode mixing) can be neglected, and we are left with
a one-dimensional Schro¨dinger equation for each pair of
quantum numbers (m,n) with an effective potential bar-
rier Ecmn(z) as depicted in Fig. 50. This is called the
adiabatic approximation. The pair of quantum numbers
(m,n), describe the transverse motion, and define the
individual conductance channels, which in this approxi-
mation are also eigenmodes of the wire without the con-
striction. In contrast, for contacts of arbitrary shape,
the eigenchannels are given by linear combinations of the
eigenmodes of the system without the constriction. The
constriction mixes the different modes (mode mixing) as
described in Sect. III D 2.
In the adiabatic approximation, modes for which the
maximum of the potential barrier Ecmn(z0) falls below
the Fermi energy EF , will be perfectly transmitted and
those for which it is above will be reflected. However,
when EF falls just below the maximum of the barrier part
of the mode will be transmitted by tunneling through
the barrier. When EF falls just above the maximum
of the barrier, part of the mode will be reflected due
to the variation of the potential height (over-the-barrier
scattering). Thus, the conductance, which is controlled
by the minimal radius of the contact a0, will show steps,
as in the case of the cylindrical constriction, but the steps
will be somewhat smeared due to tunneling and over-
the-barrier scattering. Only in the case of very long and
slowly varying constrictions is this effect negligible.
The transition from adiabatic to non-adiabatic contact
is elegantly illustrated in the calculation by Torres et al.
[216]. These authors modeled the constriction as a hyper-
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FIG. 51: Conductance of a quantum constriction modeled as
a hyperbola of revolution, as a function of the area A of the
narrowest section and as a function of the opening angle θ
of the constriction. Reprinted with permission from [216].
c©1994 American Physical Society.
bola of revolution and calculated the conductance exactly
using spheroidal oblate coordinates, taking advantage of
the fact that in these coordinates Schro¨dinger’s equation
is separable. For small opening angles of the hyperbola,
θ0, the constriction has an elongated shape that tends to
a cylinder, whereas for θ0 = π/2, the model represents
an infinitely thin barrier separating the two electrodes,
pierced by a circular hole. Their results are shown in
Fig. 51. The sharp steps obtained for a long cylindrical
wire (θ0 = 0) gradually smear as θ0 approaches π/2 as
a consequence of tunneling and over-the-barrier scatter-
ing which become important as adiabaticity is lost. This
shows that only in the case of adiabatic constrictions the
conductance is strictly quantized, that is, transmission
channels are either open or closed. For general geome-
tries, several evanescent channels with transmissions less
than one contribute to the conductance [297].
Contacts with cylindrical symmetry always have an or-
bital degeneracy of the wave functions, which results in
steps of height 2G0 when a degenerate channel opens.
This degeneracy is lifted when the constriction is not ex-
actly symmetrical, and only conductance steps of height
G0 will be observable [296]. Modeling a constriction us-
ing a saddle point potential may result in steps with
higher degeneracies which are also partially broken for
non axisymmetric contacts [298].
Boundary roughness tends to suppress conductance
quantization. This question has been addressed by
Bratkovsky and Rashkeev [296] for axisymmetric con-
tacts using a perturbative approach, and by Brandbyge
et al. [295] for contacts with arbitrary shape using the
recursion transfer-matrix method [299]. They found that
the conductance steps shift downward, and for strong cor-
rugations, resonances start to build up. In contrast, the
effect of a localized scatterer within the constriction is to
smear or close single steps selectively [295]. The reason
is that the modes that have a node at the position of the
scatterer will suffer less scattering. These factors sup-
press conductance quantization since there will be par-
tially open modes. Nevertheless the stepped structure
might still be observable though not at integer values of
the conductance. The effects of disorder in the constric-
tion and its vicinity are further discussed in Sect. IX.
As we mentioned in Sect. VII A 3 the shape of the con-
tacts obtained fromMD simulations can be used to define
a FE constriction and their evolution with plastic defor-
mation [76, 275]. These calculations show plateaus in
the conductance but not always at integer values of the
conductance. The correlation observed in the MD simu-
lations [76, 275] between the changes in conductance and
the atomic rearrangements in the contact show that the
conductance plateaus are related to mechanically stable
atomic configurations.
Now, we can summarize the circumstances under
which conductance quantization can be observed within
a FE model. Perfect quantization in a contact is only
obtained when the contact, in addition to being ballis-
tic, i.e. the length and diameter of the contact being
shorter then the electron mean free path, is adiabatic,
i.e. its cross section is a smooth function of the longitu-
dinal coordinate. Surface roughness and internal defects
cause backscattering that destroy conductance quanti-
zation. Additionally, all energies eV and kBT must be
smaller than the subband splitting.
2. The relation between cross section and conductance:
Corrections to Sharvin’s formula
According to the semi-classical formula of Sharvin the
conductance of a small contact is proportional to the area
of the contact. This result is based on the proportional-
ity of the number of modes, with energies smaller than a
given value in a 2-dimensional system, to the area. How-
ever, in a finite system it is necessary to add corrections.
Consider a 2-dimensional rectangular box, whose sides
are a and b, and assume that the modes have zero am-
plitude at the boundary. The number of modes N with
energies smaller than EF = h¯
2k2F /2m
∗ is given by the
so-called Weyl expansion [300, 301, 302, 303]
N =
k2F
4π
ab− kF
2π
(a+ b) +
1
4
, (106)
where the second term arises because the modes with kx
or ky equal to zero are not to be included. The third
term appears because the mode kx = 0 and ky = 0 ap-
pears twice in the second term. For a general connected
boundary without sharp corners having an area A and a
perimeter P , the number of modes is given by [300]
N =
k2F
4π
A− kF
4π
P +
1
6
, (107)
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Note that the third term changes from 1/4 to 1/6. The
semi-classical conductance, in the case of a uniform con-
striction with cross section A and perimeter P will be
simply given by
G =
2e2
h
N. (108)
For an adiabatic constriction A and P correspond to the
narrowest cross section. The quantum oscillations are
superimposed to this smooth Sharvin conductance.
In the context of quantum point contacts this result
was first noted by Sa´enz and coworkers who found from
their exact quantum computation mentioned above [216],
that the conductance of a circular point contact deviates
from Sharvin’s result. They observed that the perimeter
correction (the second term in Eq. (107)) depends on the
opening angle since for large opening angle the constric-
tion is no longer adiabatic. Thus we may write
G ≈ k
2
F
4π
A− αkF
2π
P. (109)
In the limit of a circular hole (opening angle θ0 = π/2),
α = 1/4, while for an adiabatic constriction (opening
angle θ0 = 0) α = 1/2.
Another correction to the Sharvin conductance comes
from the fact that, in a real metal, electrons are not so
strongly confined [304, 305]. There will be a certain spill
out of the wave functions that depends on the work func-
tion of the metal. The main influence of the ‘soft wall’
boundary condition is to increase the effective radius of
the constriction relative to the ‘hard wall’ case. This spill
out can be taken into account by using an effective ra-
dius a0 + δa0 for the constriction. For metals kF δa0 =
0.72–1.04 and α = 0.13–0.025 [304].
3. Effect of magnetic fields
Scherbakov et al. [298] used a saddle-point potential to
study the effect of a longitudinal magnetic field on the
conductance. They found that for relatively weak mag-
netic fields (diameter of the constriction much smaller
than the cyclotron radius), the conductance exhibits
Aharonov-Bohm-type oscillations. This behavior trans-
forms, in the strong field limit, into Shubnikov-de Haas
oscillations with an Aharonov-Bohm fine structure. The
magnetic fields necessary to observe these effects in small
constrictions are quite high since they depend on the
magnetic flux embraced by the contact. To observe the
Aharonov-Bohm oscillations or the splitting of the ther-
mopower peaks the magnetic flux through the contact
area should be of the order of the flux quantum (hc/e),
and much higher for the Shubnikov-de Haas oscillations.
A reasonably high magnetic field is of the order of 10T.
This means that the area of the contact should be at least
100nm2, which for a metal gives a conductance of the or-
der of 1000G0. In the case of a semimetal the situation is
much better since the Fermi wavelength is much larger.
For example, in bismuth such a large contact would have
of the order of 2 channels.
Field effects have also been calculated for the thermo-
electric properties [306] and for shot noise [296, 307], in
the framework of FE models.
4. Nonlinear effects in the conductance
Analyzing the nonlinear regime within the scattering
approach requires in principle a self-consistent determi-
nation of the potential profile within the sample (see
Sect. III D 6). As a very crude approximation one can
neglect the voltage dependence of the transmission coef-
ficients and calculate the current as
I =
2e
h
∫ EF+eV/2
EF−eV/2
∑
n
τn(ǫ)dǫ, (110)
where V is the bias voltage and τn(ǫ) is the transmis-
sion probability of an electron with energy ǫ. Thus, the
opening of new transmission channels will be gradual, i.e.
a new channel will be opening while the bottom of the
band traverses an interval eV around the Fermi energy,
and the sharp steps in G = I/V will be smeared [308].
For a symmetric contact, the differential conductance
g = dI/dV may be approximated by [240, 305, 308]
g(V ) ≈ 2e
2
h
(
1
2
∑
n
τn
(
EF +
eV
2
)
+
1
2
∑
n
τn
(
EF − eV
2
))
. (111)
Thus, g can be regarded as the average of two zero
voltage conductances at different effective Fermi ener-
gies. As a consequence the plateaus at integer values
of 2e2/h evolve into half-integer values [240, 305, 308].
The sequence of values for these plateaus depends on
the geometry of the contact. For a non-axisymmetric
contact at voltages of the order of 0.2EF /e, there will
be plateaus at half-integer and integer values of G0,
while for contacts with cylindrical geometry the sequence
is 0.5G0, 1G0, 2G0, 3G0, 4G0, 4.5G0, 5.5G0, 6G0, . . .. For
abrupt constrictions, nonadiabatic effects manifest them-
selves as an overall decrease of the conductance towards
saturation at very high voltages [240].
The combined effect of a magnetic field and high bias
voltage has been discussed by Bogachek et al. [305].
5. Simulation of conductance histograms
Conductance histograms are useful for presenting the
experimental results on the evolution of the conductance
of metallic contacts with size, due to the variability of
the particular features in each experimental curve (see
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Sect. VD). In order to approach the experimental sit-
uation Sa´enz and coworkers [297, 308] have introduced
the use of histograms in model calculations. They as-
sume a certain evolution of the contact area A and open-
ing angle θ as a function of elongation d. The depen-
dence of A on d is taken to be almost exponential, as
observed for the last part of the elongation in the ex-
periments [267, 268]. The qualitative results will not
depend on the exact dependence, however. The actual
evolution will result in a discrete set of points on a con-
ductance curveG(A(d), θ(d)). Assuming that the contact
can take any cross section along this curve, a conductance
histogram is obtained. The histogram shows peaks at
1G0, 2G0, 3G0, 4G0, 5G0, . . . for non-axisymmetric con-
tacts and 1G0, 3G0, 5G0, 6G0 . . . for axisymmetric con-
tacts. The peaks in the histogram become more smeared
as the conductance increases, reflecting the fact the con-
ductance does not show sharp steps for larger values of
the opening angle. Thus, the quantum nature of trans-
port manifests itself in the peaks of the histogram, but
the conductance is not quantized as any value is possible.
In an earlier work [266] the evolution of the conduc-
tance was obtained from a mechanical slab model similar
to that described in Sect. VIC. Histograms have been
also used [308] to compare the nonlinear effects due to
a large bias voltage with experimental results [109, 209].
The effects of disorder on the conductance histograms is
discussed in Sect. IX.
6. Quantum effects in the force
Quantum-size effects on the mechanical properties of
metallic systems have previously been observed in metal
clusters, which exhibit enhanced stability for certain
magic numbers of atoms. These magic numbers have
been rather well explained in terms of a shell model
based on the jellium approximation (see Sect. XII A). In
a metallic constriction of nanometer dimensions lateral
confinement of the electrons leads to a discrete num-
ber of subbands that act as delocalized chemical bonds.
As an adiabatic constriction is stretched to the break-
ing point, the force resulting from this electronic cohe-
sion shows force oscillations synchronized with the quan-
tized jumps in the conductance. Consider the simple
model of Sect. VII B 1, namely, the uniform cylindrical
wire [50, 309]. In this case, the density of states (DOS)
D(E) is given by
D(E) = L
+∑
mn
√
2m
h¯2π2
1√
E − Ecmn
, (112)
where the + on the summation indicates that m and n
run to the maximum value for which the argument of the
square root is positive. The number of electrons N in the
wire is obtained by integration,
N = 2L
+∑
mn
√
2m
h¯2π2
√
EF − Ecmn, (113)
FIG. 52: Calculation of the electrical conductance G and ten-
sile force F for a jellium model of an adiabatic constriction
in a cylindrical quantum wire versus elongation. The dashed
line indicates the contribution to the force due to the macro-
scopic surface tension. Reprinted with permission from [49].
c©1997 American Physical Society.
and the total (kinetic) energy Etot can be found by inte-
grating over the product of the DOS and the energy,
Etot = NEF − 4L
3
+∑
mn
√
2m
h¯2π2
(EF − Ecmn)3/2. (114)
The longitudinal force resulting when the wire is elon-
gated at constant volume, can be obtained from the
derivative of the thermodynamic potential Ω = Etot −
EFN (assuming that the chemical potential is fixed):
F = −dΩ
dL
=
+∑
mn
√
2m
h¯2π2
{
4
3
(EF − Ecmn)3/2−
2(EF − Ecmn)1/2Ecmn
}
. (115)
More realistic constrictions with nonuniform profiles
can be treated within the scattering approach using the
relation between the scattering matrix and the density
of states discussed in Sect. III D 5 [49, 310]. This makes
possible to study transport and mechanical properties of
the nanowire using the same formalism.
Fig. 52 shows the evolution of the electrical conduc-
tance and force as an adiabatic constriction is elongated
[49]. The total force can be divided into a smooth compo-
nent, due to the increase of surface area, and an oscillat-
ing component, which is of the order of EF /λF (universal
force fluctuations). This oscillating correction to surface
tension is correlated with the conductance, presenting
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local minima (taking maximal elongational force) as the
conductance approaches a step-drop and local maxima
(minimal elongational force) as the conductance chan-
nel closes. Qualitatively, closing a conductance channel
whose contribution to the conductance is 2e2/h requires a
force of the order ofEF /λF independent of the total num-
ber of conducting channels. Similar results (with sharper
local maxima) are obtained for a uniform cylindrical wire
[309], and a non-adiabatic wide-narrow-wide geometry
[310]. disorder in the constriction has a strong effect on
cohesion, which is sensitive to the specific impurity dis-
tribution at the center of the constriction [311, 312, 313].
The magnitude of these force oscillations (EF /λF=1.7
nN) is similar to the magnitude of the forces observed
experimentally in Au for the smallest contacts [37] (see
Fig. 12) and it has been suggested [49] that the abrupt
atomic rearrangements observed during deformation of
metallic contacts may be caused by the breaking of ex-
tended metallic bonds formed by each conductance chan-
nel. However, there are two aspects of the experimental
curves that cannot be explained within this FE model:
(a) The magnitude of the force oscillations observed ex-
perimentally depends on the total conductance (being
larger for larger conductances). For Au contacts with
conductances in the range of 10 and 60 quantum units,
force oscillations range between 6 and 15 nN [37] (see
Fig. 43), while for contacts ranging from 100 to 300 quan-
tum units, the force oscillations are in the range of 20 to
50 nN [91]. (b) Metals, and solids in general, can stand
compressive stresses. The experimental evidence is that
this holds also true for Au contacts with conductances
larger than 10–20 quantum units (see Fig. 43 a compres-
sive force (positive) is needed to contract the contacts.
Only for smaller contacts the force is tensile (negative)
during compression.
Both these aspects are related to the same deficiency
of the model: the ionic background is incompressible but
cannot oppose to shear deformations, that is, it is liquid-
like and the shear strength of the material would be zero.
Shear strength appears naturally in crystals as a resis-
tance to sliding of atomic planes with respect to each
other as discussed in Sect. VIA2. However, as the con-
strictions become smaller, the surface-to-volume ratio in-
creases and we can expect that for the smallest contacts
the behavior will be dominated by surface tension (see
the end of Sect. VI A 2).
The free electron model assumes that the chemical po-
tential is fixed by the electrodes and is constant as the
wires change configuration. This leads to charge fluc-
tuations [50], which are of the order of e, the charge
of the electron [310]. However, in metals, screening is
very effective down to a scale ∼ 1 A˚. One would expect
screening of the charge oscillations to occur in nanowires.
As a first approximation, one can impose a charge neu-
trality constraint, determining the electrostatic potential
self-consistently to enforce global charge neutrality. Note
that, in this case, it is the electrochemical potential that
matches the Fermi energy. The resulting fluctuations in
the electrostatic potential would be observable as fluctu-
ations in the work function [50, 314]. However, screening
will be poorer for the smallest wires, since the charg-
ing energy needed to establish the electrostatic potential
woud be too large.
The effect of screening on the force oscillations was
overestimated in Ref. [50], because the interaction of the
positive jellium background with the self-consistent po-
tential was neglected. Kassubek et al. [310] showed that
this effect is small, justifying the FE approximation. In
fact, the force oscillations obtained from more elabo-
rate calculations that go beyond the free electron ap-
proximation are very similar to those obtained in the
FE model, both for a uniform cylindrical wire [51, 315]
and an adiabatic constriction [316]. Yannouleas et al.
[316] used the so-called shell-correction method, which
uses non-selfconsistent electronic structures from an ex-
tended Thomas-Fermi theory, but takes shell structure
into account as a correction. This method is not selfcon-
sistent but has been shown, in clusters, to yield results
in excellent agreement with experiments and selfconsis-
tent calculations. Zabala et al. [315] use the stabilized
jellium model within spin-dependent density-functional
theory in order to obtain a more realistic description
which takes into account not only screening but also elec-
tron exchange and correlation.
C. Tight-binding models for the conductance
Tight-binding models provide a simple description of
electron states in solids that can be considered as com-
plementary to the FE models. Instead of using plane
waves as a starting point, TB models are based on lo-
calized orbitals. TB models were originally developed to
describe the bands arising from tightly bound d or f va-
lence orbitals in transition metals. There exist, however,
several parameterization schemes which allow describing
the bands in sp-like metals rather accurately using these
type of models. TB models can also be regarded as a
discretization of the Schro¨dinger equation which allows
studying the electron states in non-homogeneous systems
of arbitrary geometry. There exist also a large experience
with these type of models coming from localization stud-
ies in disordered conductors (see, for instance, [317, 318]).
In its simplest version, the TB model uses an orthogo-
nal basis {|i >} corresponding to a spherically symmetric
local orbital at each atomic site in the system. Within
this basis, the model Hamiltonian adopts the form
Hˆ =
∑
i
ǫi|i >< i|+
∑
i6=j
tij |i >< j|, (116)
where the ǫi correspond to the site energies and tij de-
note the hopping elements between sites i and j, which
are usually assumed to be non-zero only between nearest
neighbors.
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FIG. 53: Typical geometry for conductance calculations of
atomic-sized conductors using TB models
Within these models, electronic and transport proper-
ties are conveniently analyzed in terms of Green function
techniques. The retarded and advanced Green operators
are formally defined as
Gˆr,a(ω) = lim
η→0
[
ω ± iη − Hˆ
]−1
. (117)
The matrix elements of Gˆr,a(ω) are directly related to
the local densities of states (LDOS) by
ρi(ω) = ∓ 1
π
Im < i|Gˆr,a(ω)|i > . (118)
In order to study the conductance of a finite system
described by a tight-binding Hamiltonian one may con-
sider the geometry depicted in Fig. 53 in which a central
region of atomic dimensions is connected to two semi-
infinite systems playing the role of current leads. The
total Hamiltonian for this system can be decomposed as
Hˆ = HˆL + HˆR + HˆC + (VˆL,C + VˆC,R + h.c.), where HˆL,R
describe the electronic states in the uncoupled left and
right leads, HˆC corresponds to the central region and the
Vˆα,β terms describe the coupling between the central re-
gion and the left and right leads. The zero-temperature
linear conductance is given in terms of Greens functions
by the following expression
G =
8e2
h
Tr
[
ImΣˆaL(EF ) Gˆ
a
C(EF ) ImΣˆ
a
R(EF ) Gˆ
r
C(EF )
]
,
(119)
where Σˆr,aα = limη→0 Vˆα,C
[
ω ± iη − Hˆα
]−1
VˆC,α (with
α = L,R) are self-energy operators introducing the ef-
fects on the dynamics of the electrons in the central re-
gion due to the coupling with the leads, and Gˆr,aC are the
Green operators projected on the central region.
Different versions of Eq. (119) have been derived by
many different authors using different approaches [274,
319, 320]. This expression is in fact similar to the one
derived using linear response theory in Sect. III E 1. How-
ever, it does not rely on the assumption of ideal leads used
in that case. For more technical details the reader may
consult Ref. [111]. By using the cyclic property of the
trace, the expression (119) can be written in the usual
form G = (2e2/h)Tr[tˆ(EF )tˆ
†(EF )], where [46]
tˆ(E) = 2
[
ImΣˆaL(EF )
]1/2
GrC(E)
[
ImΣˆaR(EF )
]1/2
.
The existence of
[
ImΣˆaL,R(EF )
]1/2
is warranted by
ImΣˆaL,R(EF ) being positive definite matrices. The knowl-
edge of the tˆtˆ† matrix in terms of Green functions allows
determining the conduction channels for a given contact
geometry, as will be discussed below.
1. Results for simple model geometries
TB models allow obtaining some analytical results for
the conductance in certain limiting cases. Mart´ın-Rodero
et al. [17, 321] developed a model for the transition from
tunneling to contact between a STM tip and metallic
sample for which the conductance is given by
G =
8e2
h
π2T 2ρ01ρ
0
2
|1 + π2T 2ρ01ρ02|2
, (120)
where T is the hopping element between the tip apex
atom and the nearest atom on the sample surface, and
ρ01,2 is the unperturbed local densities of states on these
two sites. This expression predicts that the conductance
quantum is reached when π2T 2ρ00ρ
0
1 ≃ 1, a condition that
is approximately fulfilled when using parameters appro-
priate for simple metals.
Todorov et al. [274] analyzed the conductance for a sin-
gle atom between two semi-infinite fcc crystals cut along
their (111) planes using a tight-binding model with one 1s
orbital per site. They found that the conductance reaches
the maximum value 2e2/h for half-filled band when the
atom is connected to the three first neighbors on each
surface with the same hopping element as in the bulk
crystal.
The conductance for model geometries of single-atom
contacts have also been analyzed using more realistic TB
models including several orbitals per atom in order to
account for s, p and d bands in simple and transition
metals. Sirvent et al. [71] studied in this way the influ-
ence of d orbitals in the conductance of Au, Ni and Pt.
They used two types of model geometries: one in which
a single atom is at the center of a small cluster having a
threefold or a fourfold symmetry; and one in which they
replaced the central atom by two atoms along the sym-
metry axis of the cluster. In both cases the semi-infinite
leads were simulated by Bethe lattices attached to the
outermost sites of the cluster. They showed that Ni and
Pt clusters exhibit a larger conductance than the corre-
sponding Au clusters for all the geometries considered.
While in the case of Ni and Pt the obtained conductance
values ranged from G0 to 3G0, in the case of Au these
values were in general smaller than G0. These differences
have been attributed to the contribution of d orbitals in
transition metals which provide additional channels for
conduction [71].
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2. Electron-electron interactions and the charge neutrality
condition
One question which was still open at that time was the
strong tendency to quantized values in first steps of the
experimental conductance traces for monovalent metals
like Au, Ag or Cu. In FE models, one can adjust the
contact cross section and the electron density according
to the type of atom in order to get nearly perfect quan-
tization for simple metals [76, 266]. However, these re-
sults depend critically on the ratio between the Fermi
wavelength and the contact diameter. In the case of
TB models, conductance quantization is harder to obtain
using realistic models for the contact atomic structure
[275]. The issue of the apparent robustness of conduc-
tance quantization in experiments on atomic contacts of
monovalent metals was addressed in [322] using TB mod-
els in combination with model geometries for the atomic
structure. A fundamental difference with previous TB or
FE calculations was the inclusion of the charge neutral-
ity condition which provides a simple way to account for
electron-electron interactions in the neck region.
The assumption of local charge neutrality is reasonable
for metallic systems with a screening length comparable
to interatomic distances [135], as was also pointed out in
the context of FE models in VII B6. Within a TB model
this is achieved by a self-consistent variation the diagonal
elements of the Hamiltonian at each site in the contact
region [322]. The charge neutrality condition provides
thus a certain consistency between the Hamiltonian pa-
rameters and the contact geometry.
In the first part of [322] it was shown that sharp tips
modeled by pyramids grown along different crystallo-
graphic axis on a fcc lattice exhibit narrow resonances
in their LDOS. They showed that these resonances be-
come very sharp for tips grown along the (111) axis while
broader resonances are obtained for the (100) direction.
When forming a contact by connecting two of these pyra-
mids by a central common atom the resonances still sur-
vive and tend to be pinned at the Fermi level due to
the charge neutrality condition. The conductance for
such a situation can be approximated by the expres-
sion G ≃ 8e2h x(1+x)2 , where x = Im[ΣR(EF )]/Im[ΣL(EF )]
measures the asymmetry between the left and right sides
of the contact. The conductance quantization due to this
resonance mechanism is thus very robust to fluctuations
in the atomic positions: even with x ∼ 2 one still obtains
G ≃ 1.8e2/h, i.e. 90% of the quantum unit.
Recently, Kirchner et al. [323] have proposed a sum
rule that would allow to include electron-electron inter-
actions in a parameterized Hamiltonian for an atomic
contact beyond the charge neutrality condition.
3. Eigenchannels analysis
In [46], Cuevas et al. analyzed the conductance chan-
nels in atomic contacts of spmetals, like Al and Pb, using
a TB model. This work was motivated by the experimen-
tal results of Scheer et al. [45], discussed in Sect. VIII A,
indicating that three channels contribute to the conduc-
tance of Al one-atom contacts. This result was rather
surprising in view of the fact that the conductance on
the first plateau of Al is usually smaller than 1G0.
For describing the sp bands in Al Cuevas et al. [46]
used a TB model with parameters obtained from fits
to ab-initio calculations for bulk metals [324]. For self-
consistency between the atomic geometry and the elec-
tronic structure they imposed the charge neutrality con-
dition as in [322]. They showed that for the case of Al
one-atom contacts with an ideal geometry the conduc-
tance arises from the contribution of three channels: a
well transmitted channel having spz character (here z
indicates the axis along the contact) and two degener-
ate poorly transmitted channels having pxpy character.
These results were shown to be robust with respect to
disorder in the leads surrounding the central atom. It
should be pointed out that, within these type of models,
the maximum number of channels for one atom is fixed by
the number of valence orbitals having a significant con-
tribution to the bands at the Fermi energy, which would
yield 4 in the case of sp metals. However, as these au-
thors pointed out, the anti-symmetric combination of s
and pz orbitals do not contribute to the conductance due
to a destructive interference effect which holds even for
large deviations from the ideal geometry [46], so that one-
atom contacts for sp metals are expected to have three
conductance channels.
Ref. [48] discusses the results of a combined theoretical
and experimental effort designed to test the predictions
of TB models for the conduction channels of one-atom
contacts for a large variety of materials ranging from sp
metals, like Al and Pb; transition metals, like Nb; and
simple metals like Au. The theoretical calculations pre-
dicted 3 channels for sp metals, 5 for transition metals
and only one for monovalent metals. The experimental
evidence supporting these predictions will be discussed
in Sect. VIIIA.
TB models provide a direct microscopic insight on the
conduction channels of atomic-sized contacts. This is il-
lustrated in Fig. 54 where both the LDOS at the central
atom and the transmissions as a function of energy for
each individual channel are shown for Au, Al and Pb one-
atom contacts. In the case of Au the calculation predicts
the presence of a single relevant channel at the Fermi en-
ergy. This channel arises mainly from the contribution
of the 6s orbitals. As can be observed in the top panel of
Fig. 54, the LDOS exhibits a resonance around the Fermi
energy. The charge neutrality condition pins the cor-
responding transmission resonance to the Fermi energy
and provides, as discussed in [322], a strong mechanism
for the almost perfect conductance quantization for Au
at the first plateau. For the case of Al (middle panel in
Fig. 54) both 3s and 3p orbitals have an important weight
at the Fermi energy. Although the relative position and
shape of the s and p bands is similar to the case of Au,
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FIG. 54: LDOS at the central atom and transmissions vs
energy for ideal geometries representing Au, Al and Pb one-
atom contacts. The vertical line indicates the position of the
Fermi level. Reprinted with permission from [235]. c©1998
American Physical Society.
the Fermi level lies closer to the p bands. One thus finds
three channels with non-negligible transmission: the spz
channel with transmission ∼ 0.6, and the px,y channels
with transmission of the order of 0.1. Finally, in the case
of Pb, with an extra valence electron as compared to Al,
the Fermi level moves to a region where both spz and
px,y are widely open. the calculated conductance for the
ideal geometry is ∼ 2.8G0.
More recently, Brandbyge et al. [252] have used a non-
orthogonal TB model to study the conduction channels
of Au one-atom contacts at finite bias voltage. The pa-
rameters for a non-orthogonal basis (consisting of s, p
and d orbitals) are obtained from fits to ab-initio band
calculations [324]. These fits are in general more accu-
rate than the ones obtained using an orthogonal basis.
On the other hand, Brandbyge et al. imposed the charge
neutrality condition in order to obtain self-consistently
the voltage drop along the contact in a voltage bias sit-
uation. They considered chains of 3 or 6 gold atoms
attached to layers of 4 and 9 atoms in both ends, which
again are connected to the (100) faces of perfect semi-
infinite electrodes. They found that the current is due
to the contribution of a single channel with nearly per-
fect transmission up to bias voltages of the order of 1
V . They also analyzed model geometries with (111) ori-
ented electrodes, for which they found a rather narrow
resonance with perfect transmission around the Fermi en-
ergy in agreement with [322] and [46]. The voltage drop
along the contact was found to have no symmetry despite
the left-right symmetry of the model geometry. This was
attributed to the absence of electron-hole symmetry in
the LDOS.
D. Ab-initio calculations
In classical MD simulations and TB models of metallic
point-contacts of the previous sections the interaction po-
tentials and hopping parameters are given as parameter-
ized functional forms. However, an accurate description
of the energetics and dynamics of a material would re-
quire a first-principles calculation. Within this approach
the total energy of a system of ions and valence electrons
can be written as [325]
Etotal({rI}, {r˙I}) =
∑
I
1
2
mI |r˙I |2 +
∑
I>J
ZIZJ
|rI − rJ | + Eelect({rI}), (121)
where rI , mI , and ZI are the position, mass, and charge
of the I-th ion, and Eelect({rI}) is the ground-state en-
ergy of the valence electrons evaluated for the ionic con-
figuration {rI}. The first two terms in this equation cor-
respond to the ionic kinetic and interionic interaction en-
ergies, respectively. In this equation we have considered
that the electrons follow the instantaneous configuration
of the ions (Born-Oppenheimer approximation).
The major task in first principles or ab initio meth-
ods is to calculate the ground-state electronic energy
which is typically done via the Kohn-Sham (KS) formu-
lation [326] of the density functional theory (DFT) of
many-electron systems within the local density (LDA)
or local-spin-density (LSD) approximation. The ground-
state energy of the valence electrons, which according to
the Hohenberg-Kohn theorem [327] depends only on the
electronic density, is given by
Eelect = Te + EeI + Eee, (122)
where Te is the kinetic energy; EeI is the electron-ion
interaction energy, with the interaction between ions and
valence electrons typically described by pseudopotentials;
and Eee is the electron-electron interaction energy, which
consists of Hartree and exchange-correlation parts.
In the Kohn-Sham (KS) method the many-body prob-
lem for the ground-state electronic density n(r) of an in-
homogeneous system of N electrons in a static external
potential (due to the positive ions) is reduced to solv-
ing self-consistently the independent-particle Scho¨dinger
equation
[−∇2 + veff(n)]ψj = ǫjψj , (123)
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with the electronic density given by
n =
∑
j
fj|ψj |2, (124)
where fj are the occupation of the jth (orthonormal)
orbital. The KS effective potential veff is given by the
functional derivative of Eelec
veff =
δEelec
δn
, (125)
and since it depends on the electronic density it must be
obtained self-consistently.
Ab initio calculations of the structure and properties of
metallic point-contacts have been performed using differ-
ent degrees of approximation. Self-consistent electronic
structure, field and current calculation have been per-
formed by Lang and collaborators [16, 47, 328, 329, 330,
331] and Kobayashi and collaborators [332, 333, 334],
for one-atom contacts [16, 328] and for atomic chains of
Al [47, 332, 333, 334], Na [329, 332, 333, 334], and C
[330, 331]. In these calculations the metal electrodes are
described using the uniform-background (jellium) model
and the atomic cores, whose positions are pre-assigned,
using a pseudopotential. Since the electrostatic potential
is also self-consistently calculated, it is possible to study
systems under finite voltages [331]. This type of cal-
culations are very demanding computationally and the
number of atoms that can be included is very limited.
Simplified (non-selfconsistent) approaches to the calcu-
lation of the conductance have been followed by several
authors to study Al wires [277, 335] and Na wires [336].
First-principle molecular dynamics simulations have
been used to simulate the breaking of an atomic-sized
sodium wire at high (190 K) [280] and low tempera-
ture [217]. In these calculations the electronic structure,
total energy and forces on the ions are calculated self-
consistently, while the current is obtained from the KS
orbitals using the linear-response Kubo formula [280] or
by calculating the transmission probability through the
self-consistent potential [217]. Barnett and Landman
[280] find that, at high temperature, as the nanowires
are stretched to just a few atoms, the structure of the
neck can be described in terms of the configurations ob-
served in sodium clusters. However, at this tempera-
ture the structure is undergoing perpetual thermally ex-
cited configuration changes and it is not clear whether
the cluster-derived structures have a significant weight in
the time-averaged structure of the contact. Nakamura et
al. [217] study the interplay between conductance modes
and structural deformation.
In ab initio studies of structural properties the atomic
configuration are allowed to relax under a given con-
straint until the total forces on the atoms is negligi-
ble. The atomic and electronic structure and stabil-
ity of atomic chains of Au have been studied exten-
sively [55, 337, 338, 339, 340, 341], triggered by the
experimental evidence on the formation of atomic gold
chains. Atomic chains of Al [342, 343], C [330], Ca,
Cu, and K [344] have also been investigated. The bond
strength and breaking forces in Au [93], and Ni, Pd,
Pt, Cu, Ag, and Au [345] have been studied, in con-
junction with EMT MD to gain insight on the forma-
tion mechanisms of atomic chains. Okamoto et al. [337]
also calculated the conductance of Au chains of differ-
ent lengths using a non-selfconsistent recursion-transfer-
matrix method. Taraschi et al. [342] investigated the
structural properties of Al nanowires with cross sections
from one to a few atoms, studying the crossover from the
atomic wire behavior.
Recently, Mehrez et al. [253] and Brandbyge et al.
[137] presented fully self-consistent DFT calculations of
the conductance of atomic contacts in which the atomic
structure of the whole system (the contact and the elec-
trodes) is considered on the same footing. The effect of
the finite potential is also taken into account using non-
equilibrium Green’s functions. The effect of the detailed
atomistic description of the electrodes in the conductance
within ab initio calculations has been discussed by Pala-
cios et al. [346]. They find that, in contrast to the case of
Au, the conductance in Al atomic contacts is very sensi-
tive to the precise geometry of the whole system.
Most of the results of first-principles calculations are
related to atomic chains, since in this case the size of
system is sufficiently small to be handled. These results
will be reviewed in Sect. XI.
VIII. THE CHARACTER OF THE
CONDUCTANCE MODES IN A SINGLE ATOM
Conductance measurements, discussed in Sect. V, re-
veal that the last plateau before the contact breaks is
of the order of G0 for most metallic elements. A closer
inspection shows that there are important differences be-
tween different materials. Thus, while noble metals like
Au exhibit typically a rather constant last plateau very
close to G0, in other metals like Al and Pb the last
plateau usually exhibits a clear slope when elongating
the contact, which is positive for Al and negative for Pb.
These typical behaviors are certainly reflecting impor-
tant differences in the electronic structure of all these
metals, which give rise to differences in the structure of
its conductance modes in an atomic-sized contact. How-
ever, conductance measurements by themselves do not
yield much information on these modes. They only give
us the sum of the corresponding transmission coefficients
and its variation upon elongation or compression of the
contact. Although we can be sure that more than a sin-
gle channel contributes to the conductance when G is
larger than G0 we cannot claim that only one mode is
contributing when G ≤ G0. It is possible that several
poorly transmitted channels add to give a total trans-
mission smaller than one.
To obtain further information on the conductance
modes requires the measurement of additional indepen-
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dent transport properties. What we need is a quantity
which should be a non-linear function of the transmis-
sion coefficients, so that it provides information indepen-
dent of the conductance. The aim of this section is to
present different experimental techniques that have been
proposed in the last few years to extract information on
the conduction channels. We shall also analyze the re-
sults for several metallic elements like Al, Pb, Nb and
Au. It will be shown that these results are consistent
with the simple picture of conduction channels arising
from the atomic orbital structure of each element, which
was presented in Sect. VIIC.
A. Experiments on the superconducting subgap
structure
Metallic elements like Al, Pb, Nb, etc. become super-
conducting at temperatures routinely attainable in the
laboratory. The combination of STM or MCBJ tech-
niques and cooling to low temperatures have permit-
ted to explore the superconducting properties of atomic-
sized contacts of different metallic elements [45, 48]. The
highly non-linear IV characteristic of a superconducting
contact, discussed theoretically in Sect. IV, has revealed
to be a powerful tool to extract information on the con-
ductance modes. This technique will be discussed below.
1. First experiments: the tunneling regime
The first quantitative analysis of the subgap struc-
ture in superconducting atomic contacts was presented
by van der Post et al. [44]. For these experiments and
the ones described below it is essential that all electri-
cal wires to the sample space are carefully filtered to
block radio-frequency radiation onto the atomic junc-
tion. Appropriate techniques for filtering are described in
Refs. [347, 348]. Van der Post et al. studied the IV char-
acteristic of Nb and Pb contacts in the tunneling regime
produced by the MCBJ technique (Fig. 55). They showed
that the sizes of the current steps in the subgap struc-
ture are proportional the n-th power of the transmission,
where n is the order of the step, for n = 1, 2, and 3.
This decrease in step height is expected, based on their
explanation in terms of multiple Andreev reflections, as
discussed in Sect. IV. The precise expression for the n-
th current step at low transmission τ , first derived by
Bratus et al. [42], is given by
δIn =
e∆
h¯
τn
(
2n
42n−1
)
(nn/n!)
2
. (126)
In fitting the experimental results of Ref. [44] a single
channel was assumed. This is a natural assumption for
the tunneling regime in an atomic-sized contact because
the various orbitals of the front-most atoms have differ-
ent exponential decay lengths into the vacuum and the
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FIG. 55: Current-voltage characteristics for a Nb vacuum tun-
nel junction, using a MCBJ device at 1.4 K. The supercon-
ducting transition temperature is Tc = 9.1K and the gap is
∆ = 1.4meV. In addition to the usual steep rise of the current
at eV = 2∆ there are smaller current onsets at 2∆/n, as is
clear on the expanded scale for n = 2 and 3. Reprinted with
permission from [44]. c©1994 American Physical Society.
slowest decaying mode will soon dominate the conduc-
tance. Indeed, at closer separation (higher tunnel con-
ductance), contributions of more than one channel have
been detected [226]. The study of the IV curves in the
tunneling regime was an important first step towards the
analysis of the subgap structure in the contact regime.
2. sp-metals: Al and Pb
The first fits of the IV curves of atomic contacts in
the superconducting state using the numerical results of
the microscopic theory were presented by Scheer et al.
[45]. They studied Al atomic contacts produced by the
MCBJ technique in combination with litographically de-
fined samples, described in Sect. II C 2.
Typical IV curves recorded on the last conductance
plateau are shown in Fig. 56. The normal conductance
is given by the differential conductance at bias voltages
much larger than 2∆. One of the more surprising results
found by these authors is that contacts having a very
similar value of the normal conductance exhibit very dif-
ferent IV curves in the superconducting state, as can
be observed in Fig. 56. This result is already suggest-
ing that the channel decomposition of the conductance
should differ from contact to contact.
The IV curves on the last plateau for Al cannot in
general be fitted satisfactorily using the single channel
theory. The best fit using a single channel for one of the
curves in Fig. 56 is shown in Fig. 57. In the fitting proce-
dure a set of 100 numerical IV curves with transmissions
covering evenly the (0, 1) range and calculated with the
microscopic theory of Ref. [41] were used. As can be ob-
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FIG. 56: Typical superconducting IV curves recorded on the
last conductance plateau for Al atomic contacts at 30mK,
well below the superconducting transition temperature Tc =
1.17K. The voltage has been scaled to the superconducting
gap value, ∆, and the current to the product of the conduc-
tance and the gap, G∆. Three cases with similar normal
conductance (0.875, 0.817 and 0.807 G0) show very different
subgap structure. Data taken from [45].
served, although the single channel theory reproduces the
correct qualitative behavior it fails to reproduce the IV
curves quantitatively. This is particularly evident for the
excess current at large bias voltages.
Scheer et al. proposed that the discrepancy with theory
is due to the fact that more than one conduction channel
is contributing in the Al contacts even though the total
conductance G can be smaller than G0. Assuming that
the contribution of the different channels to the super-
conducting IV curves are independent the total current
can be written as
I(V ) =
∑
n
I0(V, τn), (127)
where τn is the set of transmission coefficients character-
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FIG. 57: Comparison of one of the experimental curves
of Fig. 56 with theoretical fits using one (blue), two (red)
and three channels (black curve). The sets of transmissions
used were 0.652, (0.390, 0.388) and (0.405, 0.202, 0.202). Data
taken from [45].
izing the contact and I0(V, τ) are the IV curves given
by the single channel theory. The theoretical conditions
for the validity of the superposition hypothesis have been
discussed in Sect. IVC.
When the number of conduction channels and the
transmission for each of them are used as fitting param-
eters the agreement with the experimental results can be
highly improved, as illustrated in Fig. 57. In general it is
found that three channels are enough to fit the IV curves
for Al contacts on the last conductance plateau [45, 48],
with an accuracy better than 1% of the current above
the gap. The quality of the fit can be measured by the
so called χ2 factor, given by the sum of the square of
the deviation of the measured current at all points from
the theoretical curve at the same bias voltage, divided
by the number of recorded points. Typical values of χ2
are smaller than 10−4. When additional channels are in-
cluded in the fitting their transmissions are found to be
negligible (smaller than 0.01) and the value of χ2 is not
significantly reduced. In this way, the fitting procedure
becomes a very precise method to determine the channel
decomposition (or channel content) of a given contact.
The obtained channel ensemble described by the set of
transmission values {τn} was shown to be robust as a
function of temperature, up to Tc, and as a function of
magnetic field, up to the critical field [349]. This also con-
firms that the conduction channels in the normal and in
the superconducting states are equivalent, and the onset
of superconductivity does not modify them.
Similar results are obtained in the case of Pb [48].
The Pb atomic contacts studied in Ref. [48] were pro-
duced using a low-temperature STM with a Pb tip and
Pb substrate. The superconducting IV curves for Pb
contacts on the last conductance plateau at 1.5K, well
below Tc = 7.2K, are shown in Fig. 58. In this figure
curves a, b, c and d correspond to a very similar total
conductance close to 1.4G0, and curve e corresponds to
the tunneling regime. In cases a to d four channels were
needed to fit the experimental results, where transmis-
sion of the fourth channel was usually very small, and
smaller than 0.12 in all cases. The effect of a magnetic
field on the subgap structure in Pb atomic contacts was
studied in Refs. [350, 351]. In [350] the IV curves were
fitted using a modified MAR theory which incorporates
pair-breaking effects due to the magnetic field. As in
the case of Al, the set of transmission values was found
to be quite robust as a function of magnetic field. In
Ref. [351] it is shown that a smeared subgap structure
can be observed even for magnetic fields larger than the
bulk critical field.
3. Transition metals: Nb
In Refs. [48] and [226] the superconducting IV curves
of Nb atomic contacts were analyzed both in the con-
tact and in the tunneling regime. These contacts were
produced by the MCBJ technique, and measured at a
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FIG. 58: Superconducting IV curves on the last plateau
for Pb atomic contacts fabricated using the STM technique
(taken from Ref. [48]). The channel transmissions obtained
in the fitting procedure were: for curve a: τ1 = 0.955,
τ2 = 0.355, τ3 = 0.085, τ4 = 0.005; curve b: τ1 = 0.89,
τ2 = 0.36, τ3 = 0.145, τ4 = 0.005; curve c: τ1 = 0.76,
τ2 = 0.34, τ3 = 0.27, τ4 = 0.02; curve d: τ1 = 0.65, τ2 = 0.34,
τ3 = 0.29, τ4 = 0.12; curve e: τ1 = 0.026. Reprinted with
permission from Nature [48]. c©1998 Macmillan Publishers
Ltd.
temperature of about 1.5K, while Tc = 9.0K,.
The last conductance plateau in Nb is somewhat higher
than in Al and Pb, with typical values ranging between
1.5 and 2.5G0. These values already indicate that several
channels are contributing to the conductance in a one-
atom contact. An example of the superconducting IV
curves recorded on the last plateau is shown in Fig. 59.
These curves are best fitted using five conduction chan-
nels, with a typical χ2 factor of the order of 10−3. This
agreement with the theoretical curves, although quite
satisfactory, is not so remakable as in the case of Al and
Pb. The reason of this slight discrepancy becomes clear
when analyzing the IV curves in the tunneling regime,
illustrated as an inset in Fig. 59. As can be observed, the
IV curves exhibit a “bump” around V = 2∆, a feature
which is not present in the theoretical tunneling curves
corresponding to a BCS superconductor. Although there
is at present no clear explanation for this bump, a simi-
lar structure appears in the case of tunneling from a thin
film of a normal metal on top of a superconductor, sug-
gesting that the order parameter could be depressed in
the contact region.
As a second complication, the relatively large number
of fitting parameters cannot be determined to great ac-
curacy anymore, since a shift in one value can be largely
compensated by a shift in all the others. However, the
number of channels, which is the most significant param-
eter, is very well determined at five.
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FIG. 59: Superconducting IV curve on the last plateau for a
Nb atomic contact fabricated using the MCBJ technique and
best fit using five conduction channels. The resulting channel
transmissions were τ1 = 0.731, τ2 = 0.599, τ3 = 0.351, τ4 =
0.195 and τ5 = 0.018. The inset shows a typical IV for Nb in
the tunneling regime. Data taken from [226].
4. s-metals: Au
The subgap structure analysis cannot be applied di-
rectly to non-superconducting metals like Ag or Au.
However, a normal metal in contact with a bulk super-
conductor acquires superconducting properties due to the
proximity effect [152]. This effect has been exploited to
induce superconductivity in Au atomic-contacts [48, 352].
In these experiments a thin layer of Au with a thickness
of 20 nm was deposited on top of a lithographically de-
fined thick Al layer. A photograph of the device is shown
in Fig. 1.
These samples exhibit less well-defined plateaus than
contacts of pure Au produced by STM or the MCBJ tech-
niques. In particular, the conductance in the smallest
contacts is usually much smaller than G0, i.e. the typical
value for pure Au one-atom contacts. These differences
may be due to structural disorder induced by the fabri-
cation process.
The superconducting IV curves in the tunneling
regime exhibit a reduced energy gap and the character-
istic bump around V = 2∆ denoting a non-BCS spectral
density. These curves can be reasonably well described
by taking into account a reduced and modified density
of states in the gold layer near the contact due to the
proximity effect [352]. A full microscopic theory of the
proximity effect in nanoscale structures is, however, still
lacking.
In spite of these limitations, the IV curves in the con-
tact regime can be fitted satisfactorily using the theory
for BCS superconductors. It is found that a single chan-
nel is sufficient to describe the IV curves for the smallest
contacts with G < G0, indicating that a single channel
carries the current for a contact of single gold atom.
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5. Summary of results and discussion
The analysis of the subgap structure has permitted to
extract information on the channel content for atomic
contacts of a variety of metallic elements in the periodic
table. The results are consistent with the predictions
of a simple model based on atomic orbitals, discussed
in Sect. VII C3. Thus, one atom contacts of monovalent
metals like Au, in which the density of states at the Fermi
energy is dominated by s-electrons, appear to sustain a
single conduction mode. One-atom contacts of metals in
groups III and IV, like Al and Pb, are characterized by
a maximum of four channels, among which one is usu-
ally negligible. Atomic contacts of transition metals like
Nb, where d electrons play a dominant role, are better
described by five conduction channels.
Certainly, one should be critical about of these conclu-
sions which relies on the accuracy of the fitting procedure.
As discussed above, the quality of the fitting somewhat
depends on the material. For both Al and Pb the more
reliable results are obtained, corresponding to the fact
that these metals are well described by BCS theory. On
the other hand, in the case of Nb and Au contacts the
accuracy of the fitting procedure is limited by the non-
BCS features in the spectral density. A detailed analysis
shows that in Nb the best transmitted channels can be
determined with an accuracy of nearly 10%. However,
the number of channels with a significant transmission
can be determined with high accuracy studying the evo-
lution of the χ2 factor when adding more channels to the
fit [226].
For the case of Al one-atom contacts, an alternative
explanation of the subgap structure assuming a single
conduction channel has been proposed [353]. This expla-
nation requires the presence of tunneling barriers close
to the contact region, giving rise to an energy depen-
dent transmission. The agreement with the experimental
curves is, however, much poorer than what is obtained
with the multi-channel hypothesis.
Although the subgap structure is the most powerful of
the methods available to extract information on the con-
ductance modes in atomic-sized contacts, there are sev-
eral independent experiments that confirm the validity
of the channel decomposition obtained from the subgap
structure analysis. In particular for the monovalent met-
als, where the subgap analysis is complicated by the prox-
imity effect, shot noise experiments discussed in the next
section give unambiguous evidence for a single conduc-
tance channel. Further information can be obtained from
measurements of thermopower and conductance fluctua-
tions as a function of the applied bias voltage, which will
be discussed in Sect. IX. The values for the transmission
probabilities obtained from the superconducting subgap
structure can be further tested by measuring the super-
current, which can be quantitatively predicted from these
values, as will be discussed in Sect. X.
B. Shot noise: saturation of channel transmission
For a perfect ballistic point contact, in the absence of
back-scattering, i.e., all channel transmission probabil-
ities are either 1 or 0, shot noise is expected to vanish.
This can be understood from the wave nature of the elec-
trons, since the wave function extends from the left bank
to the right bank of the contact without interruption.
When the state on the left is occupied for an incoming
electron, it is occupied on the right as well and there
are no fluctuations in this occupation number. In other
words, the incoming electron is not given the choice of be-
ing transmitted or not, it is always transmitted when it
enters an open mode. In order to have noise, the electron
must be given the choice of being reflected at the contact.
This will be the case when the transmission probability
is smaller than 1 and larger than 0. In single-channel
quantum point contacts, shot noise is predicted to be
suppressed by a factor proportional to τ(1 − τ), as was
derived in Sect. III D 3. This quantum suppression was
first observed in point contact devices in a 2-dimensional
electron gas [354, 355]. Since the general expression for
shot noise in a multi-channel contact, Eq. (27), depends
on the sum over the second power of the transmission
coefficients, this quantity is independent of the conduc-
tance, G = G0
∑
τn, and simultaneous measurement of
these two quantities should give information about the
channel distribution.
Shot noise in atomic scale contacts was measured us-
ing the MCBJ technique [356], where its high degree of
stability was further improved by careful shielding from
external electromagnetic, mechanical and acoustic vibra-
tions. By measuring at low temperatures the thermal
noise is reduced. However, the noise level of the pre-
amplifiers in general exceeds the shot noise to be mea-
sured. Using two sets of pre-amplifiers in parallel and
measuring the cross-correlation, this undesired noise is
reduced. By subtracting the zero-bias thermal noise from
the current-biased noise measurements, the pre-amplifier
noise, present in both, is further eliminated. For currents
up to 1µA the shot noise level was found to have the ex-
pected linear dependence on current. For further details
on the measurement technique, we refer to [356].
First we discuss the results for the monovalent metal
gold, for which a single atom contact is expected to trans-
mit a single conductance mode. In Fig. 60 the experimen-
tal results for a number of conductance values are shown
(filled circles), where the measured shot noise is given
relative to the classical shot noise value 2eI. All data
are strongly suppressed compared to the full shot noise
value, with minima close to 1 and 2 times the conduc-
tance quantum. We compare our data to a model that as-
sumes a certain evolution of the values of τn as a function
of the total conductance. In the simplest case, the con-
ductance is due to only fully transmitted modes (τn = 1)
plus a single partially transmitted mode (full curve). The
model illustrated in the inset gives a measure for the de-
viation from this ideal case in terms of the contribution
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FIG. 60: Measured shot noise values for gold (filled circles)
and aluminum contacts (open circles) at 4.2K with a bias
current of 0.9µA. For gold, comparison is made with calcula-
tions described in the text and in the inset (full and dashed
black curves). For aluminum, comparison is made with the
maximum shot noise that can be produced by N modes (gray
curves), as explained in the text. The minimum shot noise is
given by the full black curve. Note that in the limit of zero
conductance, the theoretical curves all converge to full shot
noise. Inset: Model for visualizing the effect of contribu-
tions of different modes to the conductance and shot noise.
The model gives a measure for the deviation from the ideal
case of channels opening one by one, by means of a fixed con-
tribution (1−τn−1)+τn+1 = x of the two neighboring modes.
As an illustration the case of a x = 10% contribution from
neighboring modes is shown. Reprinted with permission from
[357]. c©2000 Springer-Verlag.
x of other partially open channels; the corresponding be-
havior of the shot noise as a function of conductance is
shown as the dashed curves in Fig. 60. This model has no
physical basis but merely serves to illustrate the extent
to which additional, partially open channels are required
to describe the measured shot noise.
Bu¨rki and Stafford calculated the conductance and
noise simultaneously from an ensemble of impurity con-
figurations and contact shapes for 2DEG quantum point
contacts [312]. The parameters were chosen such as to
reproduce the conductance histogram for gold. The shot
noise obtained for the same data set closely reproduces
the observed noise for Au, as shown in Fig. 61. Choosing
a 2DEG avoids the problem of degeneracies of the second
and third conductance mode in a cylindrical contact, but
may not be fully realistic. However, the agreement with
the data is very satisfactory, suggesting that the spread
in the conductance values giving rise to the histogram is
consistent with the measured shot noise values.
For all points measured on the last conductance
plateau before the transition to tunneling, which has
G ≤ G0 and is expected to consist of a single atom (or a
chain of single atoms, see Sect. XI), the results are well-
described by a single conductance channel. This is in
agreement with the fact that gold has only a single va-
lence orbital. On the other hand, for G0 < G < 2G0
there is about 10% admixture of a second channel. For
G > 2G0 the contribution of other partially open chan-
nels continues to grow.
When the experiment is repeated for aluminum con-
tacts, a different behavior is observed. For contacts be-
tween 0.8G0 and 2.5G0 the shot noise values vary from
0.3 to 0.6 (2eI), which is much higher than for gold (see
Fig. 60). A systematic dependence of the shot noise
power on the conductance seems to be absent. From
the two measured parameters, the conductance, G, and
the shot noise, SI , one cannot determine the full set of
transmission probabilities. However, the shot noise val-
ues found for aluminum, especially the ones at conduc-
tance values close to G0, agree with Eq. (27) only if we
assume that more than one mode is transmitted. The
maximum shot noise that can be generated by two, three
or four modes as a function of conductance is plotted
FIG. 61: (a) Conductance histogram produced from an en-
semble of contact shapes and defect configurations for a 2DEG
point contact. (b) Mean values of the shot noise 〈sI〉 in the
ensemble (grey squares) together with the experimental data
for gold from Fig. 60 (black dots). (c) Calculated mean val-
ues for the transmission probabilities 〈τn〉. The error bars on
the numerical results indicate the standard deviations over
the ensemble. Reprinted with permission from [312]. c©1994
American Physical Society.
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as the gray curves in Fig. 60; the minimum shot noise
in all cases is given by the full black curve. Hence, for
a contact with shot noise higher than indicated by the
gray N -mode maximum shot noise curve, at least N + 1
modes are contributing to the conductance. From this
simple analysis we can see that for a considerable number
of contacts with a conductance close to 1G0, the num-
ber of contributing modes is at least three. Again, this
is consistent with the number of modes expected based
on the number of valence orbitals, and with results of
the subgap structure analysis. Note that the points be-
low the line labeled N = 2 should not be interpreted as
corresponding to two channels: the noise level observed
requires at least two channels, but there may be three,
or more.
More recently, shot noise measurements by Cron et al.
[358] have provided a very stringent experimental test
of the multichannel character of the electrical conduc-
tion in Al. In these experiments the set of transmissions
τn are first determined independently by the technique
of fitting the subgap structure in the superconducting
state, discussed in Sect. VIII A. In words of the authors
of Ref. [358], these coefficients constitute the ‘mesoscopic
PIN code’ of a given contact. The knowledge of this
code allows a direct quantitative comparison of the ex-
perimental results on the shot noise with the theoretical
predictions of Eq. (27). The experiments were done using
Al nanofabricated break junctions which exhibit a large
mechanical stability. The superconducting IV curves for
the smallest contacts were measured below 1K and then
a magnetic field of 50mT was applied in order to switch
into the normal state. The voltage noise spectrum was
measured in a frequency window from 360 to 3560Hz.
To extract the intrinsic current noise of the contact, SI ,
other sources of background noise arising from the pream-
plifiers and from the thermal noise due to the bias resis-
tor were subtracted (for details see [358]). The measured
voltage dependence of SI is shown in Fig. 62a for a typ-
ical contact in the normal state at three different tem-
peratures, together with the predictions of Eq. (27), us-
ing the mesoscopic pin code τn measured independently.
The noise measured at the lowest temperature for four
contacts having different sets of transmission coefficients
is shown in Fig. 62b, together with the predictions of
the theory. This excellent agreement between theory and
experiments provides an unambiguous demonstration of
the presence of several conduction channels in the small-
est Al contacts and serve as a test of the accuracy that
can be obtain in the determination of the τ ’s from the
subgap structure in the superconducting IV curve. The
experimental results of Ref. [358] for the shot noise in the
superconducting state will be discussed in XC.
C. Strain dependence of the conductance
As already commented, the behavior of the conduc-
tance on the last plateaus before breaking the contact is
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FIG. 62: (a) Symbols: measured average current noise power
density 〈SI〉 and noise temperature T
∗, defined as T ∗ =
SI/4kBG, as a function of reduced voltage, for a contact in
the normal state at three different temperatures (from bot-
tom to top: 20, 428, 765 mK). The solid lines are the predic-
tions of Eq. (27) for the set of transmissions {0.21,0.20,0.20}
measured independently from the IV in the superconducting
state. (b) Symbols: measured effective noise temperature T ∗
versus reduced voltage for four different contacts in the nor-
mal state at T = 20 mK. The solid lines are predictions of Eq.
(27) for the corresponding set of transmissions (from top to
bottom: {0.21,0.20,0.20}, {0.40,0.27,0.03}, {0.68,0.25,0.22},
{0.996,0.26}. The dashed line is the Poisson limit. Reprinted
with permission from [358]. c©2001 American Physical Soci-
ety.
a characteristic of each metallic element. Krans et al. [30]
were the first who pointed out the characteristic tenden-
cies of several metals when elongating or contracting the
contact. They used the MCBJ to study the case of Cu,
Al and Pt, which exhibit different behaviors. In Cu the
plateaus show a slightly negative slope upon elongation
but the last plateaus are rather flat, specially the last one
which is rather constant around 1 G0. The reduction of
the conductance with elongation coincides with the intu-
itively expected result. However, in the case of Al and
Pt the opposite behavior is found.
Within a free-electron model Torres and Sa´enz [266]
have suggested that the different slopes on the last
plateaus may arise as a result of variations in the ef-
fective length of the contact. They are able to reproduce
different slopes for the plateaus in their calculations, but
the sign of the slopes is not element specific: positive or
negative slopes are found both for Au and for Al. The
variation in the slopes they observe is probably related to
resonances in the electron waves due to scattering from
the interfaces between the cylindrical slabs used in their
model calculation.
A different explanation of the characteristic tendencies
has been proposed by Cuevas et al. [235]. They analyzed
in particular the case of Au, Al and Pb which exhibit
three different behaviors, as illustrated in Fig. 63. In or-
der to describe the electronic properties of these contacts,
Cuevas et al. used an atomic orbital basis and an ideal-
ized model geometry following the proposal of Ref. [46].
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FIG. 63: Typical behavior of the experimental conductance
at the last plateaus before breaking the contact for Au, Al
and Pb. The contacts were produced by the STM technique
at low temperatures. Reprinted with permission from [235].
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Upon elongation, the elastic deformation of a one-atom
contact was assumed to produce a slight increase in the
distance between the central atom and its nearest neigh-
bors. For deformations not larger than 5 or 10% of the
equilibrium distances, the variation of the hopping inte-
grals within the parameterization of Ref. [324] can be
described by power laws of the form
tl,l′ ∼ 1
dl+l′+1
, (128)
where d is the interatomic distance and l, l′ denote the
corresponding angular momenta.
The theoretical results of Ref. [235] for the evolution of
the conductance upon elastic deformation are shown in
Fig. 64. These results correspond to the simplest model
geometry of a single atom in between to semi-infinite fcc
crystals exposing (111) surfaces. As can be observed, the
results are in qualitative agreement with the observed
experimental tendencies. Moreover, these model calcula-
tions allow understanding the microscopic origin of these
tendencies, as will be discussed below.
In the case of Au, the calculations predict a fully open
single conduction channel arising from the 6s orbital on
the central atom slightly hybridized with the 6pz orbital.
The LDOS on the central atom exhibits a resonance lo-
cated around the Fermi energy, as can be observed in
Fig. 54. In this case, the condition of charge neutrality
plays a major role in pinning this resonance at the Fermi
energy when the contact is elongated, which yields to a
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FIG. 64: Theoretical results for the total conductance (full
line) and its channel decomposition for Au, Al and Pb one-
atom contacts as a function of the distance d between the
central atom and its nearest neighbors, in units of the equi-
librium distance d0. Reprinted with permission from [235].
c©1998 American Physical Society.
rather constant conductance of 1 G0. These results co-
incide with more sophisticated calculations for Au based
on LDA by Brandbyge et al. [204].
The case of Al is qualitatively different, as both 3s and
3p orbitals give a significant contribution to the conduc-
tance. The Fermi energy is in this case located some-
where in between the center of the s and the p bands
in order to accommodate three electrons per atom. In
the equilibrium situation there is a widely open channel
with spz character and two degenerate poorly transmit-
ted channels of px and py character, as was discussed
in SectVIIC. The elongation of the contact induces a
narrowing of the spz and the px,y bands, which is more
pronounced in this last case, as expected from the scal-
ing laws of the hopping elements. As a result, the Fermi
energy tends to be located around the spz resonance and
the transmission on the px,y modes tends to vanish, leav-
ing a single fully open channel. Again, more sophisti-
cated first-principles calculations have been performed
by Kobayashi et al. , which confirm that three channels
participate in the conductance for Al single-atom con-
tacts [334]. However, they propose a different explana-
tion for the slope of the plateau: the decreasing conduc-
tance results from straightening the linear arrangement
of Al atoms.
Also in Pb both s and p orbitals play an important role.
As already commented in SectVII C, this model predicts
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the same number of channels for Al and Pb. However,
there is an extra valence electron in Pb which forces the
Fermi energy to a region where both the spz and px,y
channels are widely open, leading to a total conductance
of 2.8 G0 in equilibrium. Using the parameterization of
Ref. [324] together with the scaling laws, Eq. (128), a
slight decrease of the conductance upon elongation was
found [235], which is less pronounced than in the ex-
perimental results. As was pointed out, the inclusion of
spin-orbit coupling within the model leads to a better
agreement between the theoretical and experimental re-
sults. This coupling is of the order of 1 eV in Pb and
produces a splitting of the p resonance into a p1/2 and
a p3/2 resonance, with the Fermi level in between. This
splitting would be responsible of the pronounced decrease
of conductance upon elongation.
IX. CORRECTIONS TO THE BARE CONTACT
CONDUCTANCE
The electronic transport properties of atomic-sized
contacts are predominantly determined by the proper-
ties of the narrowest part of the contact, as we have seen
above. With a single atom forming the contact – the
configuration that we are especially interested in – the
chemical nature of this atom determines the number of
conductance channels. The transmission probabilities for
these channels depend on connection of this atom to the
neighboring atoms in the metallic leads. We will define
the atom plus its direct environment as the ‘bare’ contact.
Only in the absence of defects and surface corrugations
in the leads close to the central atom, and in the absence
of excitations of other degrees of freedom, would we mea-
sure the transmission probabilities for the bare contact
unaltered. In reality, any sudden variation in the cross
section of the conductor as we move away from the cen-
ter gives rise to partial reflection of the electron wave, as
a result of the mismatch of the waves at both sides of
this jump in the wire cross section. More generally, the
electron wave can be reflected off surface corrugations,
defects and impurities. This reflected partial wave only
alters the current, and therefore the conductance, to the
extent that it passes back through the contact. As we
move further away from the center of the contact, the
probability for returning to the contact is reduced by the
solid angle at which the contact is seen from the scatter-
ing object. Therefore, only scatterers close to the contact
center will have a significant effect on the conductance of
the junction.
The scattering centers near the contact give rise to a
number of corrections, the most obvious of which is a re-
duction of the total conductance.6 All transmissions will
6 In view of the fluctuations to be discussed below, we take this
conductance to be the ensemble-averaged conductance, i.e. aver-
be reduced and the shift in the averaged sum of the trans-
mission values is often discussed in terms of an effective
‘series resistance’ to the contact. Quantum interference
between different partial waves in this scattering problem
further gives rise to conductance fluctuations. We will
address the latter first (Sect. IXA) because it will pro-
vide a good basis for the discussion of series resistance
corrections.
Next we will discuss corrections to the conductance
due to electron-phonon scattering at finite bias, and the
related problem of heating in point contacts. When we
include correlations between the electrons additional ef-
fects arise that produce an anomalous dip in the differ-
ential conductance centered at zero bias voltage. Widely
different mechanisms all lead to a similar kind of zero-
bias anomaly. When magnetic impurities are introduced
into the metal at sufficiently high concentrations to have
a measurable effect, a zero-bias conductance minimum
is observed due to Kondo scattering of the electrons
(Sect. IXD). The Kondo scattering appears to be sen-
sitive to the size of the contact. Non-magnetic scattering
centers have been observed to produce similar zero-bias
anomalies. This has been attributed to fast two-level sys-
tems and it has been proposed that a 2-channel Kondo
model gives an accurate description of these observations
(Sect. IXE). Finally, Coulomb interactions between the
conduction electrons themselves give rise to a feature sim-
ilar to Coulomb blockade in tunnel junctions. In order to
observe this effect one needs to tailor the electromagnetic
environment of the junctions (Sect. IXF).
A. Conductance fluctuations
Universal conductance fluctuations (UCF) are ob-
served in a mesoscopic conductor for which the phase
coherence length is much longer than the sample size,
while, on the other hand, the elastic scattering length
is much smaller than the size of the system [359, 360].
Electrons entering the system have many possible tra-
jectories for being scattered back to the lead from which
they entered and all partial waves sum up coherently. For
every new configuration of scattering centers the conduc-
tance is slightly different and varies randomly. The root-
mean-square amplitude of the conductance fluctuations
resulting from the interference has a universal value, in-
dependent of sample size, δGrms ≃ e2/h. In practice it is
not feasible to measure an ensemble average by modifying
the defect distribution for one and the same sample. A
practical way to obtain an equivalent result is to measure
the conductance as a function of magnetic field. The field
enclosed by the electron trajectories modifies the phase,
and this phase shift is different for each different size of
aged over all possible defect configurations for the same contact
geometry.
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FIG. 65: Differential conductance dI/dV as a function of bias
voltage, measured with a modulation amplitude of less than
0.35mV, for three different gold contacts, with G ≃ 1.65G0
(a), ≃ 1.02G0 (b), and ≃ 0.88G0 (c). For all three curves the
vertical scale spans 0.12G0. The curves have been recorded
twice, once for decreasing bias voltage, and back, to illustrate
the reproducibility of the features. Reprinted with permission
from [208]. c©1999 American Physical Society.
electron loop.
The universality of this fluctuation amplitude breaks
down as soon as the sample size falls below the average
distance between elastic scattering events. Therefore, it
is not surprising that the amplitude for conductance fluc-
tuations in a ballistic point contact is much smaller than
e2/h. Holweg et al. [361] studied the fluctuations for rela-
tively large nanofabricated contacts of the type described
in Sect. II E, with a typical size corresponding to a resis-
tance of ∼ 10Ω. The amplitude of the fluctuations in
the conductance as a function of magnetic field that they
obtained was reduced by two orders of magnitude com-
pared to the universal value. This is due to the geomet-
rical factor that enters when we take into account that it
is unlikely for the electron to return to the contact from
a remote region. For the contributions from interference
of two partial waves scattering back to the contact one
typically obtains δGrms ≃ (a/ℓ)2(e2/h) [362], where a is
the radius of the contact and ℓ is the elastic mean free
path. However, Kozub et al. [362] noted that this gives
an estimate that is far smaller that the observed fluctu-
ations. They proposed to repair this discrepancy by as-
suming a dominant scatterer near the contact. However,
as explained below, the contact itself can be regarded as
a scatterer, which automatically resolves this problem,
and it turns out that δG is reduced by only a single fac-
tor ∼ (a/ℓ).
Nevertheless, when a becomes as small as a single atom
this geometrical reduction factor is so severe that con-
ductance fluctuations as a function of magnetic field are
extremely weak. In this case the fluctuations are more
sensitively probed by following the differential conduc-
tance as a function of bias voltage. Examples are shown
in Fig. 65, which illustrates the fact that a different pat-
tern is obtained for each new realization of the contact.
FIG. 66: Diagram showing the bare contact (light) sand-
wiched between diffusive regions (gray). The dark lines with
arrows show the paths that interfere with each other and con-
tribute to the conductance fluctuations in lowest order.
1. Theory for defect scattering near a point contact
For an evaluation of the dominant correction terms
arising from defect scattering we will model the contact
as illustrated in Fig. 66. It has a ballistic central part
(the ‘bare’ contact), which can be described by a set of
transmission values for the conductance modes. This is
sandwiched between diffusive banks, where electrons are
scattered by defects characterized by an elastic scatter-
ing length ℓ. An electron wave of a given mode n falling
onto the contact is transmitted with probability ampli-
tude tn and part of this wave is reflected back to the
contact by the diffusive medium, into the same mode,
with probability amplitude an ≪ 1. This back-scattered
wave is then reflected again at the contact with proba-
bility amplitude7 rn. The latter wave interferes with the
original transmitted wave. This interference depends on
the phase accumulated by the wave during the passage
through the diffusive medium. The probability ampli-
tude an is a sum over all trajectories of scattering, and
the phase for such a trajectory of total length L is sim-
ply kL, where k is the wave vector of the electron. The
wave vector can be influenced by increasing the voltage
over the contact, thus launching the electrons into the
other electrode with a higher speed. The interference of
the waves changes as we change the bias voltage, and
therefore the total transmission probability, or the con-
ductance, changes as a function of V . This describes
the dominant contributions to the conductance fluctua-
tions, and from this description it is clear that the fluctu-
ations are expected to vanish either when tn = 0, or when
rn = 0. For those events only the much smaller higher
order terms involving two diffusive trajectories remain.
Elaborating this model Ludoph et al. [208, 213] ob-
tained the following analytical expression for the root-
mean-square value of the variation of the conductance
7 The partial wave amplitudes are related to the transmission
probability of this mode as τn = |tn|2 = 1− |rn|2.
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with voltage, σGV = 〈dG/dV 〉rms, to lowest order in the
return amplitudes an:
σGV =
2.71 e G0
h¯kFvF
√
1− cos γ
( h¯vF/ℓ
eVm
)3/4√∑
n
τ2n(1 − τn) .
(129)
Here, kF and vF are the Fermi wave vector and Fermi
velocity, respectively, and ℓ is the scattering length. The
shape of the contact is taken into account in the form
of the opening angle γ (see Fig. 66), and Vm is the volt-
age modulation amplitude used in the experiment. Here,
it is assumed that eVm ≫ max(kBT, h¯vF/Lϕ), with Lϕ
the phase coherence length. In deriving expression (129)
the diffusive banks were treated semi-classically: the
probability to return to the contact after a time ts was
assumed to be given by the classical diffusion expres-
sion. In adding over all diffusion times ts a phase factor,
exp(−iEts/h¯) that an electron with energy E accumu-
lates during its traversal of the diffusive region was taken
into account.
The choice of where the boundary between the contact
and the diffusive banks is taken is somewhat arbitrary. It
does not explicitly appear in (129), because a new choice
for the boundary is absorbed in modified values for the
transmission probabilities τn. For any choice of bound-
aries we can find a set of eigenchannels, but they will
only slightly differ as long as the distance D between the
contact center and the boundary is large compared to the
contact diameter. On the other hand, this implies that
the effects of surface corrugation very close to the contact
are represented by a reduction of the τn’s, which will then
also have a distinct dependence on energy. The fluctua-
tions in the τn’s will be visible on a large voltage scale
only, as long as D is small enough, i.e. D ≪ h¯vF/eV .
For metallic contacts and on the voltage scales consid-
ered here both conditions can be fulfilled reasonably well
when we take D ∼ 1 nm.
Apart from the fluctuations in the conductance there
is a shift in the total conductance of the contact. In-
cluding only the lowest order correction the average to-
tal transmission probability is given by
∑N
n=1 τn(1 −∑N
m=1 τm(〈|almn |2〉 + 〈|armn |2〉)). The last term, armn ,
describes the partial amplitude for an electron that is
transmitted through the contact in mode n, scattered
back towards the contact in the right diffusive bank, and
then transmitted through the contact a second time, in
mode m, in the opposite direction. The term almn de-
scribes a similar trajectory for diffusion in the left lead.
These processes will lead to a smaller conductance than
expected for the bare contact conductance alone since
part of the transmitted electrons are scattered back, re-
ducing the net forward current flow.
At higher conductance values, we expect a significant
contribution of higher order terms in the return probabil-
ities almn and armn to the conductance. Hence, the low-
est order correction used above will not suffice. Keeping
track of higher order terms, becomes very complicated
for many channels. However, using random matrix the-
ory an expression for the correction to the conductance
of a quantum point contact connected to diffusive leads
has been derived [363, 364],
〈G〉 = 2e
2
h
[
N
1 + γN
− 1
3
(
γN
1 + γN
)3]
. (130)
Here, γN = (N + 1)G0Rs is roughly equal to the ratio
of the conductance of the bare contact to that of the
banks. The diffusive scattering in the banks is repre-
sented through a sheet resistance Rs. In the theory all
open channels were assumed to be perfectly transmitting,
τn = 0, or 1. To lowest order Eq. (130) is consistent with
the correction to the average total transmission probabil-
ity derived from the backscattering above. The first term
in (130) is nearly equal to the expression for the classical
addition of a resistor R and a conductor G, which would
give a conductance G/(1 + GR) = NG0/(1 + NG0R).
The second term in (130) is a weak localization correc-
tion, and can usually be neglected because it results from
interference of two partial waves scattered in the banks.
Explicit calculations for model systems show that the ex-
pression describes the shifts of the peaks in a conductance
histogram correctly [353, 365, 366]. Note, however, that
Eq. (130) was derived for a 2D electron system, with leads
of constant width. For the metallic point contacts consid-
ered here a three dimensional analysis is applicable, with
leads that widen out to infinity far away from the con-
tact, and we anticipate significant deviations for larger
contact size, as will be further discussed in Sect. IXB.
Metallic contacts can be made arbitrarily large, in which
case the resistance decreases to zero, while Eq. (130) is
bounded by the sheet resistance Rs for N →∞.
Indeed, for metallic point contacts of larger size one
has since long made use of the expression due to Wexler
[367],
GW = GS
[
1 +
3π
8
Γ(
ℓ
a
)
a
ℓ
]−1
, (131)
which interpolates between the Sharvin conductance GS,
Eq. (8) and the Maxwell classical conductance (6) that
applies for large contact radius a. The function Γ(K) is
a slowly varying function, with Γ(0) = 1 and Γ(∞) =
0.694. We propose to replace GS by the bare quantum
conductance of the contact, to obtain an interpolation
formula that will predict the conductance of metallic con-
tacts in the presence of disorder scattering.
2. Experimental results
We will mainly discuss results for gold, which has been
best characterized, and for which example curves are pre-
sented in Fig. 65, while the similarities and differences
for other metals will be briefly mentioned. Slight modifi-
cations of a metallic constriction, induced by displacing
the two banks over a small distance, can have a dramatic
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FIG. 67: Dependence of the amplitude of the components
of the conductance fluctuations as a function of the distance
traveled in the banks, for several contacts for gold at 4.2K.
The distance d is obtained from the period of the oscillation,
∆V , via d = λF(EF/e∆V ). The amplitude for the compo-
nents is obtained by taking the Fourier transform of the dif-
ferential conductance measured as a function of the bias volt-
age. Reprinted with permission from [368]. c©2000 American
Physical Society.
effect on the interference pattern seen in the voltage de-
pendence of the conductance (see e.g. Fig. 65), while the
overall value of the conductance remains almost constant
[213, 368]. This agrees with the idea that the interference
terms are sensitive to changes in the electron path length
on the scale of λF.
The amplitudes of the spectral components of the con-
ductance as a function of bias voltage for a single contact
decrease with their frequency roughly as the inverse of
the distance d traveled by the partial wave, where d is
deduced from this frequency, as shown in Fig. 67 [368].
This is what is to be expected when the scattering from
the banks is dominated by single-scattering events. Con-
tributions of scattering paths up to 100 nm long are ob-
servable. For higher temperatures the high frequency
(long path) components are gradually suppressed, re-
flecting the decrease in coherence length, but even at
room temperature conductance fluctuations remain visi-
ble [368].
In contrast to UCF studied in mesoscopic samples, for
point contacts one can make, to a very good approxima-
tion, a direct ensemble average. This can be done by
recording the conductance and its derivative simultane-
ously and collecting the data for many contact-breaking
cycles [208, 213]. In practice this is done by simultane-
ously recording the first and second harmonic of the mod-
ulation frequency with two lock-in amplifiers. The values
for the derivatives of the conductance from all these con-
tacts, having the same average conductance 〈G〉, are used
to calculate the standard deviation σGV =
√
〈(∂G/∂V )2〉
for each value of 〈G〉. Results obtained using the MCBJ
technique for gold at 4.2K are shown in Fig. 68. A fairly
large modulation voltage was used in order to permit fast
data acquisition. This enhances the sensitivity for the
long-period components but in the theory for the ensem-
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FIG. 68: (a) Standard deviation of the voltage dependence of
the conductance, σGV , versus the conductance, G, obtained
from 3500 contact-breaking cycles. The circles are the av-
erages for 300 points, and the solid squares for 2500 points.
The solid curves depict the calculated behavior for a single
partially-open channel. The dashed curve is for a random
distribution over two channels. The vertical dotted lines are
the corrected integer conductance values (see text). The mod-
ulation voltage amplitude was 20mV at a frequency of 48 kHz.
(b) Conductance histogram obtained from the same data set.
The peak in the conductance histogram at G0 extends to
53000 on the y-scale. Reprinted with permission from [208].
c©1999 American Physical Society.
ble average, Eq. (129), the finite modulation amplitude
has been explicitly taken into account.
The full curves in Fig. 68a are obtained from Eq. (129),
assuming a single partially-open channel at any point,
i.e., assuming that in the interval G/G0 ∈ [0, 1] there
is a single channel contributing to the conductance with
G = τ1G0, in the interval [1, 2] there are two channels,
one of which is fully open, G = (1 + τ2)G0, etc. This
is the same succession of channel openings as giving rise
to the full black curve for the shot noise in Fig. 60 The
amplitude of the curves in Fig. 68a is adjusted to best
fit the data, from which a value for the mean free path
ℓ = 5± 1 nm is obtained. Similar experiments [208, 213]
for the monovalent metals Cu and Ag and for Na also
show the quantum suppression of conductance fluctua-
tions observed here for Au, while for the sp metal Al
and the sd metals Nb and Fe this is not observed. The
absence of pronounced minima in σGV for the non-s met-
als agrees again with the results discussed in Sect. VIII,
showing that for those metals typically several partially
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transmitted modes are participating in a single atom for
any accessible value of the conductance.
The minimum observed at 1G0 in Fig. 68 is very sharp,
close to the full suppression of fluctuations predicted for
the case of a single channel. In order to describe the
small deviation from zero, it is sufficient to assume that
there is a second channel which is weakly transmitted,
τ2 ≪ 1, and τ1 ≃ 1 such that τ1 + τ2 = 1. For this
case it is easy to show that the value of σGV at the min-
imum is proportional to
√
〈τ2〉, from which 〈τ2〉 = 0.005
is obtained. This implies that, on average, only 0.5%
of the current is carried by the second channel. For the
minima near 2, 3 and 4G0 higher values are obtained:
6, 10 and 15%, respectively. The well-developed struc-
ture observed in σGV for gold in Fig. 68a, with a depen-
dence which closely follows the
√∑
τ2n(1− τn) behavior
of Eq. (129), agrees with the saturation of transmission
channels [208] that was also seen in the shot noise exper-
iments in Sect. VIII B.
Note that the minima in Fig. 68a are found slightly be-
low the integer values. A similar shift was obtained in
simulations of the shot noise for quantum point contacts
by Bu¨rki and Stafford [312]. The shift can be described
by taking a total return probability 〈∑m |amn|2〉 =
0.005, from which we derive a value for the mean free path
of ℓ = 4±1nm. This value agrees well with the value ob-
tained from the fluctuation amplitude. This gives strong
experimental support for the notion of a shift of the av-
erage conductance by scattering on defects that can ap-
proximately be described by a series resistance, which in
this case is about 130Ω. We will return to discuss the
accuracy of this statement in Sect. IXB below.
It is interesting to compare the positions of the max-
ima in the conductance histogram and those for the
minima in σGV in Fig. 68. It appears that these posi-
tions do not all coincide, which is most evident for the
peak in the histogram at about G = 1.8G0. As dis-
cussed in Sect. VD, the histograms give preferential con-
ductance values, which may reflect a quantization effect
in the conductance as a function of contact diameter,
but also a preference for forming contacts of certain ef-
fective diameters. Such preferential contact diameters
may be expected based on the fact that the contact
is only a few atoms in cross section, which limits the
freedom for choosing the diameter. It appears that at
least the peak at 1.8G0 in the histogram for gold arises
from this atomic geometry effect. Although the shot
noise (Fig. 60)and conductance fluctuation experiments
(Fig. 68a) both show that the conductance for gold con-
tacts with G ≃ 2G0 is carried by two nearly perfectly
transmitted modes, this conductance is not preferred,
as evidenced by the conductance histogram. This in-
terpretation agrees with ab-initio calculations for a dou-
ble strand of gold atoms for which Ha¨kkinen et al. [340]
obtain a conductance of 1.79 G0 corresponding to two
channels, one of which is nearly fully open.
The validity of Eq. (129) has been tested by measur-
ing the amplitude of the conductance fluctuations in gold
FIG. 69: Schematic diagram of the modified MCBJ con-
figuration, used for the simultaneous measurement of con-
ductance and thermopower. Reprinted with permission from
[369]. c©1999 American Physical Society.
at modulation voltages ranging from 10 to 80mV and
the expected dependence V
−3/4
m was obtained [213]. The
agreement with the fluctuations in the thermopower de-
scribed below may serve as a further test on smaller en-
ergy scales.
3. Thermopower fluctuations
In a linear response approximation the thermal voltage
induced by a temperature difference ∆T over a contact
is given by
Vtp = S ·∆T = −π
2k2BT
3e
∂ lnG
∂µ
∆T (132)
This expression illustrates that the thermopower S is
a quantity that is qualitatively similar to the voltage
dependence of the conductance. The role of voltage is
now taken by the chemical potential µ and the scale is
set by the temperature difference over the contact, ∆T .
It can be expressed in terms of the transmission prob-
abilities of the conductance channels with the help of
Eq. (33). Based on a free electron model of a quantum
point contact Bogachek et al. [306] suggested that the
thermopower should be positive, having maxima mid-
way between the contact widths for which the conduc-
tance is at integer multiples of the conductance quantum.
In experiment however, the values measured for atomic-
sized gold contacts have both positive and negative val-
ues, showing a random distribution centered around zero
[369]. The principle of the measurement is illustrated in
Fig. 69.
By applying a constant temperature difference over the
contacts, the thermally induced potential could be mea-
sured simultaneously with the conductance. Large ther-
mopower values were obtained, which jump to new val-
ues simultaneously with the jumps in the conductance.
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The values are randomly distributed around zero with
a roughly bell-shaped distribution. The thermopower
signal was demonstrated to be dominantly of the same
origin as the conductance fluctuations discussed in the
previous section. An expression similar to (129) can be
derived to describe the results [213, 369]. The experi-
mental results follow the law obtained from this defect-
scattering model, and quantum suppression of the ther-
mopower at G = 1G0 was observed. In fact, a scaling
relation between the amplitude of the fluctuations in the
thermopower and that of the conductance can be derived,
free of any adjustable parameters [213]. The two ex-
perimental techniques are very different, and the typical
energy scales of excitation are at least an order of mag-
nitude apart. This scale is set by the modulation voltage
amplitude, 10–80mV, in one case and the temperature,
∼10K, equivalent to ≃ 1mV, in the other. Therefore,
these results give strong support for the description and
interpretation presented above.
B. The series resistance of a quantum point contact
In the interpretation of conductance histograms a phe-
nomenological series resistance is often taken into ac-
count in order to describe the shift of the peaks to
lower values [33, 76, 107, 108, 205], as was discussed in
Sects. VD and VIIB 1. This practice was inspired on
a similar procedure commonly applied in point contact
experiments for 2DEG systems [14]. However, as was
pointed out at the end of Sect. IXA1 although this can
be justified for 2D systems, it is less accurate for metallic
leads that widen out to macroscopic size in three dimen-
sions.
The dependence of the conductance of a contact on its
diameter was tested in a direct measurement by Erts et
al. [370]. They measured the size of contacts encountered
in transmission electron microscopy images of an STM tip
contact at room temperature in vacuum. The conduc-
tance measured simultaneously, was then plotted against
the contact area, see Fig. 70. From a fit to the Wexler
formula, Eq. (131) they obtain a value for the mean free
path of ℓ = 3.8 nm, which agrees closely with the value
obtained from the conductance fluctuation analysis for
gold contacts Sect. IXA2). The agreement is perhaps
better than one should expect, in view of the difference in
experimental conditions, notably the temperature. The
values for the mean free path obtained are much shorter
than what is normally found for bulk samples, and can
probably be attributed to scattering on defects and sur-
face roughness near the contact, introduced in the pro-
cess of mechanical contact formation. Assuming surface
scattering is indeed responsible, an important property
of the mean free path which has been neglected here is
that ℓ will not be a constant as a function of the conduc-
tance, but rather increase as the contact diameter be-
comes larger. However, this size dependence of the mean
free path is not expected to be very significant as long as
FIG. 70: Measured conductance of gold point contacts as a
function of the square of the contact radius, as determined
from simultaneously recorded TEM images. The measure-
ments were taken at room temperature at a voltage bias of
10mV. The straight line gives the Sharvin conductance, while
the curve through the data points is obtained from Wexler’s
interpolation formula, taking Γ = 0.7. The only adjustable
parameter is the mean free path, for which ℓ = 3.8 nm was ob-
tained. Reprinted with permission from [370]. c©2000 Amer-
ican Physical Society.
the contact size is smaller than ℓ.
It has been proposed in several places in the literature
that all deviations from integer values in a conductance
trace for the noble metals can be attributed to backscat-
tering. Although the relatively short ℓ observed is re-
sponsible for a significant shift in the ensemble averaged
conductance, it is still too long to hold backscattering re-
sponsible for the frequent measurement of non-quantized
values. Also, if scattering is held primarily responsible
for reducing the conductance from, e.g., a perfect con-
ductance of 2G0 to 1.5G0, then it is not unreasonable to
assume that contacts with a perfect conductance of 1G0
are reduced to 0.5G0 with a probability of the same order
of magnitude. This is not observed (at least in the low-
temperature experiments), as contacts with a conduc-
tance of 0.5G0 occur more than 500 times less frequent
for silver and copper than contacts with a conductance of
1.5G0. (The formation of atomic chains, see Sect. XI, re-
duces this ratio to about 20 times in the case of gold, since
the conductance of the chains is quite sensitive to distor-
tions making contacts with a conductance of 0.5G0 oc-
cur with an enhanced frequency). If, on the other hand,
one assumes that contributions from tunneling, e.g. due
to geometrical considerations, are more important, the
appearance of non-quantized values above 1G0 finds a
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natural explanation. The formation of geometries with
a conductance smaller than 1G0 is highly unlikely since
the smallest contact geometry is that of a single atom
with conductance 1G0 and when the contact breaks, the
banks relax back in a jump to tunneling (Sect. VB). On
the other hand, defect scattering is clearly responsible for
a shift of the peak positions, as was demonstrated in a
study of Cu-Ni random alloys as a function of concentra-
tion [244]. The experiment also showed that a straight-
forward application of a series resistance correction does
not work in the high-concentration regime.
C. Inelastic scattering
1. Electron-phonon scattering
When we say that a conductor is ballistic, we usu-
ally mean that its characteristic length L is much smaller
than the mean distance between scattering events. How-
ever, this does not imply that scattering is entirely ab-
sent or unimportant. From the sections above it is clear
that elastic scattering plays a role in atomic-sized con-
tacts in reducing the average conductance and in pro-
ducing random conductance fluctuations as a function of
the applied bias voltage. In addition, at finite bias volt-
age the electrons can undergo inelastic scattering events,
which leads to heating of the contact. This does not con-
tradict the notion of a ballistic contact: the contact is
ballistic as long as the electrons travel on average a dis-
tance much larger than the contact size before scattering.
When speaking about the most common form of inelas-
tic excitations, the phonons, every electron that traverses
the contact has a small, but finite, probability to deposit
some of its energy in the lattice vibrations inside the con-
tact itself.
Traditionally, electron-phonon spectroscopy in (large)
metallic contacts is described by considering the non-
equilibrium electron distribution near the contact that
results from the applied bias voltage, as illustrated in
Fig. 15 [62, 64, 65]. Electrons that arrive in the left elec-
trode, coming from the right, are represented in a Fermi
surface picture by a cone with an angle corresponding to
the solid angle at which the contact is viewed from that
position in the metal. These electrons have eV more en-
ergy that the other Fermi surface electrons, and they can
be scattered inelastically to all other angles outside the
cone. Only those that scatter back into the contact will
have a measurable effect on the current.
As the energy difference eV increases this backscatter-
ing increases due to the larger phonon density of states,
which will be observed as a decreasing conductance. Ig-
noring higher order processes, the decrease of the conduc-
tance comes to an end for energies higher than the top
of the phonon spectrum, which is typically 20–30meV.
By taking the derivative of the conductance with voltage
one obtains a signal that directly measures the strength
of the electron-phonon coupling. An example for gold is
illustrated in Fig. 2. One can derive the following expres-
sion for the spectrum, [65, 371]
d2I
dV 2
=
4
3π
e3m2vF
h¯4
a3α2Fp(eV ), (133)
where a is the contact radius, and the function α2F is
given by
α2Fp(ǫ) =
m2vF
4πh3
∫
d2n
∫
d2n′|gnn′ |2
×η(θ(n,n′))δ(ǫ − h¯ωnn′). (134)
Here, the integrals run over the unit vectors of incoming
and outgoing electron wave vectors (n = k/|k|), gnn′ is
the matrix element for the electron-phonon interaction,
and η is a function of the scattering angle that takes
the geometry into account, such that only backscattering
through the contact is effective, η(θ) = (1 − θ/ tan θ)/2.
From this expression, and by considering Fig. 15, it is
clear that the contribution of scattering events far away
from the contacts is suppressed by the effect of the geo-
metric angle at which the contact is seen from that point.
The probability for an electron to return to the contact
decreases as (a/d)2, with a the contact radius and d the
distance from the contact. This implies that the spec-
trum is dominantly sensitive to scattering events within
a volume of radius a around the contact, thus the effective
volume for inelastic scattering in the case of a clean open-
ing (the contact) between two electrodes is proportional
to a3. Clearly, this effective volume must depend on the
geometry of the contact. For a long cylindrical constric-
tion, the electrons scattered within the constriction will
have larger return probability, the effective volume, in
this case, increases linearly with the length [372].
There is still very little theoretical work on phonon
scattering in the quantum-size limit of point contacts. In
this case, we must view the inelastic scattering process as
mixing between the different conductance eigenchannels.
Furthermore, as the contact becomes smaller, the signal
will come from scattering on just a few atoms surround-
ing the contact. The spectrum will no longer measure
the bulk phonons, but rather local vibration modes of the
contact atoms. This is also what leads to the interest in
measuring it. Boncˇa and Trugman [373] have introduced
a formalism to calculate the interaction of tunneling elec-
trons with localized inelastic excitations. This method
was extended to the interaction of conduction electrons in
a single-mode quantum wire with local vibration modes
[142, 143, 374]. The extension to quantum conductors
with many channels, allowing for transitions between the
channels, has not been made, to our knowledge.
In attempting to measure the phonon signal for small
contact sizes one encounters the problem that the phonon
signal intensity decreases, according to (133), while
the amplitude of the conductance fluctuations remains
roughly constant, or slightly increases. The result is that
the phonon signal is drowned in the conductance fluc-
tuations for the smallest contacts. A solution to this
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FIG. 71: Differential conductance as a function of the ap-
plied bias voltage for a one-atom Au contact at 4.2K. The
contact was tuned to have a conductance very close to 1 G0,
which suppresses the amplitude of the conductance fluctua-
tions. This allows the observation of a phonon signal, which
is seen as a maximum at zero bias. Inset: By taking the
derivative of the conductance the transverse (T) and longitu-
dinal (L) acoustic branches can be recognized symmetrically
positioned around zero. Note the expanded scale of the volt-
age axis in the inset. Reprinted with permission from [368].
c©2000 American Physical Society.
problem is obtained for the special and interesting event
of a contact made up of a single channel with nearly per-
fect transmission probability [368]. Indeed, for this situ-
ation according to (129) the conductance fluctuations are
suppressed. Under these conditions the features due to
phonon scattering become clearly visible, as illustrated in
Fig. 71. Surprisingly, one observes a spectrum that still
closely resembles the bulk phonon spectrum, although
the relative intensities of the features in the spectrum
are different. More interesting spectra are obtained for
a chain of metal atoms, where the one-dimensional fea-
tures can be clearly identified [375], as will be discussed
in Sect. XI.
2. Heating in atomic-sized contacts
From the presence of a phonon signal in the current-
voltage characteristics we deduce that there is a finite
amount of heating of the lattice by the current. Nev-
ertheless it appears to be possible to apply a voltage of
up to nearly 2V over a contact made up of a single gold
atom without destroying it [368]. This gives an astonish-
ingly high current density of 2 ·109A/cm2, which is more
than five orders of magnitude higher than for macroscopic
metallic wires. The reason that this is possible is, of
course, that almost all of the electrical power P = IV
that is taken up by the junction is converted into kinetic
energy of the ballistic electrons. On average, this excess
kinetic energy is deposited into the phonon system away
from the contact at a distance equal to the inelastic mean
free path, li. Since li can be as large as 1µm the thermal
energy is strongly diluted in the banks on either side of
the contact.
Experimental evidence for an increase in the lattice
temperature of the contacts is obtained from the study
of two-level fluctuations (TLF). As outlined in Sect. VA,
when a contact is stretched one observes a sequence of
steps in the conductance that are usually associated with
hysteresis, at least when the contact has been ‘trained’ a
little (Fig. 27). For other steps, such hysteresis is not ob-
served, but in stead the conductance shows spontaneous
fluctuations of a two-level type, between the values before
and after the step, also known as random telegraph noise.
This phenomenon is observed only in a very narrow range
of the piezo voltage controlling the contact elongation; at
the plateaus the conductance assumes stable values. In
some cases it is even possible to tune the ‘duty cycle’ of
the TLF, i.e. the relative portion of the time spent in the
upper compared to the lower state, by fine adjustment of
the piezo voltage [58].
As illustrated in Fig. 27 the hysteresis becomes smaller,
and can often be suppressed, by increasing the bath tem-
perature. The same effect can be obtained by increasing
the current through the contact. Once the hysteresis is
fully suppressed, at still higher currents the system shows
TLF, fluctuating between the conductance values of the
plateaus left and right of the conductance step [174], as
illustrated for a Cu contact in Fig. 72. The fluctuation
rate increases very rapidly for larger currents.
The mechanism of these current-induced fluctuations
can be understood as an energy transfer of the non-
equilibrium electrons to the degrees of freedom of the
atomic structure. The way atoms rearrange during
breaking or making of the contact can be described in
terms of a potential landscape in configuration space.
The total potential energy V (x1, y1, z1; . . . ;xN , yN , zN )
of the contact is a function of the position coordinates
(xi, yi, zi) of all N atoms making up the contact. The
actual positions of the atoms in a given stable configu-
ration correspond to a local minimum in this space. By
pulling or pushing the contact we impose a subset of the
atomic coordinates and the other coordinates rearrange
to find a new minimum.
Before atoms actually rearrange, the configuration has
to be lifted over an energy barrier EB. This lifting cor-
responds to elastic deformation, while a jump over the
barrier results in an atomic rearrangement. When we re-
verse the piezo-voltage sweep direction immediately af-
FIG. 72: Two-level fluctuation observed for a copper point
contact measured with a bias current of 3µA at T = 4.2K.
Courtesy H.E. van den Brom [376].
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ter a jump, the contact can behave in two distinct ways:
either the potential landscape is such that the previous
configuration is the most favorable one, or a third nearby
minimum presents itself. In the first case the result will
be a closed loop of hysteresis. In the second case, the
contact will take a different configuration, which is ob-
served as a non-retraceable step [174]. In the latter case
the contact will eventually search for the two lowest min-
ima in the neighborhood, when the contact is cycled over
a small range of the electrode displacement. After a few
cycles the contact will then be ‘trained’ [90]. If EB is low
enough and the two available positions on both sides have
nearly equal energy, thermally activated jumps back and
forth will appear, manifesting themselves in the form of
TLF, as in Fig. 72.
An estimate for the typical values of the barrier EB can
be obtained by considering the typical force jumps be-
tween two configurations, which we have seen in Sect. VI
are of the order of 1 nN. Combining this number with the
distance over which the contacts need to be stretched be-
tween two jumps, ∼0.1 nm, we obtain EB ∼ 1 eV. From
molecular dynamics simulations for atomic-sized contacts
estimates in the range of 0.1 to 1 eV were obtained by
Sørensen et al. [196]. They developed a method to calcu-
late the lowest energy trajectory for an atomic structure
in the transition between two stable states. Although
it is not clear whether the calculated configurations are
representative for a typical contact jump, it appears that
EB ∼ 0.1− 1 eV is a reasonable value.
The fluctuation rate of the observed TLF as function
of the current may be regarded as a local atomic-sized
thermometer giving information on the heating inside
the contact. A study of the temperature and current
dependence of TLF was first done by Ralls, Ralph and
Buhrman for larger nanofabricated contacts of fixed size,
of the type described in Sect II E [97, 377, 378]. For
these larger contacts, the TLF are due to unknown de-
fects somewhere in or near the contact. Most contacts
show one or more TLF, but they have a distribution in
activation energies that cannot be controlled. It was ar-
gued that a large collection of interacting TLF likely form
a microscopic mechanism for the ubiquitous 1/f-noise in
macroscopic conductors. Moreover, by studying the de-
pendence of the fluctuations on the polarity of the volt-
age bias it was possible to show that the current exerts
a net force on the defects. These forces are responsible
for electromigration of defects known to occur in metal-
lic systems that are subjected to long-term high current
densities.
In Refs. [97, 377, 378] the fluctuation rate of individual
TLF was measured, both as a function of temperature
and as a function of the bias voltage. By combining val-
ues for the temperature and the bias voltage that give
similar fluctuation rates they observed that the effective
temperature of the two-level system could be described
as kBTeff = γeV , for eV ≫ kBT , with γ ≃ 0.15 . Ralls et
al. [377] proposed a model to describe these results that
allows for energy exchange between the non-equilibrium
electrons and the local fluctuator. They set up a rate
equation that takes heating and cooling by the electrons
into account, plus a parameter that allows for relaxation
to the lattice.
For the nanofabricated contacts the effective temper-
ature of the defect is higher than that of the lattice,
because of the poor relaxation coupling to the bulk
phonons. For atomic-sized contacts, however, the TLF
presumably result from collective rearrangements of all
the atoms that make up the contacts, so that this dis-
tinction does not exist. Todorov [379] has proposed to
describe heating in atomic-sized contacts by regarding
each atom as an independent oscillator, taking up energy
from the electrons. The thermal energy that assists the
atomic configurations responsible for TLF to cross the
barrier is again given by γeV , with γ = 5/16 = 0.3125
in a simple free-electron approximation. However, relax-
ation of the vibrations by thermal conduction through
the lattice cannot be neglected. The estimates Todorov
makes for the local temperature including lattice thermal
conduction are about an order of magnitude smaller, but
the relevant parameters cannot be determined with great
confidence.
In the limit of a classical point contact (Maxwell limit,
Sect. III B) the Joule heating produces an effective tem-
perature at the contact center given by [380]
T 2eff = T
2
b + V
2/4L (135)
This simple relation was derived by assuming that the
heat conductivity, κ, is dominated by the electronic part,
and that this is related to the electrical conductivity, σ,
by the Wiedemann-Franz law, κ/σ = LT , where L is
the Lorentz number. For low bath temperature Tb, the
effective temperature in the contact is proportional to
the bias voltage V , and we obtain kBT = γeV with γ =
0.275, which is not very different from the value of η for
ballistic contacts quoted above.
Returning to the experiments in atomic-sized con-
tacts, we note that the transition rate for jumps over
the barrier is expected to be of Arrhenius form, ν =
ν0 exp(−EB/kBTeff). Here, ν0 is the attempt frequency,
which is of the order of phonon frequencies, ∼1013 s−1;
the Boltzmann factor exp(−EB/kBTeff) should be such
that the TLF are observable on the laboratory time scale,
i.e. have a minimal frequency of order 0.1 s−1. Hence
in order to observe TLF at the temperature of the he-
lium bath, 4.2K, we must have a barrier EB smaller than
about 0.01 eV. Since this is one or two orders of mag-
nitude smaller than our estimate for EB this explains
why we observe mostly steps with hysteresis. For those
events when spontaneous TLF at 4.2K are observed a
low-barrier fluctuating system must be present. This
could perhaps be a single atom at the surface of the con-
striction with two equally favorable positions separated
by a small distance.
The bias dependence of the switching rate has been
investigated for TLF in Cu and Pt contacts in [26, 381].
For large bias voltages, the rate ν increases as a function
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 FIG. 73: Semi-logarithmic plot of the switching time as a
function of the inverse bias voltage, for TLF in an atomic-
sized Cu contact, with a mean conductance of 3.6 G0 at a
bath temperature of 4.2K. Courtesy H.E. van den Brom [376].
of bias voltage and can be described by,
ν = ν0 exp
(
− EB
αeV
)
, (136)
as is illustrated in Fig. 73. This suggests that the effec-
tive temperature is indeed proportional to the bias volt-
age. However, for some TLS a cross over was observed
at low voltages, where the rate becomes independent of
the bias voltage. Assuming that this occurs when the
local temperature αeV becomes of the order of the bath
temperature, one obtains estimates for α of ∼ 0.1 − 0.5
[376]. Adopting this estimate for α we conclude that
for experiments performed at helium temperature, the
lattice temperature at 100mV is of order 100–500K. In-
deed, the fact that we can convert a hysteretic loop into
a TLF by increasing the current implies that the thermal
energy injected by the current into the two-state system
must be considerable. Single-atom gold contacts have
been found to survive bias voltages of nearly 2V, for
which the lattice temperature must approach the melt-
ing point. Note that we explicitly distinguish the lattice
temperature from the electron temperature. At high bias
the system is far from equilibrium and a true tempera-
ture can probably not be properly defined. Any effective
values for the temparature of the lattice and that of the
electron gas are expected to be very different and strongly
position dependent.
In order to exploit TLF quantitatively as a local ther-
mometer a single two-level system for a contact needs to
be measured as a function of temperature and voltage.
However, upon heating the contact appears to undergo
uncontrolled changes that were attributed to thermal ex-
pansion of the substrate and the electrodes [381], and
attempts at measuring the lattice temperature of the con-
tact have not yet produced reliable results.
D. Kondo scattering on magnetic impurities
The Kondo effect is a prototypical electron correlation
effect in condensed matter physics. It arises in dilute
magnetic alloys due to the interaction between conduc-
tion electrons and the localized magnetic moments. This
interaction gives rise to a minimum in the electrical resis-
tivity as a function of temperature [382]. If the concen-
tration of local moments is sufficiently small, the effect of
interactions between the impurities is negligible and it is
then appropriate to consider just a single impurity cou-
pled to the conduction electrons. This problem, known
as the ‘Kondo problem’, is by now well understood theo-
retically. The development of its solution started with
the work by Kondo [383], continued with the scaling
ideas of Anderson and the renormalization group anal-
ysis by Wilson, until the finding of exact solutions based
on the Bethe ansatz [384]. However, a renewed interest
in this problem has emerged in more recent years associ-
ated with the possibility of exploring ‘Kondo physics’ in
nanofabricated devices [385, 386, 387, 388, 389].
The basic energy scale in Kondo physics is deter-
mined by the Kondo temperature TK. This is related
to the exchange coupling constant J between the con-
duction electrons and the local magnetic moment, and
to the density of states at the Fermi energy, NF, through
TK = TF exp(−1/JNF), where TF is the Fermi tempera-
ture [390].
The use of point contact spectroscopy to study metals
with magnetic impurities started almost two decades ago
[391]. It revealed many features analogous to the well-
known phenomena in the electrical resistivity of bulk al-
loys, the voltage playing the role of temperature in this
analogy. With the development of the MCBJ technique it
has become possible to study size effects in Kondo phe-
nomena for contact diameters decreasing from ∼50 nm
down to the atomic scale. Yanson et al. [392] reported a
large broadening and increase of the relative amplitude
in the zero bias maximum of the differential resistance
for various noble metals (Cu, Au) doped with magnetic
impurities (Mn) as the contact diameter was decreased.
They interpreted their data as due to an enhancement
of the exchange coupling parameter J , leading to a sur-
prisingly large increase in the Kondo temperature TK for
small contact diameters. In a subsequent paper, van der
Post et al. [393] using the same technique studied the
case of Fe impurities in Cu and found a much weaker
increase of TK with decreasing contact diameter. It was
also argued that the large variation in TK observed in the
first experiments [392] arises due to the application of the
standard weak-scattering result, which breaks down for
large TK. This leaves still a very strong enhancement
of TK. A possible explanation was proposed by Zarand
and Udvardi [394], where the increase of TK was associ-
ated with fluctuations in the local density of states in the
contact region.
The enhancement of the Kondo scattering observed in
these experiments appears to contradict a suppression
of the Kondo resistivity observed for thin-films and mi-
crofabricated wires of Kondo alloys [386, 395]. These
results, in turn, were disputed by Ref. [387], where no
size effect was detected at all. An explanation for size ef-
fects in terms of surface-induced anisotropies due to spin-
orbit coupling was proposed by Ujsaghy and Zawadowski
83
[396, 397], and they present arguments that may bring
the various experiments into agreement. More recently, a
very pronounced size effect in the thermopower of meso-
scopic AuFe Kondo wires was discovered by Strunk et al.
[398], that appears to agree with the proposed spin-orbit
induced anisotropy near the surface of the wires.
Using a different experimental setup Ralph and
Buhrman [385] were able to observe for the first time
Kondo-assisted tunneling and simple resonant tunnel-
ing from a single impurity. The devices used by Ralph
and Buhrman were nanofabricated Cu point contacts
produced by the method described in Sect. II E. Al-
though in most cases the electron transport in such de-
vices is through the metal filament, on certain occa-
sions they found in parallel a contribution due to tun-
neling via charge traps in the silicon nitride adjacent
to the narrowest region of the Cu contact. Ralph and
Buhrman identified this system as an experimental real-
ization of the Anderson model out of equilibrium, a prob-
lem that has received considerable attention from theory
[145, 399, 400, 401]. The presence of a charge trap in
the silicon nitride gives rise to a very narrow peak in
the differential conductance around V = 0, in agreement
with the theoretical predictions for the Anderson model
[145, 399, 400, 401]. The peak was shown to exhibit Zee-
man splitting, which is unambiguous evidence that is was
due to a magnetic defect. The fact that the signal shows
up as a peak in the conductance allowed to identify it
as Kondo-assisted tunneling through the silicon nitride
rather than scattering from a magnetic impurity within
the Cu, which would produce a dip in the conductance
at V = 0.
More recently, the use of scanning tunneling micro-
scopes has allowed to study the Kondo effect on a single
magnetic atom on a metal surface [389, 402, 403, 404].
One of the first experiments of this kind by Madhavan
et al. [389] was performed on a Au(111) surface after
deposition of 0.001 of a monolayer of Co. The dI/dV
spectra taken in the vicinity of a single Co atom revealed
the presence of a narrow feature (of the order of a few
mV) around V = 0. Instead of a simple lorentzian peak
Madhavan and coworkers observed a dip followed by a
shoulder, a form which is characteristic of Fano reso-
nances [405]. These type of resonances arise from the
interference between two possible channels for tunneling
between tip and sample. According to Madhavan et al.
one channel would be provided by the Kondo resonance
associated with d orbitals in the Co atom and the other
would be due to the surrounding continuum of conduc-
tion band states. Ab-initio calculations show in fact that
the local density of states at the Co site exhibits a narrow
resonance at the Fermi energy with a d character [406].
Similar experimental findings were reported by Li et al.
[402] for Ce atoms on Ag(111) surfaces. These authors
showed that the Fano type resonances were not observed
for nonmagnetic Ag adatoms. The systematic behavior
of the dI/dV spectrum for 3d transition metal adatoms
was studied by Jamneala et al. [404]. They found very
FIG. 74: dI/dV spectra obtained with an STM tip held over
a single cobalt atom, an atomically fabricated dimer, and the
clean gold surface. The curves are offset vertically for clarity.
The Kondo resonance can be seen for the individual cobalt
atom, but is absent for the dimer. Reprinted with permission
from [403]. c©1999 American Physical Society.
pronounced features around V = 0 only for Ni, Co and
Ti. No traces of a Kondo type resonance were found in
the case of Fe, Mn, Cr or V, which can be explained by
TK being less than the experimental temperature of 6 K
in these experiments. For the ‘end’ elements (Ni and Ti)
the features around V = 0 could be due to a combination
of the Kondo resonance and the bare d band resonances,
which are closer to the Fermi energy for these elements.
The use of STM to study the Kondo effect on magnetic
adatoms is even allowing us to analyze magnetic inter-
actions in man-made nanostructures obtained by atomic
manipulation on a metal surface. Chen et al. [403] stud-
ied the case of artificially fabricated Co dimers on a Au
(111) surface. They found an abrupt disappearance of
the Kondo resonance for cobalt-cobalt separations less
than 6 A˚, a behavior attributed to the reduction of the
exchange coupling between Au conduction electrons and
the magnetic Co dimers (see Fig. 74). Kondo features in
scanning tunneling spectroscopy have recently provided
the basis for a striking demonstration of quantum coher-
ence on a metal surface by Manoharan et al. [407]. They
used atomic manipulation to create an elliptical ‘quan-
tum corral’ of Co atoms on a Cu surface. When a Co
atom was placed at one focus of the ellipse, the Kondo
feature was detected not only at the atom but also at the
empty focus. This focusing effect has been described as
a ‘quantum mirage’.
E. Non-magnetic Kondo scattering: the 2-channel
Kondo problem
In two seminal papers Ralph et al. [408, 409] reported
the observation of a Kondo-like zero-bias anomaly in the
differential conductance that could not be attributed to
the presence of magnetic impurities. They studied Cu
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contacts, of the type described in Sect. II E. The non-
magnetic origin of the signals was illustrated by the ab-
sence of a splitting of the feature in an applied mag-
netic field. The shape of the dip in the conductance was
not logarithmic in bias voltage V , or temperature T , as
would be expected for a Kondo minimum. In stead, a
T 1/2 and V 1/2 dependence was observed, with the appro-
priate scaling behavior that is expected for a 2-channel
Kondo system [410]. It was argued that defects in the
contact that act as fast (low transition barrier) two-level
tunneling systems form the active scattering systems. It
had been proposed earlier that such two level-systems are
candidates to show 2-channel Kondo behavior [411, 412].
A strong argument in favor of an interpretation in
terms of fast TLF was found in the fact that the signals
disappear when the samples are kept (annealed) at room
temperature for a few days. Further support comes from
experiments on point contacts made by the MCBJ tech-
nique on metallic glasses, where a high concentration of
TLF centers is expected [413, 414]. However, Wingreen
et al. [415] raised a number objections against this in-
terpretation, and proposed an alternative mechanism in
terms of electron-electron interactions enhanced by de-
fect scattering. Although strong arguments were given
in the reply [416] that refute the alternative model, the
discussion is still not completely settled. The amplitude
of the signal implies that many (of order 10 or more) TLF
should contribute to the signal. Furthermore, the two-
level systems should have a very narrow distribution of
separation of the energy levels in the two available states,
at a very low value. It remains to be demonstrated that
such systems exist in large concentrations.
The nature of the defects involved in producing the sig-
nals is also not yet established. A serious candidate was
proposed by Vegge et al. [417], who showed by molecular
dynamics calculations that dislocation kinks in a copper
crystal have appropriately low energy barriers and low
effective masses to allow fast quantum tunneling. For
further information we refer the reader to two recent ex-
tensive review papers by von Delft et al. [418, 419].
F. Environmental Coulomb blockade
A common simplifying assumption in the analysis of
electron transport in quantum coherent structures is that
the system is connected to an ideal voltage source. In
practice the voltage source is never ideal but contains
a finite internal impedance Z(ω). At the same time,
an atomic-sized contact will have a certain capacitance
C. Although the capacitance associated strictly with the
atomic-sized conductor is in theory extremely small (of
the order of an aF, see Ref. [420]), the capacitance C will
be dominated by the contribution of the much wider leads
in which the atomic conductor is embedded. The value of
C depends thus greatly on the fabrication technique that
is used. In the case of microfabricated break junctions C
is typically of the order of one fF.
In principle, one should take both C and Z(ω) into
account in determining the transport properties of the
contact. At low temperatures the voltage across the
contact develops quantum fluctuations and the electri-
cal properties of the circuit cannot be inferred from the
conductance of the separate elements. This problem has
been extensively studied in the case of small tunnel junc-
tions, where the conductance of the series circuit can
be completely suppressed at sufficiently low voltages and
temperatures. This phenomenon is called environmental
Coulomb blockade (for a review see Ref. [421]). Qualita-
tively, it arises when the impedance of the environment
is high enough that the charge of a single electron tun-
neling across the junction leaks away only slowly. In that
case the charging energy associated with the contact ca-
pacitance EC = e
2/2C starts to play a role, which results
in a suppression of the tunneling current when both the
applied bias, eV and the temperature kBT are smaller
than EC.
A question which has been recently addressed in the lit-
erature [422, 423] considers how this phenomenon is mod-
ified when one replaces the tunnel junction by a generic
quantum coherent structure. The case of an atomic-sized
contact is particularly interesting as it provides a sys-
tem characterized by a few conduction channels whose
transmissions can be determined using the techniques
discussed in Sect. VIII A. Moreover, the impedance of
the environment embedding such contacts can be tuned
within a desired range using nanolithography [167].
A simple argument can be used to demonstrate that
the environmental Coulomb blockade in such systems
should disappear when the perfect transmission limit
is reached. As we have seen, a quantum point con-
tact is characterized by a current fluctuation spectrum,
which at low frequency and zero temperature is given
by S = 2eV G0
∑
τi(1 − τi). One may then speculate
that when the transmissions approach unity the contact
cannot be ‘felt’ by the series impedance Z(ω) and, con-
versely, the transport properties of the contact should
not be affected by the presence of a series impedance.
In fact, rigorous calculation predicts that the Coulomb
blockade features in the current-voltage characteristics
should vanish for perfect transmission in the same way
as shot noise does [423].
In Ref. [423] environmental Coulomb blockade for a sin-
gle channel contact of transmission τ in series with an
arbitrary frequency-dependent impedance Zt(ω) (includ-
ing the contact capacitance, i.e. Z−1t (ω) = Z
−1 + iωC)
was studied starting from a model Hamiltonian and us-
ing the Keldysh Green function technique. It was shown
that the correction to the contact conductance, δG, to
the lowest order in Zt(ω) is given by
δG
G
= −G0(1 − τ)
∫ ∞
eV
dω
Re[Zt(ω)]
ω
. (137)
It should be noted that the correction to the conductance
is affected by the same reduction factor, (1 − τ), that
applies for shot noise (see Sect. III D 3). In the simple but
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FIG. 75: Measured differential conductance curves for two
atomic contacts. The scale of the left axis applies for the mea-
sured data points (circles), in units of G0 . In the left panel
the contact consists of a single weakly transmitted channel,
and the conductance around zero bias is well-described by the
standard theory of environmental Coulomb blockade, valid for
tunnel contacts, as expected (dashed curve, right axes, rela-
tive to the total conductance) [425]. In the right panel, the
contact has a well-transmitted channel with τ1 = 0.835 plus
a second smaller contribution τ2 = 0.07. In this case, the
relative reduction of conductance is much less than expected
from the expression for tunnel junctions and is in agreement
with the predictions of Eq. (137) (full curve). The wiggles and
asymmetry seen in the experimental curves are reproducible
conductance fluctuations due to the interference effects dis-
cussed in Sect. IXA. Reprinted with permission from [424].
c©2001 EDP Sciences.
realistic case for which the impedance Zt(ω) is composed
by the resistance R of the leads embedding the contact
in parallel with the capacitance C of the contact itself,
the integral in (137) yields
δG
G
= −G0R(1− τ) ln
√
1 +
(
h¯ωR
eV
)2
, (138)
where ωR = 1/RC. At finite temperature the singularity
in Eq. (138) at V = 0 becomes progressively rounded.
The finite temperature version of this equation can be
found in [424].
In order to verify these predictions Cron et al. [424]
fabricated an atomic contact embedded in an electromag-
netic environment essentially equivalent to a pure ohmic
resistor of the order of 1 kΩ, defined by e-beam lithogra-
phy. The material chosen for both the atomic contact and
the series resistor was aluminum, which allowed them to
extract the channel composition, or the ‘mesoscopic PIN
code’ {τ1 . . . τN} for the contacts, using the techniques
discussed in Sect. VIII A. The environmental Coulomb
blockade was then measured in the presence of a 0.2T
magnetic field which brings the sample in the normal
state. The results for two contacts with very different
transmissions are shown in Fig. 75. The standard theory
of environmental Coulomb blockade [426] is able to ac-
count for the results obtained for the contact in the left
panel, which has a single weakly transmitted channel. On
the other hand, for the contact in the right panel, with
one well-transmitted channel (τ ≃ 0.83) the relative am-
plitude of the dip at zero bias is markedly reduced with
respect to the tunnel limit predictions (dashed line). The
experimental results are in good agreement with the pre-
dictions of Ref. [423] summing the contributions of all
channels (solid line).
In spite of this qualitative understanding, the issue of
Coulomb blockade in atomic size contacts remains to be
explored in further detail.
X. SUPERCONDUCTING QUANTUM POINT
CONTACTS
In Sect. VIII we discussed the experiments on the IV
characteristic of superconducting atomic contacts and
their use to extract information on the conductance
modes. In this section we shall analyze another series of
experiments in superconducting contacts. Most of these
experiments have been conducted in order to test some of
the theoretical predictions presented in Sect. IV, like the
quantization of the supercurrent through a narrow con-
striction, the supercurrent-phase relation for arbitrary
transmission and the increase of shot noise associated
with multiple Andreev reflections.
A. Supercurrent quantization
A rather straightforward consequence of the quantiza-
tion of the conductance in a smooth constriction with a
cross section comparable to the Fermi wavelength is the
quantization of the supercurrent when the constriction
connects two superconducting leads [159]. For such ideal
system the supercurrent should be quantized in units of
e∆/h¯.
Although this prediction was originally proposed for
a 2DEG device it was soon realized that it should be
also valid for a superconducting atomic contact provided
the condition of conductance quantization was reached.
The first experiments in this direction were performed
by Muller et al. [26] who studied Nb contacts made by
the MCBJ technique. They measured the critical cur-
rent (defined as the current value at a set point voltage
near V = 0) at 1.2 K while the piezo voltage was varied
periodically. In the scans for rising piezo voltage they
observed steps in the critical current of a size close to
e∆/h¯. In another experiment, reducing the range of the
piezovoltage scans they measured simultaneously Ic and
RN . Their results are shown in Fig. 76. As can be ob-
served, the steps in Ic are correlated with steps in RN
at the same positions. The variations of 50% in Ic and
RN separately are reduced to variations of only 7% in the
product. The average value for IcRN was 1.75±0.05mV,
which is of the same order but considerably smaller than
the predicted value π∆/e. A reduction of IcRN below
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the theoretical value was also observed in a systematic
study [24]. The authors suggested thermal or quantum
fluctuations as a possible source for this discrepancy. In a
subsequent study Muller and de Bruyn Ouboter [427] an-
alyzed the slope in the supercurrent branch and the max-
imum current near zero voltage that they called threshold
current. As discussed in Sect. IVD, the slope and the ac-
tual value of this maximum current is very sensitive to
the electromagnetic environment in which the contact is
embedded.
Finally, in Ref. [428] it was shown that the threshold
current for a one-atom contact exhibits large variations
even when the normal conductance is nearly constant. As
already pointed out in Sect. VIIIA, even when the total
conductance is fixed the channel decomposition can fluc-
tuate. This points towards the need of more controlled
experiments in which the channel content of the contact
be determined while measuring the supercurrent.
B. Current-phase relation
An even more ambitious goal than the measurement
of the critical current is the measurement of the whole
current-phase relation (CPR) in a superconducting point
contact. In Sect. IV we have already discussed the dif-
ferent theoretical predictions for the CPR ranging from
tunnel junctions to ballistic contacts. In this last case
one expects a non-sinusoidal behavior with a maximum
at φ = π [429]. Again, atomic contacts have been viewed
FIG. 76: Critical current and normal-state resistance mea-
surement for a periodic variation of the piezo voltage. The
fine structure in Ic lines up with that in RN . The relatively
large changes in Ic and RN at the steps almost compensate
the other in the product IcRN . Reprinted with permission
from [26]. c©1992 American Physical Society.
FIG. 77: Determination of the current-phase relation in the
experiment by Koops et al. The relation between the total
flux 〈Φt〉 and the applied flux Φe (shown in (a)) allows to
determine the self-induced flux 〈Φs〉 which is proportional to
the current. Reprinted with permission from [430]. c©1996
American Physical Society.
as ideal tools to test these predictions in the quantum
regime. The measurement of the CPR requires, however,
a rather sophisticated setup in which the phase can be
fixed by an external magnetic flux.
To this end, Koops et al. [430] fabricated supercon-
ducting loops of micrometric size in which a MCBJ was
placed. They used Nb and Ta foils and laser cutting tech-
niques. On top of the loop they placed a flux-detection
coil which allowed for measuring the CPR inductively.
The enclosed area of the loop was chosen such as to have a
small self-inductance (smaller than 1 nH). This condition
is necessary to prevent a multivalued relation between
the external flux, Φe, and the total flux through the loop
〈Φt〉 (observed mean value). Φe and 〈Φt〉 differ due to
the presence of the self-induced flux 〈Φs〉 = L〈Is〉, where
L is the self-inductance of the loop, i.e. 〈Φt〉 = Φe+〈Φs〉.
The mean phase difference 〈ϕ〉 over the contact is equal
to −2π〈Φt〉/Φ0 where Φ0 = h/2e is the flux quantum. By
measuring 〈Φt〉 for a given value of Φe the self-induced
flux, which is proportional to the current, can be de-
tected. An example of the measured 〈Φt〉 vs. Φe relation
is shown in Fig. 77a for Nb at 1.3K. Fig. 77b shows the
corresponding 〈Φs〉 vs. 〈ϕ〉 relation.
Although the measurements were performed on the
last contact before jump to the tunnel regime, none of the
measured CPRs was found to correspond to the theoreti-
cal predictions for perfect transmission. In particular, the
position of the maximum current in the CPR (φmax) was
found to be displaced towards lower values with respect
to the theoretical predictions. The authors attributed
this fact to thermal fluctuations and to the impossibility
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FIG. 78: Micrograph of the experimental setup used in Ref.
[167] to study the supercurrent in an atomic contact. Each
probe contains a AuCu resistor (thin lines of 10µm length)
and a large capacitor with the metallic substrate. The left
inset shows a close-up of the microfabricated MCBJ and the
right inset illustrates the equivalent circuit. Courtesy M. Goff-
man.
to reach perfect transmission for such contacts. A theory
of the displacement of the maximum in the CPR of a bal-
listic contact due to thermal fluctuations was presented
in [431]. In this theory the amplitude of the phase fluc-
tuations is controlled by the self-inductance of the loop
and decreases for decreasing inductance. Koops et al.
observed that φmax tended to the expected theoretical
value at perfect transmission for decreasing inductance.
Their analysis suggested that the contact transmissions
should be somewhere between 0.9 and 1.0.
The impossibility to determine the contact transmis-
sions independently was clearly one of the main limita-
tions of the experiments by Koops et al. [430]. The more
recently developed techniques to extract the information
on the conductance modes, discussed in Sect. 8, could
ideally be combined with loop measurements to test the
predictions of the theory for the CPR in atomic contacts.
Although this is still an open challenge for the experimen-
talists, recent work by Goffman et al. [167] constitutes an
important step in this direction. This work will be dis-
cussed below.
Goffman et al. studied the supercurrent in aluminum
microfabricated MCBJs. In order to have good control
of the thermal and quantum fluctuations they designed
an on-chip dissipative environment with small resistors of
known value placed close to the atomic contact in a four
probe geometry. A micrograph of the device is shown in
Fig. 78. With the correct choice of the environment pa-
rameters the current-voltage curve becomes hysteretic,
which allows detecting the supercurrent and the dissi-
pative branch simultaneously. This in turn permits the
determination of the the set of tranmission values {τi}
for the modes in each atomic contact by the analysis of
the subgap structure as discussed in Sect. VIII A. This
‘mesoscopic PIN code’ [358] fully characterizes the junc-
tion. A typical IV recorded in this work is shown in
Fig. 22.
Goffman et al. concentrated in the analysis on the
FIG. 79: Experimental (open symbols) and theoretical (lines)
results for the switching current obtained in Ref. [167]. The
results correspond to one atom contacts with different chan-
nel content. (▽) {τi} = {0.21,0.07, 0.07}. From the
fit a zero-temperature supercurrent of I0 = 8.0±0.1 nA is
obtained. (♦) {τi} = {0.52,0.26,0.26}, I0=25.3±0.4 nA.
(◦){τi} = {0.925,0.02,0.02}, I0=33.4±0.4 nA.(△) {τi} =
{0.95,0.09,0.09,0.09},I0 = 38.8±0.2 nA. (2) {τi} =
{0.998,0.09,0.09,0.09}, I0 = 44.2±0.9 nA. The full lines
are the predictions of the adiabatic theory and the dotted
lines correspond to the non-adiabatic theory, which allows for
Landau-Zener transitions between Andreev states. Reprinted
with permission from [167]. c©2000 American Physical Soci-
ety.
threshold or switching current IS at which the jump from
the supercurrent branch to the dissipative branch takes
place. The switching takes place close to the maximum in
the supercurrent branch just before the region of negative
differential resistance. This value is very sensitive to ther-
mal fluctuations and decreases with increasing tempera-
ture. The experimental results for the switching current
can be analyzed in terms of a generalized RSJ model dis-
cussed in Sect. IVD. The corresponding Langevin equa-
tions were numerically integrated and using the set {τi}
that characterizes the contact this was shown to fit the
experimental results without any adjustable parameter,
as is illustrated in Fig. 79. An excellent agreement is
found except for contacts having a well transmitted chan-
nel (with transmissions between 0.95 and 1.0). In this
last case it is found that the switching current is less
sensitive to thermal fluctuations than predicted by the
theoretical model. Landau-Zener transitions between the
lower and the upper Andreev states were pointed out as
a possible source for this effect.
Although quite indirectly, the experiments by Goffman
et al. provide a test of the theoretically predicted CPR
in atomic contacts. An interesting aspect of these ex-
periments is that all the relevant parameters in the prob-
lem could be determined independently, which opens very
promising perspectives for future studies.
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FIG. 80: Measured current noise power density versus voltage
for a typical contact both in the normal (triangles) and in the
superconducting state (circles) for a single-atom Al contact
at T = 20mK. The solid lines are predictions using Eq. (27)
for the normal state and using the theory of Ref. [124] for
the superconducting state. Inset: IV in the superconduct-
ing state. The solid line is a fit which provides the values
{τi} = {0.40, 0.27, 0.003} for the transmissions. Reprinted
with permission from [358]. c©2001 American Physical Soci-
ety.
C. Shot noise in the subgap regime
As discussed in Sect. IVC, the subgap structure in the
IV curve of a SNS junction can be understood in terms
of multiple Andreev reflection processes. A fundamental
question, which is attracting growing attention in recent
years, is that regarding the statistics of the transferred
charge associated with these quantum mechanical pro-
cesses. Shot noise measurements can provide a first in-
sight into this problem by the determination of the effec-
tive transferred charge q as the ratio q = S/2I between
the shot noise value S and twice the average current I.
Taking into account that at a given subgap voltage V
the current is mainly due to MAR processes of order
n ∼ 2∆/eV in which a net charge ne is transferred, one
can expect that q increases at low bias roughly as 1/V .
These ideas where first explored in an experiment by
Dieleman et al. in 1997 [432]. They measured the shot
noise in NbN/MgO/NbN tunnel junctions with small de-
fects in the oxide barrier acting as ‘pinholes’. Due to
these defects the system consisted basically of a set of
SNS point contacts in parallel. This interpretation was
confirmed by the observation of a finite subgap current
exhibiting the typical structure at eV = 2∆/n. In spite
of the rather large error bars in the noise determination,
it was possible to observe a clear increase of the effective
charge q = S/2I at low bias voltage. Dieleman et al. de-
veloped a qualitative explanation of their experimental
data within the framework of the semiclassical theory of
MAR given in Ref. [38].
The increase of the effective charge at low voltages
was also observed by Hoss et al. [433] in diffusive SNS
junctions. They used high transparency Nb/Au/Nb,
Al/Au/Al and Al/Cu/Al junctions prepared by litho-
graphic techniques. Although being diffusive, the normal
region in these junctions was smaller than the coherence
length Lφ, which allows to observe the coherent MAR
regime. On the other hand, the junctions presented a
very small critical current, which permitted to reach the
low voltage regime. The excess noise in these experi-
ments exhibited a pronounced peak at very low voltages
(of the order of a few µV ) which leads to an effective
charge increasing much faster than 1/V . It should be
pointed out that there is at present no clear theory for
the shot noise in diffusive SNS junctions in the coherent
MAR regime.
As we have emphasized throughout this review,
atomic-sized contacts provide an almost ideal situation
where theory and experiments can meet. Fully quan-
tum mechanical calculations are available for the low fre-
quency noise in a single channel superconducting point
contact with arbitrary transmission [124, 125]. On the
other hand the channel content of an actual contact
can be extracted using the technique discussed in Sect.
VIIIA allowing for a direct comparison between theory
and experiments without any fitting parameter. This was
the strategy followed in the work by Cron et al. [358],
already discussed in connection with shot noise in the
normal state in Sect. VIII B.
In a second step, Cron et al. measured the noise in
the superconducting state. Fig. 80 shows the compari-
son between the experimental results and the theoreti-
cal predictions of Refs. [124, 125], using the measured
PIN code {τi} as the input parameters. As can be ob-
served, the agreement between theory and experiment is
quantitative. The structure in the noise as a function
of voltage has the same physical origin as the subgap
structure in the IV , i.e. it is due to multiple Andreev
reflection processes having a threshold at eV = 2∆/n.
This is better visualized by analyzing the effective trans-
mitted charge q = S/2I as a function of the inverse volt-
age, as shown in Fig. 81. As can be seen, q/e does not
necessarily correspond to integer values and for a given
voltage it strongly depends on the set of transmissions.
Only in the tunnel limit, τi → 0, the theory [124] pre-
dicts q/e→ Int [1 + 2e∆/V]. Although this limit cannot
be reached experimentally, the emergence of a staircase
pattern in q for decreasing values of the transmissions
can be clearly recognized in Fig. 81. This work thus pro-
vides strong support for the quantum theory of electronic
transport in superconducting point contacts developed in
recent years.
XI. FORMATION OF A CONDUCTING WIRE
OF SINGLE ATOMS
In the October 22 issue of Nature 1998 two inde-
pendent groups demonstrated that chains of atoms self-
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FIG. 81: Effective charge q = S/2I versus reduced inverse
voltage for three different single-atom Al contacts in the
superconducting state. The symbols are experimental re-
sults and the solid lines are the predictions of the theory
of MAR for noise. From top to bottom the corresponding
set of transmissions are {0.40, 0.27, 0.03}, {0.68, 0.25, 0.22}
and {0.98, 0.55, 0.24, 0.22}. Inset: data for two contacts
containing a channel close to perfect transmission (top
{0.98, 0.55, 0.24, 0.22}, bottom {0.996, 0.26}) shown over a
wider range. Reprinted with permission from [358]. c©2001
American Physical Society.
assemble when thinning the contact diameter for gold
nanocontacts [53, 54]. The atomic wires have a conduc-
tance very close to the quantum unit G0, sustain very
large currents, and can be held stable for very long times
at low temperatures. The formation of these atomic
structures was unexpected, and many new properties are
predicted.
One-dimensional conductors of different kinds have
been investigated intensively in recent years. Foremost
are the carbon nanotubes [6], which have a structure that
can be viewed as a rolled-up graphite sheet. Other types
of molecular conducting wires have been investigated, in-
cluding Mo6Se6 [434]. Even electrical conduction across
more complicated molecular wires, notably strands of
DNA molecules, has been reported [7, 8]. The molecular
structure of all these systems provides stability at room
temperature and above, and a rich spectrum of physi-
cal properties has been investigated, in particular for the
carbon nanotubes.
Ultimately-thin wires of individual carbon atoms have
been prepared by chemical methods. The fabricated sub-
stances contain carbon chains up to 20 atoms in length
(see [435] and references therein). Similarly, inorganic
chemistry has allowed the preparation of a compound
containing regular arrays of silver metallic wires [436].
As yet another example, chains of metal atoms have been
found to self-assemble when adsorbed at the surface of
other metals or semiconductors, in many cases at step
edges [437, 438, 439]. For these metallic wire systems it
has not yet been possible to contact individual wires, to
our knowledge.
Although each of these one-dimensional conductors is
of great interest, the metallic wires discussed here have
a number of aspects that make them particularly attrac-
tive. First, they are freely suspended so that there is
no complicating interaction with a substrate, which fa-
cilitates comparison with theory and enhances the one-
dimensional character. Second, by their nature they are
already connected to metallic leads, allowing straightfor-
ward measurement of the electrical transport properties
of an individual atomic chain.
Among the experiments preceding the two 1998 papers
the experiment by Yazdani et al. [56] comes closest to this
ideal. These authors used STM-manipulation techniques
to fabricate a two-atom chain of Xe atoms between the
tip of an STM and a metallic substrate. Although the re-
sults showed a favorable agreement with calculated con-
ductance characteristics, the electronic structure of Xe
leads to a rather poor transmission, i.e. a conductance
several orders of magnitude below the conductance quan-
tum, and the method is not easily extended to longer
wires or other materials.
A. Atomic chains in Transmission Electron
Microscopy
By High Resolution Transmission Electron Microscopy
(HR-TEM) imaging it is possible to resolve individual
atoms for the heavier elements. Ohnishi, Kondo and
Takayanagi [54] exploited this capability by combining
their ultra-high vacuum HR-TEM setup with two dif-
ferent manipulation techniques to produce atomic wires.
First, they constructed a miniature STM that fits into
the specimen space of the TEM. It is fascinating to see
the atomically-resolved video images they show of a tip
scanning a sample surface, and subsequently indenting
it. When retracting a gold tip from a gold sample the
team observed that the connecting bridge gradually thins
down, see Fig. 82. All experiments are performed at room
temperature, giving the atoms enough mobility to opti-
mize the configuration, and as a result it is seen that the
bridge connecting the two electrodes, oriented along the
[110] direction, often consists of a straight wire section.
As the number of atomic rows in the connecting nanowire
decreases the conductance is also seen to decrease in a
step-wise fashion, as expected. The conductance of a
one atom strand in the images is close to 2e2/h. How-
ever, twice this value is also found, and it is argued that
this is due to a double strand overlapping in the viewing
direction. Evidence for this interpretation is obtained by
analyzing the contrast profile in the images.
In order to resolve the individual atoms in the chain
a second technique was employed. Here, the STM was
replaced by a very thin gold film specimen, where an
intense electron beam current was used to melt two ad-
jacent holes in this film. For (110) oriented films a gold
bridge along the [001] direction between these two holes
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FIG. 82: TEM images of a gold contact recorded while with-
drawing the tip from the sample. A gold bridge formed be-
tween the gold tip (top) and the sample (bottom) thins down
when going from (a) to (e), where the conductance drops to
2G0. The contact finally ruptures at (f), for which the con-
ductance drops to zero. The recording takes 33ms per frame
and the images are taken at times 0, 0.47, 1.23, 1.33, 1.80 and
2.17 s, respectively. Reprinted with permission from Nature
[54]. c©1998 Macmillan Publishers Ltd.
was seen to evolve into an atomic chain that survived for
about two minutes, see Fig. 83. Note that in this con-
figuration the conductance of the chain cannot be mea-
sured. Remarkably, the spacing between the atoms in the
chain was found to be 0.35–0.40nm, much larger than
the nearest neighbor distance in bulk gold (0.288 nm).
This is much larger than any model calculation predicts,
since the overlap between the electron clouds of the gold
atoms is too small to provide sufficient stability for the
atomic chain. Several explanations have been put for-
ward. One proposal is based on the observation that
the calculated equilibrium structure for a Au monatomic
chain appears to have a zigzag geometry, as will be dis-
cussed in Sect. XID below. Sa´nchez-Portal et al. [55] pro-
posed that every second atom in the zigzag chain could
be thermally excited into a spinning motion around the
chain axis, which would blur their image. Koizumi et al.
[440] show by comparison of the experimental images to
simulations that a spinning zigzag geometry can be ex-
cluded based on the expected smeared image of the spin-
ning atoms. Other explanations involve the inclusion of
‘glue atoms’, such as C, O, or S [339, 441, 442, 443]. The
simulations [440] suggest that adatoms of Si and S would
be resolved, but the contrast for C (and presumably O)
would not exceed the noise level. Only minute amounts
of contaminants are required, since the regular gold sur-
face is not very reactive, while the low-coordination gold
atoms in the chain bind strongly to different species,
FIG. 83: TEM image of a gold atomic chain (four gray dots)
forming a bridge between two gold banks (gray areas above
and below). The structure to the left and right of the chain
results from electron diffraction and interference in the TEM.
Reprinted with permission from Nature [54]. c©1998 Macmil-
lan Publishers Ltd.
as shown by first-principles calculations [339, 441, 442].
Despite the high vacuum conditions of the experiment,
there will be small amounts of adsorbed molecules run-
ning over the surface, and these will stick preferentially at
the strong binding sites in the gold chain. Oxygen would
be a good candidate, since it would not be resolved in the
images and the calculations suggest that a Au-O-Au-O
chain would have Au-Au distance close to the observed
values and the chain would be conducting, with a single
open channel [441, 442]. It would be interesting to test
this suggestion experimentally.
The experimental observation of the atomic chain for-
mation and the long inter-atomic distances have been
confirmed in an independent experiment by Rodrigues
and Ugarte [106], using the thin-film double-hole tech-
nique at 103 times higher residual gas pressure. Simi-
larly, these authors claim that the spinning zigzag struc-
ture can be excluded based on the absence of ghost fea-
tures. Short chains have also been seen for silver [220],
although much less frequent than for gold, and the large
and irregular bond lengths observed suggest the presence
of light interstitial atoms that may stabilize the chains
[443]. In high resolution images taken with a new gen-
eration defocus-imaging modulation processing electron
microscope by Takai et al. [272] much smaller Au-Au dis-
tances of 0.25-0.29nm were found. The vacuum pressure
was comparable to that of [106].
A further study by Kizuka et al. [273] appears to be
at variance with most of the earlier results. Here, a
miniature STM is operated inside a HR-TEM at regular-
vacuum conditions. Again, for gold it is frequently ob-
served that upon separation of the contact between tip
and sample it ends with the formation of a chain of atoms.
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Similar to the results of Takai et al. , a distance of
only 0.27 ± 0.02 nm was obtained between the atoms in
the chain, which can be stretched at the break point to
0.30±0.02nm. Surprisingly, the atomic wires were found
to be insulating. At the moment when the structure is
seen to jump from a multi-atom cross section to a single-
atom chain the conductance drops to zero. Moreover,
the chains were found to be bent even under stretched
conditions. Very long atomic chains, up to 10 atoms in a
row, were observed, that were stable for longer times than
reported before. Although the authors make a few sug-
gestions to explain these observations, the discrepancy
with the other experiments was not addressed.
We propose that these observations can be understood
if we assume the presence of specific adsorbates. As
shown by Bahn et al. [441, 442], CO binds strongly to the
gold chain, turns it into an insulator, introduces kinks in
the wire, and the CO bonded gold chain has the low-
est energy among all the structures investigated. This
would suggest that CO, or another contaminant of simi-
lar nature, is present in the vacuum space. At a typical
pressure of 10−5Pa the probability of this mechanism is
high.
B. Atomic chains in low-temperature experiments
The second paper in the 1998 issue of Nature used dif-
ferent techniques in several important aspects [53]. The
atomic structure was not imaged directly, but the forma-
tion of chains was deduced from the experimental obser-
vations of the conductance as a function of stretching.
The advantages, on the other hand, are the low tempera-
ture (4.2K) at which the experiment is performed. This
allows for a long-term stability of the gold atomic chains
so that detailed spectroscopy can be done. In addition,
the cryogenic vacuum conditions avoid any contamina-
tion on the nanowires.
By standard low-temperature STM and MCBJ tech-
niques atomic-sized contacts of gold were produced. In
contrast to many other metals, for Au it was found that
the last conductance plateau, at a value of ∼ 1 G0, can
often be stretched far beyond a length corresponding to
an atomic diameter. An example is presented in Fig. 84,
where a plateau of about 2 nm length is found. Since
it has been established that the conductance is predom-
inantly determined by the narrowest cross section, and
that a single-atom contact for Au has a conductance near
1 G0 (Sect. VIII), this observation led Yanson et al. to
speculate that a chain of atoms was being formed. This
is indeed very surprising, even more so than in the case of
the room temperature TEM experiments. For the latter,
the atoms have enough mobility to produce at an earlier
stage a stable, straight nanowire several atoms in cross
section, and the atomic rows in the wire are removed one
after the other by thermal diffusion of the atoms on the
surface. This leaves a single atomic row standing be-
fore contact is finally lost. However, at low temperatures
FIG. 84: The conductance as a function of the displacement
of the two gold electrodes with respect to each other in an
MCBJ experiment at 4.2K. The trace starts at the upper
left, coming from higher conductance values (thick curve). A
long plateau with a conductance near 1G0 is observed and
after a jump to tunneling one needs to return by a little more
than the length of the long plateau to come back into contact
(thin curve). Data taken from [53].
the atomic structure is frozen into the configuration in
which it lands after an atomic rearrangement, forced by
the stretching of the contact. When arriving at a single-
atom contact one would expect the contact to break at
this weakest spot. Instead, atoms are apparently being
pulled out of the banks to join in the formation of a
linear atomic arrangement. Clearly, it is important to
critically evaluate the interpretation of atomic chain for-
mation. By now, a large set of experiments has been
performed which confirm the picture, and we will now
summarize this evidence.
1. Return distance
A simple test involves recording the distance required
to bring the electrodes back into contact after the conduc-
tance has suddenly dropped to zero, as at the end of the
plateau in Fig. 84. We imagine that a chain has formed,
which finally ruptures at this moment. The atoms in
the chain are then expected to fall back onto the banks,
which implies that the separation between the electrodes
should be approximately equal to the length of the chain,
being approximately the length of the plateau. Fig. 84
illustrates that this is indeed the case for this particu-
lar example, although one may anticipate variations in
the return length according to the actual arrangement of
the atoms after the collapse. By recording many curves
similar to the one in Fig. 84, Yanson et al. obtained an
average return distance as a function of the length of the
last plateau. They observed a linear dependence of the
return distance on the plateau length, with a slope be-
tween 1.0 and 1.3 and an offset of about 0.5 nm. The
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latter can be understood in terms of the elastic defor-
mation of the banks: Even when no chain is formed and
the contact breaks at a single-atom, the atomic structure
relaxes after rupture of the contact, giving rise to a finite
return length.
2. Length histograms
Further evidence for the chain structure comes from
an analysis of the distribution of lengths of the last con-
ductance plateaus for many cycles of contact breaking.
Fig. 85 shows a histogram of plateau lengths. We see
that the probability for early breaking is very low, it then
rises to a first peak at 0.25nm length, after which it drops
before rising to a second peak, which is usually higher
than the first. After the second peak the distribution of
lengths drops steeply, but shows three additional peaks in
the tail. The peak distance of 0.25–0.26nm agrees with
the expected bond distance in a chain of gold atoms (see
Sect. XID) and the natural interpretation of the peaks in
the length histogram is in terms of a preferential break-
ing of the chain at lengths corresponding to an integer
number of atoms in the chain. The peaks in the distribu-
tion are broadened by the variation in starting and end
configurations of the banks connecting the chain. In fact,
a strict periodicity of the peaks would not be expected
to continue much further than the first few, because the
atoms making up the chain are removed from the banks,
which then become shorter. Occasionally plateaus of up
to 2 nm in length have been found, which suggests that
the system can self-assemble chains of up to 7–8 atoms
long. It is often possible to obtain similar peak structure
in a histogram of return distances [212].
In the original paper [53] the distance between the
peaks was reported to be larger, 0.36nm(±30%). The
larger value, and the rather large uncertainty, later
turned out to result from the presence of He thermal
exchange gas in the vacuum space. As was recently
shown by Kolesnychenko et al. [84], adsorbed He gas
has an unexpectedly large influence on the work func-
tion of metal surfaces. This introduces an error in
the calibration of the displacement of the MCBJ and
STM, when using the exponential tunneling dependence,
as pointed out in Sect. II C 3. More recently, Un-
tiedt et al. [444] have combined several calibration tech-
niques to obtain a more reliable value for the inter-
peak distance in the length histograms, and the value
obtained for Au, 0.26 ± 0.02 nm, is in excellent agree-
ment with the calculated Au-Au distance in the chains
[55, 279, 282, 337, 338, 340, 341, 345, 445].
3. Evolution of the force in atomic chains
Rubio-Bollinger et al. measured the force evolution si-
multaneously with the conductance while drawing out a
chain of atoms at 4.2K [93]. They employed an auxiliary
FIG. 85: The distribution of lengths for the last conductance
plateau for Au, obtained from 10 000 experiments similar to
those described in Fig. 84. It shows a number of equidistant
maxima, at multiples of 0.257 nm. The data were recorded
with an MCBJ at 4.2K, in crygenic vacuum. The length of
the last plateau was defined as the distance between the points
at which the conductance drops below 1.2G0 and 0.8G0, re-
spectively. The inset shows the tail of the distribution on a
∼ 10× expanded scale. A smoothing function that averages
over three bins has been applied to the data. The accuracy for
the calibration of the length (horizontal scale) is 10%. Data
taken from [444].
STM at the back of a cantilever beam, on which the sam-
ple was mounted, in order to detect the deflection, and
therewith the force on the sample (Sect. II D). An ex-
ample of such a measurement is shown in Fig. 86, where
the contact is stretched at a constant speed of 0.5 nm/s.
The force shows a saw-tooth-like pattern corresponding
to elastic deformation stages interrupted by sudden force
relaxations. The conductance on the last plateau remains
nearly constant and just below 1 G0, but note that the
force jumps are accompanied with simultaneous jumps in
the conductance with a magnitude of only a small frac-
tion of G0.
In each measurement, the largest force on the last con-
ductance plateau is reached at the end, as expected. For
a series of 200 experiments this final breaking force shows
a narrowly peaked distribution, centered at 1.5 nN, with
a standard deviation of only 0.2 nN. The force calibration
has an accuracy of 20%. The break force was found to
be independent of the chain length. The force is consid-
erably larger than the force required to break individual
bonds in bulk gold, which is estimated at only 0.8–0.9 nN,
and this large force agrees very well with theory, as will
be discussed below.
It was at first sight surprising to find that the slopes
of the force as a function of displacement are nearly con-
stant in experiment. One would expect a smaller force
constant for longer chains. This observation is explained
by the fact that the chain is unusually stiff. The bonds
are much stronger than bulk bonds, and the largest elas-
tic deformation takes place in the banks next to the chain.
The calculated deformation of the banks amounts to 0.5–
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FIG. 86: Simultaneous conductance (a) and force (b) mea-
surements during chain fabrication and breaking. The con-
ductance on the last plateau is shown on an expanded scale
to illustrate small variations in the conductance. The inset
shows a schematic drawing of the experimental setup. (c)
Calculated force evolution obtained from molecular dynamics
simulations. The arrows indicate the points at which a new
atom pops into the chain and snapshots of the structure at
these positions are shown. Reprinted with permission from
[93]. c©2001 American Physical Society.
1.0 nm, which agrees well with the offset observed in the
return distance.
4. Phonon modes in atomic chains
The phonon modes in Au atomic chains have been in-
vestigated experimentally [375, 446] by means of point
contact spectroscopy (see Sects. II A and IXC). The dif-
ferential conductance dI/dV was measured using lock-in
detection with a 1mV modulation voltage, from which
dG/dV was calculated numerically. The energy resolu-
tion was limited by the temperature of 4.2K to 2meV.
The results are shown in Fig. 87. At ±15mV bias the dif-
ferential conductance of a chain of atoms shows a rather
sharp drop by about 1% (top panel in Fig. 87). In the sec-
ond derivative d2I/dV 2 this produces a pronounced sin-
gle peak, point-symmetric about zero bias. The chains of
Au atoms have the fortuitous property of having a single
nearly perfectly transmitted conductance mode, which
suppresses conductance fluctuations that would other-
wise drown the phonon signal, see Sect. IXC. Some
asymmetry that can still be seen in the conductance
curves is attributed to the residual elastic scattering and
interference contributions.
Bulk gold point contact spectra have peaks at 10 and
18mV (Fig. 2), due to transversal and longitudinal acous-
tic phonon branches, respectively. The first of these has
a higher intensity. At point S in Fig. 87 the contact con-
sists of a single atom and the spectrum still resembles
the spectrum for bulk contacts, although the energy of
the first peak is significantly shifted downward due to the
reduced coordination of the atom.
For the linear chain configuration the electron-phonon
interaction simplifies considerably. By energy and mo-
mentum conservation the signal only arises from elec-
trons that are back scattered, changing their momentum
by 2kF. With h¯ω2kF the energy for the corresponding
phonon, the derivative of the conductance is expected
to show a single peak at eV = ±h¯ω2kF . The transverse
phonon mode cannot be excited in this one-dimensional
configuration and only the longitudinal mode is visible.
The position of the peak shifts as a function of the
strain in the wire. It is somewhat like the pitch of a
guitar string that changes as a function of the tension.
Except that for atomic wires the frequency decreases as
a function of tension because of the decreasing bond
strength between the atoms. The frequency decreases,
and the amplitude increases, until an atomic rearrange-
ment takes place, signaled by a small jump in the conduc-
tance. At such points the amplitude and energy of the
peak in dG/dV jump back to smaller and larger values,
respectively. This is consistent with the phonon behavior
of Au atomic chains found in ab initio calculations [55].
The growing amplitude is due, in part, to the softening
of the phonon modes with tension. The 1% drop in con-
ductance for a wire of 2 nm length implies a mean free
path for the electrons of about 200nm, much longer than
the nanowire itself.
C. Other properties of atomic chains at low
temperatures
The most striking properties are the long-time stabil-
ity of the chains and the large current densities that
the chains can survive. Even the longest ones can be
held stable for times of at least an hour (no real record-
breaking attempts have been made so far). Bias voltages
as high as 2V have been applied without damage, al-
though the maximum decreases with the length of the
chain [254, 368]. With a conductance equal to 2e2/h this
corresponds to 150µA, and with the cross section equal
to one atom we obtain a current density of 2.1·1015A/m2.
This current density is more than seven orders of magni-
tude larger than the current density that turns the tung-
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FIG. 87: (a) Short and long atomic wire, ∼ 0.4 and ∼ 2.2 nm, respectively, as given by the length of the conductance plateau.
Panels (b–d) show the differential conductance and its derivative at points S, M, and L, respectively. The various curves in
(b–d) were acquired at intervals of 0.03, 0.03 and 0.05 nm, respectively. Note that the vertical scales for the last thee panels
are chosen to be identical, which brings out the relative strength of the electron-phonon interaction for the longer chains. The
wire in (d) has a length of about 7 atoms. Reprinted with permission from [375]. c©2002 American Physical Society.
sten wire inside a light bulb white-hot. This is an amaz-
ing fact. Although we understand that it is related to the
ballistic nature of the transport, a significant amount of
inelastic scattering inside and near the wires should be
expected at such high biases. More quantitative stud-
ies of this phenomenon are needed. Preliminary studies
suggest that the limiting current values decrease roughly
proportional to the inverse of the length of the chains,
∼ 1/L [447]. Todorov et al. [448] have calculated the
current-induced forces in atomic chains, and find that
the forces on the atoms weaken the atomic structure,
in particular at the junction with the banks. This was
confirmed by ab initio calculations by Brandbyge et al.
[137]. Nevertheless, it is most likely it is the heat gener-
ated by the current that causes the wire to break [448].
A phenomenon related to the high current carrying ca-
pacity is the fact that the current-voltage characteristics
for the chains is highly linear. This is confirmed by tight-
binding calculations under application of a large voltage
bias [252]. More recently, non-equilibrium DFT calcu-
lations [137] predict a significantly reduced conductance
above 0.5V for a 3-atom Au chain, but this is probably
a specific feature for the (111)-oriented substrate.
When pulling a contact in forming a chain the con-
ductance on a plateau, once it drops below 1 G0 never
rises above it. The conductance stays almost invariably
very close to 1 G0. This implies that the conductance of
any additional channels is negligible and that a nearly
perfect adiabatic coupling with the banks is attained.
This is surprising, since the atomic structure at the cou-
pling with the banks is not controlled and should vary
quite a bit, but it agrees with results of calculations
[334, 336, 337, 340, 449]. Sim et al. [336] argue that
a conductance of exactly 1 G0 is a robust property for a
contact having a single conductance channel, when im-
posing charge neutrality and inversion symmetry.
Still, deviations of the conductance below 1 G0 are ob-
served. In particular jumps are seen due to atomic re-
arrangements when the chain is being built up, see e.g.
Fig. 86. This implies that there is a finite amount of
scattering at the interface between chain and banks, or
inside the banks close to the interface. Such small jumps
are also seen when the chain is swung sideways in an
STM experiment [53], in which case these can be due to
jumps in the anchoring point of the chain on the banks.
The latter experiment also illustrates the robustness of
the chains, and the fact that the freedom for lateral dis-
placement is over a distance comparable to the length of
the chains forms an additional element in verifying the
chain-interpretation of the experiments.
D. Numerical calculations of the stability and
conductance of Au chains
Several molecular dynamics simulations have preceded
these experiments in suggesting the formation of chains
[204, 279, 450, 451]. However, the effective potentials
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employed in these simulations were not regarded to be
sufficiently reliable for such exceptional atomic configu-
rations to be predictive. Nevertheless, in many cases the
simulations agree with the observations, and they are
very helpful in visualizing the mechanism by which the
chains unfold from the banks. Full DFT molecular dy-
namics modeling of this process is still too demanding.
More recently da Silva et al. [282] have used a method
that forms a compromise between accuracy and compu-
tational efficiency, involving tight-binding molecular dy-
namics. The results for gold are generally consistent with
the previously employed methods. First-principles DFT
molecular dynamics was used by Ha¨kkinen et al. [340] by
limiting the number of possible configurations. Taking a
starting configuration of two atomic gold tips connected
by two parallel two-atom long strands, the stretching of
this double-chain was seen to evolve into a four-atom long
single-atom chain via a bent chain structure.
In order to investigate the equilibrium structure, bond
length and breaking force many model systems of mod-
erate size have been considered, using first principles cal-
culations based on the local density approximation. The
structures considered are infinite chains, using periodic
boundary conditions [55, 338, 341, 345], finite isolated
chain sections [55, 341], or finite wires connected to an
atomic base on either side [55, 93, 337]. Sanchez-Portal et
al. [55] have investigated all structures by various compu-
tational approximations and find only minor quantitative
and no qualitative differences. All calculations agree on
the equilibrium bond length, ranging only between 0.250
and 0.262nm, and agree on the maximum bond distance
at which the chain breaks, 0.28 – 0.30nm. The break
force is more sensitive to the type of approximations in-
volved, ranging from 0.91nN in Ref. [337] to 2.2 nN in
Ref. [55]. Rubio-Bollinger et al. [93] made the most ex-
tensive analysis of the breaking force and obtain a force
between 1.55 and 1.68 nN, in good agreement with the
experimental value of 1.5± 0.3 nN.
Sanchez-Portal et al. [55] found for the optimized ge-
ometry a planar zigzag structure with two atoms per
unit cell. The zigzag deformation was even found for
free standing wire sections and the origin was argued to
be related to a reduction in the transverse kinetic en-
ergy for the electrons due to the increased effective wire
width. This mechanism is of the same nature as the shell
structure observed for alkali metal wires, as discussed in
Sect. XII. The chain is stretched to a linear configura-
tion only for bond lengths above about 0.275nm, shortly
before breaking. The zigzag structure is confirmed in the
work of Refs. [341, 441]. On the other hand, Ha¨kkinen et
al. [340] find for a four atom chain between two tips that,
before the chain is fully stretched, it assumes a bent con-
figuration, that appears to be lower in energy than the
zigzag conformation.
For a linear chain with a single half-filled conduction
band a Peierls distortion towards a string of dimers is
generally expected to occur. The majority of the calcu-
lations suggest that this dimerization only sets in just
before stretching to the point of breaking. The varia-
tion in bond lengths observed for a four-atom chain by
Ha¨kkinen et al. [339] that was argued to be related to
a Peierls distortion may also be due to end-effects [337].
De Maria and Springborg [341] provide fairly general ar-
guments that the half-filled band for this chain system
should lead to dimerization when the bond length be-
comes larger than 0.29 nm. Below 0.27 nm a second band
was found to cross the Fermi level and the σ orbital be-
comes partially depleted. Since the σ orbital is no longer
half filled the driving mechanism to dimerization is sup-
pressed. A second band crossing the Fermi level for short
distances was also found for linear chains by Sanchez-
Portal. However, in their calculations it is removed by
the zigzag deformation. The presence of a second conduc-
tion band should be visible in the conductance. Calcula-
tions of the conductance by other groups [252, 337, 340]
consistently find a conductance equal to 1G0 or slightly
below, in agreement with the experiments.
The atomic chain configuration is clearly a meta-stable
structure. Bahn [442] calculated the time to break a
chain for various temperatures by the EMT molecular
dynamics method. He found that the chains would be
unstable on a time scale of nanoseconds at room tem-
perature. The barrier to breaking is only about 0.03 eV,
with an attempt frequency of 5 · 1011 s−1. Only higher
temperature break times could be obtained in the time
span accessible by these calculations. The mean time to
breaking at 200K is found to be ∼ 0.1 ns, while extrapo-
lation of the numbers obtained gives a lifetime of hours or
even days at 4.2K. The lack of predicted long-time sta-
bility poses a second challenge to understanding of the
room-temperature TEM results.
Again, the presence of other chemical species, such as
CO and O, may resolve the problem, since they would
provide stronger bonding [441, 442]. A chain with oxy-
gen atoms inserted between the Au atoms would, sur-
prisingly, still be conducting, with a single conductance
channel. A similar result was obtained by Ha¨kkinen et
al. [339] for the insertion of methylthiol, SCH3, into a
gold chain.
E. The mechanism behind atomic chain formation:
Ir, Pt and Au
All the discussion above has been limited to gold
chains. Surprisingly, Au appears to be favorable for chain
formation while Ag an Cu do not (or to a very limited
extent) have this property. This led Smit et al. [222]
and Bahn and Jacobsen [345] to investigate the mecha-
nism behind this phenomenon. It turns out that gold is
distinct from the other noble metals in another surface
property: Clean gold surfaces reconstruct in remarkable
ways (see [452] and references therein). The (110) sur-
face shows a ‘missing row’ reconstruction, where every
second row along the [001] direction is removed. The
(001) surface has a hexagonally packed top layer, that
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is more densely packed than the bulk. Even the (111)
surface has a herringbone reconstruction that is slightly
more densely packed than the bulk. It turns out that
the three end-of-series 5d elements Ir, Pt, and Au have
similar surface reconstructions, which are absent in the
related 4d elements Rh, Pd and Ag, suggesting that the
explanation for the reconstructions cannot lie in any par-
ticular detail of d band electronic structure. There ap-
pears to be a growing consensus that an explanation
can be found in a stronger bonding of low-coordination
atoms of the 5d metals with respect to the 4d metals as
a result of relativistic effects in the electronic structure
[453, 454, 455, 456]. From numerical work that uses rel-
ativistic local-density-functional calculations to evaluate
the various contributions to the atomic binding energies
qualitatively the following picture emerges. The effec-
tive Bohr radius for 1s electrons of the heavier (5th row)
elements contracts due to the relativistic mass increase.
Higher s shells also undergo a contraction, both because
they have to be orthogonal against the lower ones and be-
cause they feel the same mass-velocity terms directly. As
Takeuchi et al. explain [454] the contraction of the s shell
allows those electrons to profit more from the Coulomb
interaction with the positively charged core and reduces
the energy of the s shell, increasing the s occupation at
the expense of the d electrons. Since the top of the d
band consists of states with anti-bonding character that
are now partially depleted, the d bond becomes stronger.
While the d electrons thus tend to compress the lattice
the s electrons exert an opposing Fermi pressure. At the
surface, the spill-out of the s electron cloud into the vac-
uum relieves some of the s electron pressure, and allows a
contraction of the inter-atomic distance and a strength-
ening of the bonds at the surfaces, giving rise to the ob-
served reconstructions. Since the relativistic corrections
grow roughly as the square of the nuclear charge [457],
Z2, they are more important for the 5d elements than for
the equivalent 4d and 3d transition metals.
As for the reconstructions, the bonding in atomic
chains will be influenced by a tilting of the balance be-
tween s and d electrons by relativistic effects. This differ-
ence in bonding becomes revealed when the Fermi pres-
sure of the s electrons can be released by spill-out of the
wave functions into the vacuum. As a result, there is a
gain in energy from the stronger d bonds and a reduction
of the inter-atomic distance. Clearly, the 1D chain geom-
etry allows for an even larger s pressure release than at a
flat surface. This provides an explanation for the differ-
ence observed between the tendency to chain formation
for Au, Ag and Cu.
De Maria and Springborg [341] argue that including
relativistic effects in numerical calculations for the chains
is important. DFT calculations commonly include the
scalar relativistic effects in the choice of the pseudo-
potentials and in the molecular dynamics simulations
they are effectively included by adjustment of the pa-
rameters to known properties of the materials. Bahn
and Jacobsen [345] investigated by these numerical meth-
ods the mechanism and energy balances for chain forma-
tion in a series of transition metals: Ni, Pd, Pt, Cu, Ag
and Au. By performing a large number of molecular dy-
namics simulations of contact breaking, using the EMT
method (see Sect. VII), they found that among this se-
lection of elements only Au and Pt spontaneously form
atomic chains. The break of other metals occurred at
best with two atomic tips touching, which can then be
viewed as a chain of two atoms.
Smit et al. [222] used the MCBJ technique for a sim-
ilar set of transition metals, namely the 4d metals Rh,
Pd, and Ag, and the 5d series Ir, Pt, and Au, to demon-
strate experimentally that all of the latter form chains
of atoms, in contrast to the corresponding 4d elements.
In order to show this the length of the last conductance
plateau was measured in a length histogram similar to
the one shown for Au in Fig. 85. Since only Au and
Ag have a sharply defined conductance for a single-atom
contact or wire of nearly 1 G0, there is an additional dif-
ficulty for the other metals. They are expected to have a
partially filled d shell giving rise to five conduction chan-
nels with transmission values that are smaller than unity
and depend sensitively on the coupling to the banks, see
Sect. VIII. The procedure followed was as follows: first
a conductance histogram was recorded for each of the
metals. As for the niobium histogram shown in Fig. 35
they all show a single rather broad peak, with little other
structure in most cases. The peak is taken to represent
the typical conductance of a single-atom contact. Taking
the high-conductance tail of the peak as the starting-
point for a chain, and the low-conductance tail as the
end value, a large series of conductance traces was ana-
lyzed. The length of the ‘plateaus’ between the start and
stop values for the given metal were accumulated into
a length-histogram. In addition to Au, also Pt and Ir
showed a plateau-length distribution with a tail toward
long lengths, up to 1.5 to 2 nm, with well-defined peaks at
regular spacing. Neither Ag, nor Pd or Rh showed these
properties. Fig. 88 shows a comparison of the length his-
tograms measured for Pt and Pd. Although the criteria
taken as the start and end of a chain seem to be a bit
arbitrary, the results were not very sensitive to variations
in the definition of these values. The experiment demon-
strates a perfect correspondence between the metals that
have surface reconstructions and those that form chains,
in agreement with a common mechanism of relativistic
shifts in the sp and d bonding, described above.
It still needs to be explained why a single bond in a
linear chain wins out against many bulk bonds when a
chain is being formed by low-temperature pulling. It is
typical for metallic bonding that the bond strength in-
creases as the coordination number is decreased. Bahn
and Jacobsen [345] calculated for the series of six transi-
tion metals the force required to break a bond in a linear
chain relative to the force to break a bulk bond, using
density functional theory. They discovered that this ra-
tio is larger for Au and Pt than for any of the other metals
in the study, and attains a value of about 3 for Au and
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FIG. 88: Histogram of the distribution of lengths for the last
conductance plateau for platinum contacts (top panel) and
for its iso-electronic neighbor palladium (bottom panel). Pd
breaks essentially at the level of a single atom, while Pt spon-
taneously forms chains of atoms, which is apparent from the
tail of the distribution towards long plateau lengths, and from
the peaks at multiples of the inter-atomic distance. Data
taken from [222].
3.2 for Pt. Thus a single linear bond is able to compete
with three bulk bonds in these metals. When the struc-
ture of the banks is such that the atoms can roll-over to
break only one or two bonds at a time, then the chain
atoms are bound to prevail and pull new atoms into the
linear arrangement.
1. Odd-even behavior in the conductance of atomic chains
Lang reported calculations that suggest that the con-
ductance of an atomic chain of simple monovalent met-
als, where he used sodium as a model system, depends
in a non-monotonous and even oscillatory way on the
length of the chain [329]. His model consists of two
semi-infinite jellium electrodes connected by a chain of N
sodium atoms. For N = 1, a single atom contact he re-
ported a surprisingly small conductance of only 0.39 G0.
The conductance was then seen to increase to 0.79 G0
for N = 2 and then oscillating from 0.66 at N = 3 to
0.75 G0 at N = 4. Such odd-even oscillations in the con-
ductance of an atomic chain had already been reported
from tight binding calculations by Pernas et al. [135] and
more recently several other workers reported odd-even os-
cillations in model calculations [330, 331, 336, 449, 458].
Based on earlier work by Datta et al. [459], Sim et al.
[336] show, using the Friedel sum rule, that a perfect
conductance of 1 G0 is expected for an odd number of
monovalent atoms in the chain, when the system obeys
inversion symmetry and charge neutrality. For an even
number of atoms the conductance is lower, depending on
the structure of the banks on either side of the chain. The
effect is corroborated by a DFT calculation of a chain of
Na atoms between two Na-atom tips.
There appears to be a contradiction with the results
obtained earlier by Lang [329], since the more recent
works find the minima in the conductance for the even-
atom chains. However, Gutie´rrez et al. [458] repeated
calculations by the same method as Lang, for Na chain in
between jellium banks, and showed that the proper odd-
even behavior is obtained when changing the coupling-
distance between the chain and the banks. For a slightly
larger distance than used by Lang the odd chains, in-
cluding the single-atom junction, obtain a conductance
of 1 G0 and the even-atom chains have a lower conduc-
tance.
The reason for the anomalous dependence observed by
Lang has been attributed to the fact that he effectively
considers a heterogeneous system. Kobayashi et al. [334]
showed that the conductance for a chain of 3 Na atoms
coincides with G0, provided that the jellium electrodes
are chosen to have an electron density that matches that
for sodium, and a small atomic pyramid structure is in-
serted to connect the chain with the jellium electrodes.
Both features bring the model closer to the experimental
conditions, and are important to avoid reflection of the
electron wave function at the interfaces. Moreover, a mis-
match between the charge density of the Na atoms and
the jellium electrodes results in charge transfer, which
moves the Fermi energy away from the central position
in the DOS resonance of the wire.
In addition, Emberly and Kirczenow [449] showed that
the effective wire length may be greater than suggested
by the atomic structure, because a heterogeneous system,
having a chain composed of a different atomic element
than the banks, effectively gives a longer wire. They
show that the oscillations can be interpreted in terms of
a standing wave pattern that develops between the two
ends of the chain, due to the finite reflection amplitude
of the waves at the connections. When the chain has
strictly one conduction channel it reduces the problem
effectively to a one-dimensional system. In this way, the
transmission of conduction electrons through an atomic
chain is a problem equivalent to that of the Fabry-Perot
interferometer in optics.
The odd-even oscillations are not restricted to mono-
valent metals. As can be judged from the calculations
on carbon atom chains [330, 331, 346, 449, 460] the am-
plitude can be a lot stronger, going from nearly 1 G0
to about twice this value between even and odd chains,
respectively. The actual periodicity and amplitude, how-
ever, is expected to depend sensitively on the type of
atoms of the chain.
Atomic chains can be regarded as unusual atomic con-
98
figurations belonging to a larger class of recently dis-
cussed “weird wire” structures [461, 462] that will be
discussed in Sect. XIID below.
XII. SHELL-FILLING EFFECTS IN METALLIC
NANOWIRES
Apart from their role in determining the electronic
transport properties of the contacts, the quantization of
the conductance modes also affects the cohesion energy of
the contact. In Sect. VII B we discussed the fluctuations
in the tensile force on a nanowire as a result of the succes-
sive occupation of individual quantum modes. While the
relevance of this free-electron model approach to the ac-
tual cohesion of metallic atomic-scale wires is still being
debated, there is a related quantum effect on the cohesion
for which already clear experimental evidence has been
obtained. This can be seen for alkali metal contacts at
contact diameters well above those for which the quan-
tization peaks in the histograms are observed (see e.g.
Fig. 33), and for temperatures well above the tempera-
ture of liquid helium. During the stretching of the con-
tact under these conditions a nanowire is formed, which
shows a periodic structure of stable diameters. The peri-
odic structure is closely related to the well-known magic
number series for metal clusters, and in the next section
we will briefly summarize these earlier results from the
field of cluster physics. The initial series of magic num-
bers arise as a result of fermionic shell-closing effects sim-
ilar to those leading to the periodic table of the elements
and the stable atomic nuclei, and the theory for elec-
tronic shell effects in clusters will be briefly summarized.
In Sect. XII B the theory will be extended for applica-
tion to nanowires. The subsequent sections then present
the experimental evidence for electronic shell effects and
supershell effects in metallic nanowires. At still larger
diameters of the clusters a new set of magic numbers
is observed, which derives from geometric shell closing of
atomic layers at the surface. This will also be included in
the next section, and the analogous atomic shell structure
in nanowires is presented in Sect. XII D. For a more com-
plete discussion of shell closing effects in metallic clusters
we refer to excellent recent review papers on this subject
[463, 464, 465, 466].
A. Introduction: shell effects in metallic clusters
When a hot metal vapor is allowed to expand through
a nozzle into vacuum in the presence of an inert carrier
gas the metal atoms fuse together to form clusters of
various sizes. The size distribution for these clusters can
be measured using a mass spectrometer. In a seminal
experiment Knight et al. [467] discovered that this dis-
tribution for sodium is not a smooth bell-type shape, as
one might naively expect, but rather shows a series of so-
called magic numbers. Those clusters that are composed
FIG. 89: Cluster abundance spectrum for Na. Reprinted with
permission from [467]. c©1984 American Physical Society.
of a number of atoms corresponding to one of these magic
numbers are found to be exceptionally abundant. Fig. 89
shows the experimental abundance spectrum for sodium.
One recognizes peaks or discontinuities in the abundance
spectrum at 8, 20, 40, 58, 70 and 92 atoms. The ex-
planation for these numbers is based on a shockingly
simple model. The clusters are regarded as spherically
symmetric potential wells containing a number of free
and independent electrons equal to the number of atoms
forming the cluster (since we consider monovalent met-
als). For hard-wall boundary conditions the wave func-
tions for the electrons are given by the product of the
spherical harmonics Ylm(θ, φ), and the spherical Bessel
functions, jl(γnlr/r0), with r0 the radius of the cluster.
The ground state of the system is determined by the fill-
ing of the energy levels starting at the bottom. The levels
are given by Enlm = h¯
2γ2nl/2mer
2
0 , where me is the elec-
tron mass and γnl is the n
th zero of the lth order Bessel
function: jl(γnl) = 0. The lowest energy level corre-
sponds to the first zero of the l = 0 Bessel function, the
only possible value for the quantum number m is 0, and
including spin degeneracy two electrons can be accom-
modated in the lowest level. The next level is three-fold
degenerate (m = 0,±1) so that it is completed with a
total number of 8 electrons in the cluster. For the mono-
valent metal considered in the experiment, this implies
that also 8 atoms are required to allow filling the elec-
tronic shell. The next shell of electrons is characterized
by the quantum number l = 2, which is five-fold degener-
ate and would be complete with a total of 18 electrons in
the cluster. However, there is only a small distance to the
next electron level that corresponds to the second zero of
the zeroth order Bessel function, (n, l) = (2, 0). Since the
latter is not m-degenerate it takes only two electrons to
fill it, and the completion of the shell is observed at 20
electrons (Fig. 89), and so forth. The difference in the to-
tal energy of the cluster makes a large jump each time a
degenerate level is completed, and the energy gap to the
next level needs to be bridged. This explains the stabil-
ity of the filled-shell clusters, just as the stability of the
noble gasses is explained by the filling of the electronic
shells for the elements in the periodic table.
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FIG. 90: Cube root of the cluster magic numbers obtained
from abundance spectra for Na, plotted against the index of
the magic number. The data set labeled as ’Electronic shells’
is taken from [468]. The break in the linear dependence signi-
fies a phase shift in the points at a beat minimum due to the
supershell structure. The data set labeled ’Shells of atoms’ is
taken from [469] and is obtained for the largest clusters in a
relatively cold cluster beam.
Thus the dominant structure in the experimental
abundance spectrum can be understood by considering
the clusters as smooth spheres filled with free and in-
dependent electrons. This interpretation in its simplest
form works best for the alkali metals, for which the quasi-
particle spectrum in the bulk metals is known to be
well-approximated by a free and independent electron
gas. Moreover, the outer s-electron of the alkali metal
atoms is weakly bound to the atom core and orbits at a
rather large distance around the nucleus. This leads to
a smoothening of atomic surface corrugation, to such an
extent that the electron distribution around a di-atomic
molecule is not a dumbbell, as one would naively expect,
but is rather more closely approximated by a spherical
electron cloud.
Evidently, an explanation of cluster properties such as
ionization energies, static polarizability, optical proper-
ties, etc. requires refinements of the model. To begin
with, the walls confining the electrons are not infinitely
hard potentials, but smooth potentials that result from
self-consistent evaluation of the interaction with the ion
cores and with all other electrons in the cluster. Var-
ious groups have performed such calculations, and al-
though the electronic levels are shifted, the principle de-
scribed above largely survives [463, 464]. Furthermore,
ellipsoidal deformations of the clusters have to be taken
into account in order to explain structure observed in sur-
face plasma resonances for non-magic cluster sizes. We
will not discuss these complications here, but refer the
interested reader to the review papers on this subject.
When the magic numbers are indicated as Ni, with i
an index giving the sequential number of the magic num-
ber, e.g. N1 = 2, N2 = 8, N3 = 20 etc., then a plot of the
cube root of the magic numbers against the index number
shows a linear dependence, see Fig. 90. In other words,
the magic numbers form a periodic series as a function
of the cube root of the number of atoms in the cluster,
which is proportional to the cluster radius. The explana-
tion for this periodic appearance of the magic numbers is
given in terms of the bunching of energy levels, which is
conveniently described in a semi-classical approximation.
We will briefly summarize the ideas behind this.
The individual-level picture described above only
works for the lowest quantum numbers, and even there
we observe already that due to the closeness of the levels
(n, l) = (1, 2) and (2, 0), they are not separately visible
in the experiment. The experiment shows shell struc-
ture up to very large diameters, much further than is
visible in the experiment of Fig. 89, but for larger quan-
tum numbers we cannot even approximately identify the
shells with individual quantum numbers. For these large
quantum numbers, i.e. in the limit of large cluster sizes,
it is instructive to approximate the true quantum prop-
erties of the clusters by a semi-classical description. This
makes use of the work on the distribution of the reso-
nant modes in a cavity that has been discussed in terms
of classical trajectories by Guzwiller [470] and by Balian
and Bloch [471]. In this approximation the allowed tra-
jectories for the electrons inside a steep-walled potential
well can be identified with the closed classical trajecto-
ries of the electron as it bounces back and forth between
the walls. These semi-classical trajectories can be con-
structed from the full quantum orbits for the electrons by
combining an infinite series of them. For a circular sys-
tem the lowest order trajectories are given in Fig. 91. The
allowed wave vectors are then obtained by requiring the
phase around the trajectories to be single-valued, which
gives a quantization condition for each closed trajectory.
It is then immediately obvious that for each solution at
a given radius R of the system a new solution will be
found when the length of the trajectory is increased by
a full electron wavelength. Therefore, the distribution of
modes (as a function of R, or as a function of wave vector
kF, or more generally as a function of kFR) has a periodic
structure. However, we do not have a single period, since
each of the classical trajectories (Fig. 91) gives rise to its
own periodicity. From the Gutzwiller trace formula the
oscillating part of the semi-classical density of electronic
states within a spherical cavity can be expressed as [472]
δgscl(E) =
2mR2
h¯2
√
kR
π
∑
p,t

(−1)t sin(2πt
p
)
√
sin(πtp )
p
× sin(kLpt − 3πp
2
+
3π
4
)
]
− 2mR
2
h¯2
∞∑
t=1
1
2πt
sin(4tkR).
(139)
Here p and t are the number of vertices and the wind-
ing number for the orbits, respectively, as indicated in
Fig. 91; R is the radius of the sphere, the wavevector is
given by k =
√
2mE/h¯ and the lengths of the orbits are
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FIG. 91: The lowest-order semi-classical trajectories for a par-
ticle inside a steep-walled spherical or cylindrical cavity. The
orbits are labeled by two integers (p, t), where p is the number
of vertices of the orbit and t is the winding number, i.e. the
number of times the particle encircles the center before the
orbit is closed.
given as
Lpt = 2pR sin(
πt
p
). (140)
The amplitude factors in this expression account for the
fact that the dominant contributions to the level distribu-
tion for a spherical system come from the triangular and
square orbits. The diameter orbit is singled out by the
second term in Eq. (139) since it has a lower degeneracy:
rotation of the orbit around the vertices does not give
rise to a new orbit. The difference in the periods for the
level distribution belonging to the triangular and square
orbits gives rise to a beating pattern: in some range of
kFR the two orbits will give rise to levels that nearly co-
incide, thus amplifying the shell structure in this range.
On the other hand at other ranges of kFR the levels of
the square orbits will fall in between the levels of the
triangular orbit, thus smoothening out the shell effects.
This beating pattern in the shell structure is known as
supershell structure, and it has been observed for Na, Li
and Ga metallic clusters [468, 473, 474]. The length of
the triangular orbit is 3
√
3R while that of the square or-
bit is 4
√
2R. The ratio of these two lengths is 1.09 from
which we see that it requires about 11 periods of the in-
dividual oscillations to complete a beat of the combined
pattern. For metallic clusters one or two beat-minima
have been observed. Nature does not provide enough
chemical elements to observe supershell structure in the
periodic table or in the stability pattern of the nuclei.
For the simple, spherical, independent-electron quan-
tum well system under consideration one can, of course,
obtain all the quantum levels directly from the exact so-
lutions of the Schro¨dinger equation. However, one cannot
identify the periodic structure with any particular quan-
tum numbers. The periodic structure of the levels, in
other words the modulation in the density of levels, is a
result of a bunching of individual levels. A bunch of lev-
els together forms a wave packet that approximates the
motion along the classical trajectories.
At still larger cluster sizes one observes a crossover to
a new series of magic numbers, having a different peri-
odicity, which is seen in the plot of Fig. 90 as a crossover
to a new slope in the data points. The new series is a
result of the filling of geometric shells of atoms, rather
than electronic shells [465]. The clusters form regular
facetted crystalline structures, which attain an energy
minimum each time a new layer of atoms filling all facets
is completed. For some metals (e.g. Al and Ca) one
observes additional structure due to the filling of partial
atomic shells, corresponding to the completion of indi-
vidual facets. The facet-completing sub-shell structure
can in some cases be as strong as the full atomic shell
structure.
B. Theory for electronic shell effects in nanowires
The shell effects discussed previously concerning
atomic nuclei, the elements or metallic clusters, are all
based on models of fermions that are completely con-
fined inside symmetric potential wells. We now want
to apply these concepts to nanowires, for which one of
the three dimensions is open and connected to infinitely
long metallic leads. In this case there are no true gaps in
the density of states, since the conductance modes have a
continuous degree of freedom along the current direction.
However, a modulation of the density of levels is still
present. At the points where a new mode (the bottom of
a 1-dimensional sub-band) crosses the Fermi energy, the
density of states shows a 1/
√
E − En singularity. These
singularities are smeared out by the finite length of the
wire and would not have a very pronounced effect if they
were homogeneously distributed. However, by the same
mechanism that leads to the shell structure for closed
fermion systems the symmetry of the wire gives rise to a
bunching of the singularities, and these bunches of sin-
gularities can be associated with the electronic shells in
metal clusters. The resulting density of states oscillations
have been analyzed using independent-electron models
[49, 50, 177, 310, 475] and by local-density functional
methods [316, 476]. In Sect. VII B these models have al-
ready been discussed in view of quantum contributions
to the cohesion of nanowires. All models reproduce the
basic features, namely the fluctuations in the density of
states resulting in local minima in the free energy for the
nanowire. The minima give rise to the preferential ap-
pearance self-selecting magic wire configurations. As for
metallic clusters, one can make a semi-classical expansion
of the density of states and this was done by Yannouleas
et al. [316] and in spirit of Balian and Bloch by Ho¨ppler
and Zwerger and by Kassubek et al. [177, 475]. The
Gutzwiller trace formula for the density of states of the
perpendicular component of the electron wavefunctions
in a cylindrical cavity can be expressed as [472]
δgscl(E) =
2mR2
h¯2
√
1
πkR
∞∑
t=1
∞∑
p=2t
fpt
sin3/2(πtp )√
p
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× sin(kLpt − 3πp
2
+
3π
4
). (141)
Here, the factor fpt = 1 for p = 2t and fpt = 2 for p > 2t.
The stable wire diameters predicted from this model are
in fairly good agreement with the observed periodic peak
structure in the histograms [52], as we will discuss be-
low. The periodic pattern has again a supershell modu-
lation due to the contribution of several types of orbits.
The types of orbits are the same as for spherical clus-
ters, Fig. 91, but the relative weight for each is different.
The diametric orbit (2, 1) has only a minor contribution
to the structure in the density of states for clusters, as
pointed out below Eq. (139), while it is of comparable
weight as the triangular and square orbits for a cylindri-
cal system. The result is a dominant supershell structure
due to the beating of the period corresponding to the di-
ametric orbit, with the combined period of the triangular
and square orbits. The length of the diametric orbit is
4R and the ratio to the mean of the other two is 1.36.
This implies that the beating pattern is only about 3 pe-
riods of the principal oscillation wide, and as a result the
supershell structure is more readily observable. This can
be verified by a straightforward calculation of the density
of states for a free electron gas inside a hard-wall cylin-
drical wire [212] which has the same dominant features
as a more complete DFT calculation for a jellium-model
cylindrical nanowire [476], for which a Fourier transform
of the oscillating part of the total energy is shown in
Fig. 92. The first peak at 0.65 can be identified with
the diametric orbit in the semi-classical analysis, while
the triangular and square orbits give rise to the peaks at
0.83 and 0.90. Indeed, Lpt given in (140) is the length
of a particular orbit. For the diametric orbit we then
have L2,1/λF = 4R/λF = (2/π)(kFR) ≃ 0.637(kFR).
This is just the frequency of the first peak in the Fourier
spectrum. Similarly, we obtain for the triangular orbit
L3,1/λF = 3
√
3R/λF ≃ 0.827(kFR) and for the square
orbit L4,1/λF = 4
√
2R/λF =≃ 0.900(kFR). The peaks
above 1 are attributed to orbits with higher winding num-
bers.
C. Observation of electronic shell effects in
nanowires
The shell effects nanowires have been observed most
clearly for the alkali metals Li, Na, K, and Cs [52, 212].
The experiments were performed using the MCBJ tech-
nique described in Sect. II C 4. For atomic-sized contacts
at low temperatures the conductance histograms for the
alkali metals show the characteristic series of peaks at 1,
3, 5, and 6 times G0. As was discussed in Sect. VD2, this
observation strongly suggests that one forms nanowires of
nearly-perfect circularly-symmetric shape while stretch-
ing the contact, and the conduction electrons behave
nearly free-electron like. When the experiment is ex-
tended to higher conductance one observes a number of
rather broad but reproducible peaks. The peaks are not
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FIG. 92: Fourier transform of the oscillating part of the total
energy per unit length for jellium nanowires with a electron
density adjusted to that for Na. The frequencies are given in
units of (kFR)
−1 and the semi-classical orbits responsible for
the peaks are indicated.
as sharp as the ones associated with conductance quanti-
zation at low conductance (Fig. 33) and cannot be iden-
tified with multiples of the conductance quantum. How-
ever, these peaks become more pronounced as the tem-
perature is raised to about 80 K (Fig. 93) and more of
them become visible at still higher conductance. At 80K
up 17 peaks can be seen for sodium in Fig. 94. The sep-
aration between the peaks grows for increasing conduc-
tance, but a regular periodic peak structure is obtained
when plotting the spectrum as a function of the square
root of the conductance. The square root of the con-
ductance is to a good approximation proportional to the
radius of the nanowire, see Eq. (8). A semi-classical re-
lation between the conductance and the radius taking
higher-order terms into account is given by [216, 300],
G = gG0 ≃ G0
[(kFR
2
)2 − kFR
2
+
1
6
+ · · ·], (142)
as we have seen in SectVII B 2. Using the radius of
the nanowire obtained from the conductance through
Eq. (142) we plot the values of kFR at the positions of the
peaks in the histogram versus the index of the peaks, as
shown in Fig. 95. The linear dependence illustrates the
fact that the peaks in the histogram are found at regular
intervals in the radius of the nanowire and this periodic-
ity suggests an analogy with the shell structure observed
for clusters. But it is more than an analogy: when we
take the cluster magic numbers for the electronic shell
structure from Fig. 90 and convert the number of atoms
Ni into the cluster radius through kFRi = 1.92N
1/3
i , ap-
propriate for sodium, we obtain the black dots in Fig. 95.
The close agreement between the two sets of data sug-
gests an intimate relation between the cluster magic num-
bers and the peaks in the conductance histogram. Ap-
plying the semi-classical theory outlined in Sect. XII B
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FIG. 93: Temperature evolution of sodium histograms in the
range from 0 to 20G0. The voltage bias was 10mV and each
histogram is constructed from 1000-2000 individual scans.
The amplitude has been normalized by the total area under
each histogram. Reprinted with permission from Nature [52].
c©1999 Macmillan Publishers Ltd.
for shell structure in nanowires produces the open trian-
gles in the figure. The agreement with the experimental
points is quite good, especially in the beginning. The
deviation for larger cluster sizes requires further study,
but it may be due to approximations in the calculation,
where hard wall boundaries have been assumed, and to
ignoring contributions from electron trajectories beyond
FIG. 94: Histogram of the number of times each conductance
is observed versus the conductance in units of G0 for sodium
at T=80K and at a bias voltage of V=100mV, constructed
from over 10 000 individual scans. The logarithmic scale for
ordinate axis helps to display the smaller amplitude features
at high conductance values. The inset shows the raw data and
the smooth background (dashed curve), which is subtracted
in the main graph. Reprinted with permission from Nature
[52]. c©1999 Macmillan Publishers Ltd.
the lowest three.
The shell structure only clearly appears when the tem-
perature is raised well above liquid helium temperature,
see Fig. 93. This finds a natural interpretation within
the framework of the shell effect. The shell structure
makes the free energy for specific wire configurations fa-
vored above the average. When a contact is stretched at
very low temperatures, the shape and size of the contact
evolves along a local energy minimum trajectory. Only
when the system is exposed to large enough thermal fluc-
tuations it can explore the various contact configurations
in order to find the deeper minimum at the magic wire
configurations. Also for metallic clusters temperature has
a significant influence on the degree to which shell struc-
ture is expressed in the experiments [463].
The interpretation of the periodic peak structure in
the conductance histograms is based on the relation
G ∝ R2, Eq. (142), in order to extract the radius of the
wire. Modifications of this relation are expected to arise
from back scattering on defects (Sect. IX). However, the
data suggest that this shift of the conductance values is
small otherwise the peaks would be smeared over a much
wider range. An important series resistance correction
would also lead to a deviation from the linear depen-
dence in Fig. 95. The scattering on defects is probably
suppressed also by the higher temperatures. As pointed
out in Sect. IX, surface roughness is expected to be one
of the major sources for electron scattering in the con-
tacts. A higher temperature in the experiment promotes
a smoother surface and a gradual variation of the contact
cross-section along the wire length.
The use of Eq. (142) further ignores all quantum mod-
ulation, which is clearly not entirely justified. Indeed,
for low conductance this is just what is believed to be re-
sponsible for the peaks at 1, 3, 5, and 6 multiples of the
conductance quantum. However, this modulation rapidly
FIG. 95: Radius of the nanowire at the positions of the max-
ima in Fig. 94 versus peak number (2), where R is given
in units k−1F . The radii at the peak positions are compared
to the radii corresponding to the magic numbers for sodium
metal clusters (•) [477] and to those expected from a semi-
classical description for the fluctuations in the free energy for
the nanowire (△) [316, 475].
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FIG. 96: Distribution of zeros for the Bessel functions (giving
the solutions for a cylindrical nanowire) and the spherical
Bessel functions (giving the solutions for spherical clusters).
After application of a small shift it can be seen the the two
spectra have a very similar structure.
smears out due to tunneling contributions of additional
conductance channels as the cross section of the contact
grows. Any residual modulation would lead to a peak
structure of the same nature as the shell structure ob-
served here, and it would have the same origin. Indeed,
this effect has been seen in simulations of conductance
histograms that take quantum effects in the electronic
states into account for a free-electron gas model [478].
However, the temperature dependence observed in the
experiment clearly demonstrates that the shell structure
is mainly a result of the enhanced stability at the magic
wire configurations. The stability was included in the cal-
culations in an approximate way by Ksuubek et al. [177]
and the simulated conductance histogram reproduces the
experimental data surprisingly well.
The similarity between the magic wire radii for clusters
and nanowires observed in Fig. 95 is striking, but it is also
surprising in the sense that one would at first sight expect
a very different series of magic numbers for a spherical
system compared to a cylindrical one. The reason for
the correspondence is in the similarity of the distribution
of zeros for Bessel function and spherical Bessel function.
As illustrated in Fig. 96 the bunching of the zeros and the
gaps in the distributions of zeros are very similar, apart
from a small shift.
The electronic shell structure has so far only been ob-
served for the alkali metals Li, Na, K and Cs. From
shell effects observed for metal clusters one may infer
that shell effects in nanowires may be observable in other
metals as well. In view of the much higher melting point
for some of the favorable candidates (Au, Al, ...) obser-
vation of such effects will probably require experiments
under UHV conditions at elevated temperatures.
1. Supershell effects
On top of the shell structure a pronounced modulation
due to supershell structure can be observed for metallic
nanowires. Fig. 97 shows a conductance histogram for
Na, similar to the one in Fig. 94, for which the periods in
the structure are made visible by taking a Fourier trans-
form. Similar results have been obtained for Li and K
[212]. The modulation in the histogram peak amplitudes
already suggests a beating pattern of two dominant fre-
quencies, which is confirmed by the Fourier spectrum.
The two peaks in the spectrum correspond very well to
the ones in Fig. 92 for the free energy in a cylindrical
wire. We conclude that the first peak is due to the dia-
metric orbit, which is prominent in the spectrum in con-
trast to that for metallic clusters. The second peak is
due to a combination of the triangular and the square
orbits, which are not resolved here. The larger separa-
tion of the period of the diametric orbit from that of the
triangular/square orbits results in a shorter beat-period
compared to the situation for clusters, for which the beat
is due to interference of the square with the triangular or-
bits. As a result, for the nanowires the two main periods
can be directly resolved in the Fourier transform. The
small peak at 1.5 possibly results from the (5, 2) orbit,
as was suggested by Puska et al. [476]. The simulations
of the latter work reproduce the supershell features, not
only as regards the periods involved, but also the phase,
i.e. the sizes of the nanowires that produce a minimum
in the beating pattern.
D. Geometric shell effects
There is evidence for geometric atomic shell structure
for the alkali metals and, of a very different nature, for
gold. The results for the alkali metals extend the results
discussed above and it is convenient to present this work
first.
Beyond a certain diameter a new periodic structure
was encountered in the conductance histograms for Na, K
and Cs, which points at a transition from electronic shell
effect to atomic shell structure [212, 480], in close anal-
ogy to what has been observed for the clusters (Fig 90).
The position of the transition region between the two pe-
riodic features depends strongly on experimental param-
eters such as the sample temperature, the voltage bias
and the depth of indentation. The transition shifts to
smaller diameters when the metal is found further down
the first column of the periodic table of the elements.
The new oscillating phenomenon has approximately a
three times smaller period than that for the electronic
shell structure. The points for the electronic shell effect
in sodium nanowires plotted in Fig. 95 have a slope of
0.56 ± 0.01. Beyond the cross-over (not shown in the
figure) the points obey a linear relation with a much
smaller slope of 0.223 ± 0.001. By varying the exper-
imental conditions one can greatly extend the conduc-
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FIG. 97: (a) Conductance histogram for sodium after sub-
traction of a smooth background. T = 90K, bias voltage
V = 100mV, and the number of curves included in the his-
togram is 13 800. The original curve and the background are
shown in the inset. The arrows indicate the positions of min-
imal amplitude, which are the nodes of the supershell struc-
ture. When taking the Fourier transform of the curve in (a)
the spectrum in panel (b) is obtained, which shows two dom-
inant frequency components. Data taken from [212, 479].
tance range over which the electronic shell structure is
observed, while the slope always agrees with the period-
icity expected for this effect. As an interpretation for the
new periodic structure it was proposed that geometric
shell closing takes over, where the dominant effect comes
from a wire atomic arrangement with only close-packed
surfaces. For a bcc stacking a hexagonal wire with ex-
clusively low-energy [110] facets can be formed having its
axis along [111]. Similar geometrical shell configurations
were obtained in a simplified model calculation by Jagla
and Tosatti [481], where even the facet-related structure
can be recognized.
By the MCBJ technique shell effects have only been
uncovered for alkali metals. However, they are expected
to be more general and by a completely different ap-
proach geometric shell effects have been recently dis-
covered for gold. Using the same technique as used in
the discovery of chains of atoms (Sect. XI) Kondo and
Takayanagi [482] found helical atomic shells in their im-
ages of gold nanowires by HRTEM at room temperature.
By electron-beam thinning two adjacent holes are formed
in situ in a thin gold film. As the gold bridge separating
the two holes is narrowed further 3–15nm long nanowires
are formed having unusual structure for diameters in the
range of 0.6 to 1.5 nm. The unusual structures are de-
scribed as coaxial tubes of atoms, each tube consisting
of linear arrangements of atoms, that are coiled around
the wire axis. It bears some resemblance to the structure
of multiwalled carbon nanotubes. The various diameters
observed in many images were collected in a histogram,
which showed a number of distinct preferred diameters.
These peaks in the histogram are interpreted in terms of
a special geometric shell structure, which is illustrated in
Fig. 98. The structures are characterized by the number
of atomic rows in each coaxial tube, e.g. as n − n′ − n′′
for a nanowire having an outer tube with n rows, inside
of which we find a second tube with n′ rows and in the
center a tube of n′′ rows of atoms. The difference in the
number of atomic rows per layer is 7, with the provision
that when this ends in a central tube with 0 rows (next
tube has 7) then the central tube will be a linear chain of
atoms, n′′ = 1. The magic wire structures observed then
correspond to 7−1, 11−4, 13−6, 14−7−1 and 15−8−1
(Fig. 98) and there are two less-well resolved structures
that may fit to 12 − 5 and 16 − 9 − 2. For larger diam-
eters there is a cross-over to bulk fcc stacking. Similar
nanowire structures have been found for Pt [483].
Novel types of atomic packing, including helical ar-
rangements had already been observed in molecular dy-
namics simulations for unsupported wires of Pb and Al
by Gu¨lseren et al. in 1998 [461]. Structures they refer to
as ‘weird wires’ are found below a characteristic radius
Rc, which is of the order of thee times the inter-atomic
spacing. These structures are formed in order to mini-
mize the surface energy, and the shape of the wires de-
pends sensitively on the anisotropy of the surface energy
for the metallic elements considered. Hasmy et al. [234]
have made simulations of histograms of nanowire diame-
ters by repeated molecular dynamics simulations for alu-
minum 8. For higher temperatures, 450K, broader peaks
are observed in the simulation at 5, 8–9, 12–13 and 15
atoms. These are attributed to shell structure. The na-
ture of the atomic packing at these magic numbers was
not reported.
The seminal work of Gu¨lseren et al. was extended to
gold by several groups [462, 484, 485], partly stimulated
by the experimental observations. The simulations con-
firm that the structure of the thinnest gold nanowires can
be viewed as consisting of concentric cylindrical sheets of
atoms. Tosatti et al. [462] have made a series of succes-
sive refinements of the calculations finishing with a full
8 The use of the word supershell structure in Ref. [234] is not ap-
propriate in this context. In the molecular dynamics type calcu-
lation employed the electronic density of states is not evaluated,
so that effects of electronic (super)shell structure cannot be ob-
served.
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FIG. 98: Panels A–E give an axial view of the most promi-
nent helical shell arrangements proposed as an interpretation
of the gold nanowire images obtained in HRTEM. The ob-
served images are shown for each structure in the lower right
panel, while the upper right panel shows the corresponding
simulated images for comparison. The atomic row numbers
for the structures are 7-1 (A), 11-4 (B), 13-6 (C), 14-7-1 (D),
and 15-8-1 (E). Reprinted with permission from Science [482].
c©2000 American Association for the Advancement of Science.
density functional calculation of the electronic structure
and the wire tension. They point out that the appro-
priate thermodynamic function to consider is the wire
tension f = (F − µN)/L, rather than the free energy
F . Here, µ is the chemical potential, N the total num-
ber of atoms in the wire and L its length. The chemical
potential takes into account the fact that the wire diam-
eter changes by diffusion of atoms to and fro between the
nanowire and the banks between which it is suspended.
They find for the thinnest structure an optimal arrange-
ment in perfect agreement with the experimental obser-
vation by Kondo and Takayanagi [482]. They explicitly
verify that there is no contribution of electronic shell clos-
ing for these structures. The particular type of magic
wire structure involves a mechanism of s-d competition
that is also believed to be responsible for the formation
of atomic chains (Sect. XI), and may therefore apply to
Au, Pt and Ir. For diameters larger than about 2.5 nm
the core of the nanowires is fcc crystalline, with a few
layers of non-crystalline arrangement covering the sur-
face, referred to as curved surface epitaxy by Wang et al.
[485].
It is to be expected that shell effects will be observable
for many other metals, as suggested by the observations
for metal clusters, and new surprising structures may yet
be found. The implications of the chiral atomic order-
ing in gold nanowires on observable effects in electron
transport properties deserve further investigation.
XIII. CONCLUSION AND OUTLOOK
Let us summarize what we view as the central achieve-
ment of the research described above, and what we feel
deserves to be known: Metallic atomic-sized contacts can
be characterized by a finite set of conductance eigenchan-
nels with transmission probabilities {τi}; this set {τi} has
been nicknamed ‘the mesoscopic PIN code’ by Urbina’s
group in Saclay [486]. For a point contact of just a sin-
gle atom in cross section the number of valence orbitals
of the atom fixes the number of eigenchannels. A sin-
gle atom can thus carry many channels, up to 5 or 6 for
sd metals, and they are generally only partially open.
By measuring the current-voltage characteristics in the
superconducting state we can obtain the PIN code ex-
perimentally. When the metal is not a superconductor
this is somewhat less straight forward, but making use
of the proximity effect it can still be done. The knowl-
edge of the PIN code allows predicting other transport
properties such as shot noise, the Josephson supercur-
rent or the dynamical Coulomb blockade effect, that can
all be expressed in terms of the set {τi}. Atomic-sized
contacts have thus become an ideal test bench for meso-
scopic and nanophysics, where a high degree of accuracy
can be reached. This accuracy is remarkable for a system
whose geometrical characteristics cannot be completely
controlled.
There are still many open questions to be answered.
Other properties, such as the mean amplitude of conduc-
tance fluctuations, are also expected to be described by
an average over sets {τi}, but this has not yet been veri-
fied. Similarly, the experiment by Koops et al. (Sect. XB)
on the current phase relation of an atomic contact in a su-
perconducting loop deserves to be taken one step further
by first establishing the PIN code of the atomic contact.
This problem has attracted interest from a different per-
spective since the two Andreev bound states for a single-
channel contact inside a superconducting loop have been
proposed as the basic qubit element for applications in
quantum computing [487, 488]. The question as to the
limits in accuracy of the PIN code determination has not
been addressed very generally. How many channels can
be determined unambiguously? An experiment is under
way (G. Rubio-Bollinger, private communication) to at-
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tempt to determine the distribution of channel transmis-
sions for large contacts, having thirty or more channels.
Is this procedure reliable and does the distribution ob-
tained correctly predict other properties, such as shot
noise, for the same contact?
At the start of this field the question of whether or
not the concept of conductance quantization applies for
atomic-sized contacts has played a central role. Although
there are many ways of interpreting this concept, it has
become clear that it makes no sense to speak about con-
ductance quantization for metals other than the mono-
valent metals. And even for those it requires some spec-
ification of the concept when discussing the data in such
terms. What we have learned is that for a one-atom
contact the monovalent metals have a single conduc-
tance channel that is nearly perfectly transmitted, and
for larger contacts (up to three to six atoms) the next
channels show a tendency to open one after the other.
This phenomenon has been referred to as the saturation
of channel transmission. For still larger contacts several
partially open channels are active simultaneously.
We can see many directions in which this field of re-
search may be further developed in the near future. A
prominent problem to be attacked is the investigation,
both from theory and experiment, of many-body inter-
actions in atomic-sized contacts. These are not included
in the conventional scattering approach and new descrip-
tions are required. One type of interaction is the electron-
phonon scattering. Some level of perturbative descrip-
tion of the interaction has been given (Sect. IXC1), but
a more detailed understanding of electron-phonon inter-
actions in atomic-sized conductors is still lacking. The
phonons in this description should be replaced by the lo-
cal vibration modes of the atomic structure, coupled to
the continuum modes of the banks. Experimentally, only
very few results are available, mostly for Au. Many-body
effects may also arise as a result of electron-electron in-
teractions through the charge or spin degrees of freedom.
Charge effects are believed to be small as a result of the
effective screening provided by the metallic electrodes on
either side of the atomic contact. Still, the screening
is less effective than in bulk metals. The spin degrees
of freedom may give rise to Kondo-like physics. Experi-
mentalists should keep an open eye to characteristics that
may be indications of these effect, which are most likely
seen as anomalies around zero bias in the differential con-
ductance. We may need to explore different metals and
we are likely to find new surprises in the uncharted parts
of the periodic table. In particular the lanthanides and
actinides have not received much attention, to date.
New directions in experiment will be found by adding
parameters to be measured or controlled. Force mea-
surements in atomic contacts have been very successful,
but only very few results are available, exclusively for Au.
New experiments are under way, which combine a tuning-
fork piezo resonator, as a sensor of the force constant,
with the advantages of the MCBJ technique. This will
open the way to explore quantum properties in the force,
and its relation to the conduction, in a wide range of ma-
terials. A challenge that has been recognized by many
is introducing a gate electrode to a one-atom contact.
It would allow controlling the transmission of the eigen-
channels, and possibly even the number of eigenchan-
nels, by adjusting an external electrical potential. Imple-
menting this will require new experimental approaches,
possibly similar to the techniques used in two recent pa-
pers to demonstrate Kondo behavior in a single atom
embedded between electrodes inside a molecular struc-
ture [489, 490].
Chains of atoms constitute the ultimate one-
dimensional metallic nanowires. For gold, the current is
carried by a single mode, with nearly unit transmission
probability. They may form a source for many discover-
ies in the near future. New properties may be discovered
when considering, for example, the thermal conductance
[491] or magnetic order, that is predicted for Pt chains
under strain [345]. One may expect that mixed chains,
e.g. Au chains containing Pt impurity atoms, will give
access to interesting Kondo-type physics in a purely one-
dimensional system. More work is needed to elucidate
the mechanism of chain formation, and in particular to
understanding what limits the length of the chains. It is
most likely that the length is currently limited by hav-
ing sufficient weakly bonded atoms available. Once the
structure in the tips, between which the chain is sus-
pended, acquires a regular and stable configuration new
atoms cannot be coaxed to join in the formation of a
longer chain, as was illustrated by the simulations by da
Silva et al. [282].
If we can develop methods to produce much longer
chains electron-electron interactions may start to domi-
nate, converting the electron spectrum in the chain into
that of a Luttinger liquid [492]. Evidence for Luttinger-
liquid behavior has already been obtained for carbon nan-
otubes [493] and for chains of gold atoms self-assembled
on Si surfaces [437]. A Peierls transition is predicted
for gold atomic chains when stressed close to the break-
ing point. No evidence for this phenomenon has been
reported yet, but it is worthwhile investigating this fur-
ther.
One of the least understood aspects of atomic-sized
contacts is the role of heating by the electron current
and possible forces on the atoms resulting from the large
current density. Joule heating and electromigration are
important problems in integrated circuit technology and
atomic contacts are probably ideal model systems to
study these effects, since the maximum current density
is larger than in any other system. A large current may
drive the contacts over time towards the more stable con-
figurations. This brings us immediately to the related
question whether shell effects exist for other metals than
the alkali. In a limited sense, atomic shell configurations
have already been observed for Au in HRTEM studies,
but the electronic and atomic shell effects are expected
to be found for a wide range of elements. The challenge
is to find the proper experimental conditions that will
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bring them out.
We want to end this review by pointing at one of the
most promising directions of future research: The study
of conductance through individual organic molecules is
part of a world-wide effort towards building electronic
circuits that exploit the intrinsic functionally of specially
designed molecules. The possibility of having molecules
that function as diodes [494], electronic mixers [495] or
switching elements [496, 497, 498] has inspired hope
of developing entirely new, molecular based electronics.
The first steps have been made [223, 489, 490, 499, 500,
501] and the developments in this field are so rapid that
they deserve a separate review paper, while some reviews
have already appeared [502, 503]. The subject is inti-
mately connected with that of the present review: the
STM and MCBJ are the most widely employed tools for
contacting the molecules. Some of the fundamental con-
cepts described above for atomic contacts will apply di-
rectly to molecular systems, while on the other hand new
and unexpected physical phenomena will surface.
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